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Motivation
Light-cone distribution amplitudes (LCDAs) plays an important role in the hardon hard exclusive 
reactions.

3/15

There are two ways to extract information of LCDA on lattice:

1. Calculate the quasi-DA on the lattice and match it to the LCDA through LaMET. 

2. Calculate moments using local operator on lattice and reconstruct the LCDA.

Results from J. Hua et al. (Lattice Parton Collaboration), 

Phys. Rev. Lett. 129, 132001 (2022).

Results from Bali, G.S., Braun, V.M., Bürger, S. et al.

J. High Energ. Phys. 2019, 65 (2019). 



For first moments:

𝒪𝜌𝜇
− 𝑥 = ത𝑞2 𝑥 𝐷(𝜇 − 𝐷(𝜇  𝛾𝜌)𝛾5𝑞1 𝑥  ,  ⟨Ω|𝒪𝜌𝜇

− 𝑀 Ԧ𝑝 = 𝑖𝑓𝑀𝑝(𝜌𝑝𝜇 𝜉

For second moments: 

𝒪𝜌𝜇𝜈
± 𝑥 = ത𝑞2 𝑥 𝐷(𝜇𝐷𝜈 ± 2𝐷(𝜇𝐷𝜈 + 𝐷(𝜇𝐷𝜈  𝛾𝜌)𝛾5𝑞1 𝑥  , ⟨Ω|𝒪𝜌𝜇𝜈

− 𝑀 Ԧ𝑝 = 𝑖𝑓𝑀𝑝(𝜌𝑝𝜇𝑝𝜈) 𝜉2

 ⟨Ω|𝒪𝜌𝜇𝜈
+ 𝑀 Ԧ𝑝 = 𝑖𝑓𝑀𝑝(𝜌𝑝𝜇𝑝𝜈) 12

Formula

Moments definition
𝜉 = 𝑥 − 1 − 𝑥 = 2𝑥 − 1

𝜉𝑛
𝑀 𝜇2 = න

−1

1

𝑑𝑥 2𝑥 − 1 𝑛𝜙𝑀(𝑥, 𝜇2)

LCDA definition:  Ω ത𝑞2 𝑧2𝑛𝜇 𝑒
𝑖 𝑧2

𝑧1 𝐴𝜇(𝑥𝑛𝜇)𝑑𝑥
𝑛𝛾5𝑞1 𝑧1𝑛𝜇 𝑀 Ԧ𝑝 = 𝑖𝑓𝑀𝑝 ∙ 𝑛 1−

1
𝑑𝑥 𝑒−𝑖 𝑧1𝑥+𝑧2 1−𝑥 𝑝∙𝑛𝜙𝑀(𝑥, 𝜇2)

The moments could be extracted from hadron matrix 

elements of twist-2 operators:

𝑀𝜌𝜇1…𝜇𝑘+𝑙

𝑘,𝑙
= ത𝑞2 𝑥 𝐷(𝜇1

… 𝐷𝜇𝑘
𝐷𝜇𝑘+1

… 𝐷𝜇𝑘+𝑙
𝛾𝜌)𝛾5𝑞1(𝑥)

The 𝒪𝜌𝜇𝜈
−  and 𝒪𝜌𝜇𝜈

+  would mixing under the renormalization.

𝑍𝑞
−1 

𝑚′′

𝑀

𝑍𝑚𝑚′′ 

𝑖

𝑑

Tr Λ
𝑚′′
(𝑖)

𝑝1, 𝑝2 Λ
𝑚′,tree

(𝑖)
𝑝1, 𝑝2 = 

𝑖

𝑑

Tr Λ𝑚,tree
(𝑖)

𝑝1, 𝑝2 Λ
𝑚′,tree

(𝑖)
𝑝1, 𝑝2 ቚ

𝑝1
2=𝑝2

2= 𝑝1−𝑝2
2
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For first moments:

𝑅1,𝑎 
− = −

𝑖

3


𝑖=1

3
1

𝑝𝑖

σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝒪4𝑖
− Ԧ𝑥, 𝑡 𝑃(0, 0)⟩

σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝐴4 Ԧ𝑥, 𝑡 𝑃(0, 0)⟩
 𝑅1,𝑏 

− = −
4𝐸

3𝐸2 + 𝑝2

σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝒪44
− Ԧ𝑥, 𝑡 𝑃(0, 0)⟩

σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝐴4 Ԧ𝑥, 𝑡 𝑃(0, 0)⟩
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𝑎=0.12fm using gaussian point source

Pseudo scalar meson

For second moments:

𝑅2,𝑎1

± = −
1

3


𝑖≠𝑗

3
1

𝑝𝑖𝑝𝑗

σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝒪4𝑖𝑗
± Ԧ𝑥, 𝑡 𝑃(0, 0)⟩

σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝐴4 Ԧ𝑥, 𝑡 𝑃(0, 0)⟩
 𝑅2,𝑎2

± = −
1

3


𝑖=1

3
𝑝𝑖

𝑝1𝑝2𝑝3

σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝒪123
± Ԧ𝑥, 𝑡 𝑃(0, 0)⟩

σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝐴𝑖 Ԧ𝑥, 𝑡 𝑃(0, 0)⟩



Vector meson

For second moments:

