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Basics &N

The generic optimisation problem:
ci(x) =0

x* = argmin f(x)  subject to () > 0

where f(x) is the (scalar) objective function to be minimised or maximised, x is the vector

of unknowns or parameters and c; are constraint functions.
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Basics &N

The generic optimisation problem:
ci(x) =0

x* = argmin f(x)  subject to () > 0

where f(x) is the (scalar) objective function to be minimised or maximised, x is the vector
of unknowns or parameters and c; are constraint functions.

Convexity
Many algorithms work best if f(x) is convex:
local minimum = global minimum

Mathematical definition for x;, x, € X, a convex subset:

forall0<t<1

fx) + (1 = xy) < tf(x)) + (1 — DHf(xy)
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Convexity &)

f(x) is convex: if the line segment between any two points f(x,), f(x,) is either equal or above
fx) forx =tx; + (1 — f)x,

tf (z1) + (1 —=1)f (2)

f (tiUl + (1 — t)xz) >

1 tey + (1 —t)z, T2

By Eli Osherovich - Own work, CC BY-SA 3.0,
https://commons.wikimedia.org/w/index.php?curid=10764763
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Why Bayesian Optimisation (BO)?

Non-parametric, global black-box optimisation for non-convex problems.

Key elements:]Jorobabilistic surrogate model of objective function, Bayesian statistics,

optimisation of Acquisition Function

Test Point
Surrogate Model - Acquisition Function e Acq. Optimization

* Observation Data

Optimisation is a sequence of decisions: at each iteration we must choose where to
make the next observation and then terminate depending on the outcome.

Sample-efficiency: number of iterations to be kept low — cost of interaction with
accelerator high
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Bayesian statistics for sample-efficient optimisation '/

Use probabilistic model as surrogate of objective function — learn probability function
given observations

Bayesian optimisation relies on Bayesian inference.

Assume that observation y at x is distributed according to some observation model ¢
depending on the underlying objective function f(x).

py|x, @)

Bayesian inference approach: all unknowns are treated as random variables — use
beliefs about quantities (probability distributions) — inference is then inductive process:
beliefs are iteratively refined with observed data
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Bayesian statistics for sample-efficient optimisation ("))

Start with so-called prior distribution p(¢ | x)...plausible values for ¢ before observing
any data. (The real measurements are y, ¢ is one or more values ¢ = f(x))

Wle update our prior through observation to get the posterior distribution using Bayes’
rule:

prior likelihood or observation model

DD D) = p( | x.y) = 1PV X D)
p(y|x)

marginal likelihood, normalisation constant

Example for p(y | x, ¢) with additive noise: y = ¢ + ¢

Example for additive Gaussian noise: y = ¢ + ¢
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Example: Bayes’ rule for linear regression EN

Bayesian analysis for standard linear regression with Gaussian noise

fx)=x'w andy=f(x)+¢, &~ H(0,0)

The likelihood:
; | (i — X/ W) 1 )
p(y | X, W) = p(yl | Xi’ W) = exp(_ ) — eXp(_ | y — XTW | )
g ,1} \ 270, 207 (2rog)? 202

= N/ X'w, 0,31)
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Example: Bayes’ rule for linear regression EN

Bayesian analysis for standard linear regression with Gaussian noise

fx)=x'w andy=f(x)+¢, &~ H(0,0)

The likelihood:
; | (i — X/ W) 1 )
p(y | X, W) = p(yl | Xi’ W) = exp(_ ) — eXp(_ | y — XTW | )
g ,1} \ 270, 207 (2rog)? 202

= N/ X'w, 0,31)

Use zero mean Gaussian prior with covariance matrix X, for weights w: w ~ (0, X, )
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Example: Bayes’ rule for linear regression EN

Bayesian analysis for standard linear regression with Gaussian noise

fx)=x'w andy=f(x)+¢, &~ H(0,0)

The likelihood:
; | (i — X/ W) 1 )
p(y | X, W) = p(yl | Xi’ W) = exp(_ ) — eXp(_ | y — XTW | )
g ,1} \ 270, 207 (2rog)? 202

= N/ X'w, 0,31)
Use zero mean Gaussian prior with covariance matrix X, for weights w: w ~ (0, X, )

Posterior with Bayes' rule: p(w|y, X) « p(y | X, w)p(w)

1 1
pwW|X,y) xexp [ ——=F —X"W)(y —X"w) | exp | ——w'Z]'w
207 2 P

1
X exp <—5(W — \TV)TZV_VI(W — v‘v)) ...Gaussian! /(W, %)
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Example: Bayes’ rule for linear regression &N
W =0, (0, °XX" + X 1)~ Xy
-1
s = (an‘zXXT+ z;1>

w

We need the posterior for inference through the predictive distribution for f(x*):

average over all linear models

p(f*|x* X, y) = [p(j">’< | x*, W)p(W | X, y)dw = /(X 1w, x TZ x*)...and this again

Gaussian!
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Gaussian processes &)

The surrogate model:
® Key is “sample efficiency”: extract a lot of information from a small number of data points

® Produces explicit uncertainty estimation to allow “global optimisation”

Gaussian processes = a class of nonparametric regression models; extension of the
multivariate normal distribution for modelling functions on the infinite domains.

® Instead of a discrete mean u and covariance matrix K, will have mean function u(x) and
covariance function or kernel function k(x, x")

@ With data at x, ¢ = f(x) of objective function f(x), the distribution of ¢ is also multivariate
pld|x) = N(p; u,X) where u = E[¢p | x] = u(x) and matrix X = cov[¢ | x] = K(x, x)
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Gaussian processes &)

Use Gaussian process to describe distribution of functions.

A Gaussian process is completely defined by its mean function p(x) and covariance function

k(x, X"

p(x) = E[f(X)]

k(x,x") = E[(f(X) — p(x)(fX) — p(x))]

J(x) ~ GP(u(x, k(x, X))
To predict test point f* at x* from posterior with given data X, ¥:
p(f*|x*, X, Y)=N(u* 0 %), assume joint prior distribution of A (0, [
— u* = K(x*, X)KX, X)~'Y
= 02 = K(x*,x*) — K(x*, X)K(X, X) " K(X, x*) Bewarell: K~' ~ O(N°)

KX, X) KX, x*)
K(x*,X) K(x*,x%)
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Gaussian processes

In case prior y # 0
PO = p(*) + K, XK, X) ™' (Y = p(X)

Example:

Posterior mean and confidence

Prior with 5 data pointsPrior

Some samples of posterior
distribution

—— Mean prediction
Confidence region

—— Mean prediction
Confidence region
—— true function

—— Mean prediction
Confidence region
—— true function

tCSC on ML 2024, Split, V. Kain, 13-19 Oct 2024

)
\



Modeling with Gaussian Processes &N

The fidelity of model of the objective function is key for optimisation performance.

It depends on the choice of prior — u(x), k(x, x") and as it turns out mainly about the
k(x,x)... prior mean only enters as a shift.

Covariance function also called kernel, or similarity function: measures how similar pairs
of input data points are to each other.

i.e. measures correlation between two function values ¢ and ¢".

The art is in choosing a kernel the best represents the correlation in the data.

Picking a kernel also sets the characteristics of the function.

Different kernels have their own different hyper parameters.
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Linear and polynomial kernels &)

Linear kernel: computationally efficient and interpretable models; but limited

expressiveness. _ _ _
Prior of linear kernel with ¢ = 0 and 5 samples

N — Y A
kiivourX, X)) =0 -x" X"+ ¢
10.0 A
7.5 A
One step further: Polynomial kernel; offers more flexibility >
2.5 A
choosing appropriate degree d can be difficult sy
—2.5 1 Sample 1
/ - T / d Sample 2
kpoly(X,x) =x'x"+c) . et
-7.5 1 Sample 5
--- Mean
—10.0 A Uncertainty
- -4 -2 6 2 4
X
& B i Prior of poly kernel with d = 2 and 5 samples

X
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Matern kernel &)

Characterised by two parameters the length scale / and the smoothness parameter v.

In the most general form:
21=v [\ 2ur ’ \ 2vr
kMatern(r) — Kv
I'(v) [ [

is the gamma function and K, the modified Bessel function.