𝑅2,𝑎1

± = −
1

3


𝑖≠𝑗

3
1

𝑝𝑖𝑝𝑗

σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝒪4𝑖𝑗
± Ԧ𝑥, 𝑡 𝑉𝑘(0,0)⟩

σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝑉4 Ԧ𝑥, 𝑡 𝑉𝑘(0,0)⟩
 𝑅2,𝑎2

± = −
1

3


𝑖=1

3
𝑝𝑖

𝑝1𝑝2𝑝3

σ𝑗=1
3 𝑝𝑗 σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝒪123

± Ԧ𝑥, 𝑡 𝑉𝑗(0, 0)⟩

σ𝑗=1
3 𝑝𝑗 σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝑉𝑖 Ԧ𝑥, 𝑡 𝑉𝑗(0, 0)⟩

𝑎=0.12fm using gaussian point source

⟨𝑉𝜌𝑉𝜎⟩ ∝ 𝑔𝜌𝜎 −
𝑝𝜌𝑝𝜎

𝑀𝑉
2

 ⟨𝑂𝜇𝜌
− 𝑉𝜎⟩ ∝ 𝑝(𝜇 (𝑔𝜌)𝜎 −

𝑝𝜌)𝑝𝜎

𝑀𝑉
2 )

 ⟨𝑂𝜇𝜈𝜌
− 𝑉𝜎⟩ ∝ 𝑝(𝜇𝑝𝜈(𝑔𝜌)𝜎 −

𝑝𝜌)𝑝𝜎

𝑀𝑉
2 )

For first moments:

𝑅1,𝑎 
− =

2

3


𝑖=1

3
1

𝐸

σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝒪4𝑖
− Ԧ𝑥, 𝑡 𝑉𝑖(0, 0)⟩

σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝑉𝑖 Ԧ𝑥, 𝑡 𝑉𝑖(0, 0)⟩
 𝑅1,𝑏 

− = −
4𝐸

3𝐸2 + 𝑝2


𝑖=1

3
σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝒪44

− Ԧ𝑥, 𝑡 𝑉𝑖(0, 0)⟩

σ Ԧ𝑥 𝑒𝑖 Ԧ𝑝∙ Ԧ𝑥 ⟨𝑉4 Ԧ𝑝, 𝑡 𝑉𝑖(0, 0)⟩
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Renormalization
The 𝒪𝜌𝜇𝜈

−  and 𝒪𝜌𝜇𝜈
+  would mixing under the renormalization.

𝑍𝑞
−1 

𝑚′′

𝑀

𝑍𝑚𝑚′′ 

𝑖

𝑑

Tr Λ
𝑚′′
(𝑖)

𝑝1, 𝑝2 Λ
𝑚′,tree

(𝑖)
𝑝1, 𝑝2 = 

𝑖

𝑑

Tr Λ𝑚,tree
(𝑖)

𝑝1, 𝑝2 Λ
𝑚′,tree

(𝑖)
𝑝1, 𝑝2 ቚ

𝑝1
2=𝑝2

2= 𝑝1−𝑝2
2

ቐ
𝒪𝜌𝜇𝜈

− (𝑅) = 𝑍11𝒪𝜌𝜇𝜈
− (𝐵) + 𝑍12𝒪𝜌𝜇𝜈

+ (𝐵)

𝒪𝜌𝜇𝜈
+ (𝑅)

= 𝑍22𝒪𝜌𝜇𝜈
+ (𝐵)

using 1step-HYP smearing clover action using normal clover action

smearing can help 

reduce the mixing 

effect.
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Lattice set up
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Hardon matrix elements: Coulomb wall source and gaussian point source.

Renormalization: Volume source with 𝑝 =
2𝜋

𝑛𝑠
(𝑛, 𝑛, 0,0) and 𝑝 =

2𝜋

𝑛𝑠
(𝑛, 0, 𝑛, 0)  (n = 2, 3 …

𝑛𝑠

2
− 1)

a12m310 a12m130 a09m310 a06m310

L3xT 243x64 483x64 323x96 483x144

Lattice spacing ~ 0.12fm ~ 0.12fm ~ 0.09fm ~ 0.06fm

𝑚𝜋 ~310MeV ~130MeV ~310MeV ~310MeV

𝑐𝑠𝑤 1.0508 1.0508 1.0424 1.03493

𝑎𝑚𝑙 -0.0695 -0.0785 -0.0785 -0.0514 -0.0580 -0.0398 -0.0439

𝑎𝑚𝑠 -0.0312 -0.0191 -0.0191 -0.0227 -0.0174 -0.0242 -0.0191

Fermion action use the 1step-HYP smearing clover action on MILC ensembles



Gaussian use constant fit

Coulomb wall use two-state fit

Gaussian vs Coulomb wall
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The Coulomb wall has a smaller error bar

The Gaussian point source has a smaller 

excited state effect.



𝑲 First Moments 
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Result from Bali, G.S., Braun, V.M., Bürger, S. et al. J. High 

Energ. Phys. 2019, 65 (2019). 

our preliminary results: 𝜉 = 0.0341(27)
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𝑲∗ First Moments 

our preliminary results: 𝜉 = 0.0374(19)
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Result from Bali, G.S., Braun, V.M., Bürger, 

S. et al. J. High Energ. Phys. 2019, 65 (2019). 

our preliminary results: 𝜉2 = 0.2494(79)

𝝅 Second Moments 
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𝝓 Second Moments 

our preliminary results: 𝜉2 = 0.2087(73)
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Preliminary Results

Except the physical point, the mass 

dependence of second moments are 

very small  

Results from J. Hua et al. (Lattice Parton Collaboration), 

Phys. Rev. Lett. 129, 132001 (2022).



Summary

 Compute the first moments for the 𝐾 and the second moments for the 𝐾 
and 𝜋. it is consistent with the previous calculation of RQCD collaboration.

 

 Compute the first moments for the 𝐾∗ and the second moments for the 𝜌, 
𝐾∗ and 𝜙.
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