> r is the distance between two points, I

There are closed-form solutions forv = 1/2, 3/2, 5/2 and 7/2. v=23/2

r \3r \3r -
kyj(r) = exp (‘7) ksp(r) = <1 + ] > eXp <— ] > _ i
S R i e R AL

2 R ’
ks (1) = (1 + \/gr + 7 >exp <_\/l§r) |

N

=

iy

|
N
I

[ 312
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Special Matern kernel: Radial Basis Function kernel \/j

1 r?
Matern kernel for v — oo becomes kggr = exp WA

Forv > 5/2 becomes very smooth, equivalent to the Radial Basis Function (RBF) kernel
anyway

Other name squared exponential kernel Prior with RBF kernel [ = 1

Probably the most frequently used kernel .

Captures smooth and continuous functions

For non-linear relationships between inputs -
and outputs. _1{ — sample1
Sample 2 I
S le 3
Captures complex patterns. . Pty
Sample 5
Struggles with discontinuous or highly oscillatory --- Mean
Uncertainty
. =3 - . T T : .
functions. B 5 0 ; 2
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Periodic kernel )

Kernel designed to model periodic patterns in data

, 2sin’(z|x — x'|/p)
kperiodic(x’x ) = EXp\ — 12

where p represents the period of the periodic pattern and [ is again the length scale
parameter.

Sample 1

Sample 2

14 Sample 3
Sample 4
Sample 5

--- Mean

-2 Uncertainty

4 -2 0 2 4
tCSC on ML 2024, Split, V. Kain, 13-19 Oct 2024 8



Spectral mixture kernel

Simple and powerful idea: parameterise a space of
“stationary" covariance functions by some suitable
family of mixture distributions (e.g. Gaussian Mixture) in
the Fourier domain representing their spectral density.

The kernel is then the Fourier transform of this. In case
of Gaussian Mixture, convenient Fourier transform:

n ) 2 2
kg (x,x") = Zwl- exp i l/;; l , Where

i=1 l
w; is the weight of the ith component,

A; is the length scale and n is the number of mixture
components. (Useful number is n = 5)

tCSC on ML 2024, Split, V. Kain, 13-19 Oct 2024
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Sample 1
Sample 2
Sample 3
Sample 4
Sample 5
-- Mean
Uncertainty




Combining kernels &)

Kernels can be multiplied
e.g. multidimensional products: k(% ¥, X', ') = k,(x, X') - k,(y,y")

Example: locally periodic

, 2 sin*(z||x — x'||/p) L |lx = x||?
kperiodic(x’x) =CXp\ — ]2 $EXp _5 [2
and summed and scaled! - it

- lhjl:::rtainty

-

.

of LLLLILELELINGH T G 3 PV HRATTVERTY 1)

—14

—24

—4 -2 (I) 2 4
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Effect of hyperparameters: e.qg. length-scale )

Each kernel has hyperparameters that control overall function behaviour: e.g. l...length
scale

As example...”squared exponential covariance”: k(x, x") = exp(—ﬁ | x — x’|2)

Perfect correlation locally, and decays with a length-scale.

\aj.

& b
—
++

from R&W 2006
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Fitting a Gaussian Process to data )

How to determine the hyperparameters 8 of the kernel? — Fitting

As usual: Maximum Likelihood Estimation
0* = argmax log p(y | 0, X)

As likelihood is Gaussian log likelihood can be calculated analytically:

| 1 n
logp(ylﬁ,X)=—5y K y—EloglKl—Elog%
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Next step: Acquisition Functions &)

Optimisation is a sequence of decisions: at each iteration we must choose where to
make the next observation and then terminate depending on the outcome.

— Building and appropriate acquisition function! Again hyperparameters...

Test Point
Surrogate Model e Acquisition Function — Acq. Optimization

* Observation Data
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Acquisition Functions &)

The acquisition function “looks" at the surrogate model of the objective function and
determines what areas in the domain f(x) are worth exploring.

Note mostly BO is formulated as maximisation problem. — Acquisition Function should
be constructed such that it assumes high values where either f(x) is optimal or that we
have not looked at yet.

— in BO, it is not the surrogate model of f(x) that is maximised directly, but AF.

The Acquisition Function will have to deal with the trade-off between exploration and
exploitation.
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Upper Confidence Bound (UCB)

CE/RW
\

Probably the simplest acquisition function: contains explicit exploitation (u(x)) and
exploration terms (o(x), standard deviation).

Hyperparameter 4, often also called f guides exploration vs. exploitation. 4 = \/ﬁ

a(x; A) = p(x) + o(x)

A=1

—— Mean prediction
Confidence region
true function

— UCBA=1

N —

N
[l

0.5

tCSC on ML 2024, Split, V. Kain,
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—— Mean prediction
Confidence region
true function

— UCBA=5
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Acquisition Function: Expected Improvement El (1) &N

N/ S

First need to introduce Probability of Improvement Pl

“Improvement" |: find max f(x) and so far best solution is x*:

I(x) = max(f(x) — f(x*),0) ....the maximum between f(x) — f(x*) and 0
PI(x) assigns the probability of I(x) > 0.
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Acquisition Function: Expected Improvement El (1) \fj

First need to introduce Probability of Improvement Pl

“Improvement" |: find max f(x) and so far best solution is x*:
I(x) = max(f(x) — f(x*),0) ....the maximum between f(x) — f(x*) and 0
PI(x) assigns the probability of I(x) > 0.
Can be calculated analytically in case of surrogate models with GPs: f(x) ~ A (u(x), 62(x))

Reparameterisation trick: z ~ A/(0,1) = f(x) = u(x) + 6(x)z z = JOO) — p(x)

o(x)
PI(x) = P(I(x) > 0) equivalent with probability P(f(x) > f(x*)).

Say value of f(x*) corresponds to z;, at location x*, then need to simply find probability of
a||Z:>’Zo.
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Acquisition Function: Expected Improvement El (2) O

N/ S

Thus: |
p(x) — fx*) J s
Pl(x) =1 - CDF = CDF(—z,) = CDF £t
(x) ) (—2p) < () | / i

e
Expected Improvement El(x): with ¢(z) = exp (—z2/2) |
27
Elx) = E[I(x)] = [ 1(x)p(z)dz X g
—00 from https://ekamperi.github.io/

El(x) = [ 0 [(x)p(z)dz + J I(x)¢(z)dz .. .first integral zero because I(x) = max(f(x) — f(x*),0)
—00 Z0

=0
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Acquisition Function: Expected Improvement El (3) O

N/ S

El(x) = J I(x)p(z)dz = J (1 + 0z = f(x*)) Pp(2)dz
z0

Z0

= (u — flx*)) J d(2)dz + \/02_ J 7624z
2 Tz

M—f(X*)> L0 r’d<e_m>

= (= fx®) CDF( - = dz
— (/4 _f(x*)> CDF(ﬂ_f(x*)> +6¢(M‘f(x*)>
5] o
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Acquisition Function: Expected Improvement El (4)

EI(x) = (4 — f(x*)) CDF (” il ) + o (
o

Can also add extra hyperparameter to tune exploitation vs exploration.

tCSC on ML 2024,

1000 A
800 4
600 -
400 4

200 A

Split, V. Kain,

p— fx*) )

o

S

— e T

/ —— Mean prediction

Confidence region
true function

0 2 4 6

8 10

— H

13-19 Oct 2024
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Constraints? O

El(x) can be easily extended to include inequality constraints.
max f(x)
c(x)<A

Idea: learn f(x) as GP as well as c(x) (i.e. ¢(x)), and then weigh El(x) with probability of
constraint satisfied.

PF(x) := Pr[c(x) < 4]
El-(x) = PF(x) - EI(x)

In case of multiple inequality constraints and with the assumption that the constraints are
conditionally independent given x

PF(x) = IT_ p(¢/(x) < 4)
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Proximal biasing &)

Particle accelerator optimisation often requires incremental traversal of parameter space
to maintain accelerator stability.

Ensure that exploration not in too large steps, could be problematic for equipment,...

T

E

< 450 A | i
400 i

Observation AK; (m™1)

R. Roussel
— weight acquisition function by distance to previous set point.
(x — xp)*

ax) =ax)-exp| ———— (only valid for a(x) > 0)

232

tCSC on ML 2024, Split, V. Kain, 13-19 Oct 2024
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Uncertainty sampling and Bayesian Exploration &N

Acquisition function for system identification

a(x) = o(x) ....adaptive sampling

N
— Bayesian exploration:
y P a(x) =@ | [plgix) = h) W(x,x0)
i1 \Pl:mmal biasing
Adaptive sampling @ 500 — ®) 500
Short lengthscale 1.75 Valid 175
Equal lengthscales = 1.50 h U::.I: IRegmn 1.50
1.25 1.25 e
£1.00 £1.00 //j_\\
X 0.75 0.75 \/ \
- \ -
f’ * 0'00 0'00 ‘L‘/ \
Initial samples Explxc;rahon samples Ground truth Validity probability 00 03 1o s 20 00 s t,o 1

Unknown
constraints -

Roussel et. Al. Nat. Comm. 2021
Region ok Region not ok 31

https://mldphysicalsciences.github.io/2021/files/NeurlPS_ML4PS_2021_82.pdf
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Bayesian Optimisation (BO)

Majority of talks in "optimisation and control” session about

BO

Surrogate Model

Acquisition Function

Acq. Optimization

\

Test Point 4
PR

Observation Data

Step 1

15

1.0 A

0.5 4

> 0.04
_0_5 -
-1.0 4

Unknown function

(}‘P model

ons

-1.5

X

0.0

0.2

0.4

x

0.6

] I Acquisition function I

0.8

1.0

 Recent publication of review paper:
Bayesian optimisation algorithms for accelerator physics
 Phys. Rev. Accel. Beams 27, 084801

tCSC on ML 2024,

Split, V. Kain,

13-19 Oct 2024
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State-of-the-art BO:

® Model-based priors for various
applications

@ Multi-fidelity BO for laser plasma
accelerators

® SafeOpt to include safety constraints -
faster convergence with ModSafeOpt

® Information-based Bayesian Optimisation
with virtual objectives

® ...



Example: BO with neural network mean priors

Including prior information through historical data not
efficient with GPs.

— Modity p(A) in p(A|B) x p(B|A)p(A)

Instead of constant prior in GP = GP becomes model
of model — much more sample-efficient

Model of non-constant mean u(x) from simulation,
ANN of historical data, other GP....

tCSC on ML 2024, Split, V. Kain, 13-19 Oct 2024
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Example: BO with neural network mean priors \fj

Example from ATLAS

® Ar%onne Tandem Linear Accelerator System for study of low-energy nuclear physics
with heavy ions

® Optimise transmission to target: 5 DOF

* Trained ANN from previous 3k dataset of *N run and used it for optimising 1°0 run

= == Constant Prior == NN, r=0.3, MAE=0.3
— | t
o 100 - P
L
[e)
Doublet — 75+
C P
S A
& 50 - H
1
Bends % 25 - ,//
= Sam
~ - A 0 -
Triplet i ' ' '
P 0 10 20 30

Step
Courtesy T. Boltz et al, arXiv:2403.03225
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Example: Continuous control with BO — ABO %)

Controlling the n X 50 Hz noise in the slow extracted spill to the North Area Experimental
Hall at CERN SPS.

Modulate voltage of main quadrupoles at n X 50 Hz to
compensate.

ity analysed
BSI | Extracted Intensity FFT Amplitudes BSI Raw Data

Spill noise changes over time following the European grid.

1400

H ol KMWMWMMWWWW‘WW‘M‘WWW\ — adaptive continuous control, Adaptive Bayesian Optimisation
" ] Model objective function fas f(x, f). Spectral mixture kernel S for
By t and Matern for control parameters

T T T T T T T T T
500 1000 1500 2000 2500 3000 3500 4000 4500
Time [ms]

Kernel: k([tl’ Xl]’ [tz, Xz]) = (9k X S(tl’ tz) X M(Xl, X2)

0.15
1.0 —
—_ —_ 1 /
5 1.0 10 « L / b e ]
g —— phase 5 08l : 85%
E 0.84 ——- amplitude o5 g\ )
N g Will be key for:
©061 a 0.6
0 O o [T 1
3 S a)
3 041 ° ) ! >
= 2 0.4 ! :
S -0.5 % ' 2022 ®
% 0.2 T i BOBYQA (auto-launch), no EBC
= £ - 2023 (=03.08.) ‘
$0.0 -1.0 ¢ 0.2 i [ aBoscEBC
T T T T T T !
0 200 400 600 800 1000 ! —] 2024 ~ .
iteration (n.a.) ! ABO & EBC leP
0.0 T ! T T T Search for Hidden Particles
0.0 0.1 0.2 0.3 0.4 0.5

tCSC on ML 2024, Split, V. Kain, 13-19 Oct 2024 100 Hz amplitude



Example: info-based BAX - virtual objectives

Example for emittance

tuning

® BAX (Bayesian Algorithm eXecution): https://willieneis.github.io/bax-website/

® Minimum emittance important for many applications: e.g. determines brightness of X-

rays in FELs

@ Classical methods slow due to multi-point queries: quadrupole scans for emittance

evaluation

3 Multi-point Measurements
in Input Domain

Optimal Emittance

Control Variable
(e.g. solenoid)

Measurement Variable
(e.g. quadrupole strength)

An individual query in
joint-domain is cheap!

24 Partial Measurements
in Joint Domain

Measurement Variable
(e.g. quadrupole strength)

< Smaller

tCSC on ML 2024, Split, V.

Beam Size

Larger —
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Courtesy S. Miskovich et al

Solenoid BAX
cs:(? — GP —| Beamsizes
Q525 Model

— Virtual emittance scans on posterior samples of GP
as input to acquisition function optimisation

— choose queries (settings) to maximise information
and minimise emittance

)
\



Example: info-based BAX - virtual objectives

Example from noisy LCLS simulation @ SCLAC

Live Optimization at LCLS

2.25 1 —— BAX Emittance
BO Emittance
/;_\ 2.00 —— Simplex Emittance (250 pC)
\cé/ 15 Min. of BAX Emittance 0.85 - ...... Hand-Tuned Emittance 500
§ ’ ‘ .................................. —}— Observed Emittance
8 = 0.80 i Upper Bound on Optimal =
-‘é 1.50 7 s Emittance SE
<3| E 0.75 - - Beam Size Error r150 & 5
1.25 gV g &
g s
1.00 : : : i . g 0.70 100G §
0 250 500 750 1000 1250 5 E =
Number of Beam Size Function Queries £ 0.65 o [ i T“j @
~ e S )
B S 0,60 - |
: 11 —— BAX Emittance « : | }
3 200 va\ . . 50 E o A
Proxy for @ A\ —— BAX Beam Size Error g 5 ‘
= M 2 0.55 i i -0
convergence £ 1501\ I, 25 2 8 : ; . ,
s n w‘m’\‘k\,mﬂ_e\\ﬂ,\4 TNV Rwy oYY = E 20 40 60 80 i -
S 1.00 x , it s 0 2 £ Number of Beam Size Function Queries
0 100 200 300

Number of Beam Size Function Queries

Courtesy S. Miskovich et al
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BoTorch - basic, basic intro &)

GPyTorch

O PYTorCh - AL s Bolorch

Use BoTorch
® Single/multi-objective Bayesian optimisation (serial and parallel)
@ Constraints
® Proximal biasing
@ Can incorporate pyTorch Modules
® GPU accelerated

tCSC on ML 2024, Split, V. Kain, 13-19 Oct 2024



BoTorch - basic, basic intro &)

Algorithm 1 Basic pseudo-code for Bayesian optimization

Place a Gaussian process prior on f
Observe f at no points according to an initial space-filling experimental design. Set n = ny.
while n < N do
Update the posterior probability distribution on f using all available data
Let x,, be a maximizer of the acquisition function over z, where the acquisition function is computed using
the current posterior distribution.
Observe y,, = f(z,).
Increment n
end while
Return a solution: either the point evaluated with the largest f(z), or the point with the largest posterior
mean.
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BoTorch - basic, basic intro &)

from botorch.models import SingleTaskGP The optimisation |OOpZ here 5 steps

from botorch.acquisition import ExpectedImprovement
from botorch.optim import optimize_acqf
def ground_truth(x):

return torch.sin(2 * 3.14 x x / 1.0) for 1 in range(S):

# create model

model = create_model(train_x, train_y)

# create the acquisition function using the model
Define model: fix the hyperparameters for example acq = ExpectedInprovenent(nodel, train_y.max())
def create_model(train_x, train_y): # optimize the acquisition function
model = SingleTaskGP(train_x, train_y) Caﬁ;iéate;_.:70p£ihize;aéqfkr o
model.likelihood.noise = torch.tensor(le-4) acq,
model.covar_module.base_kernel.lengthscale = torch.tensor(0.1) bounds=torch.tensor([0.0,1.08]).reshape(2,1),
model.covar_module.outputscale = torch.tensor(08.65) =1,

num_restarts=5,

raw_samples=20
return model -Samp

)
train_x = torch.cat([train_x, candidatel])
train_y = ground_truth(train_x)
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