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|_inear divergence

Puzzles in the RI/MOM renormalization

Y.-K. Huo. et.al., LPC, NPB969(2021)115443
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|_inear divergence
Landau gauge fixing required by RI/MOM

» On the lattice, the gauge rotation is defined as U;(x) = G(x)U,(x)G'(x + af);

 And then th4e discretized gauge condition is

0 =A%) = ) [US(x) — US(x — ajp) — (U () + (U (x — af)] /(2igy)
u=1

4
=a ) 9,AC+ 0(d?).
u=1

e Such a condition can only be obtained iteratively by maximum the functional
FlG] =

G . N .
—Re Trz Z U%x), and stop when the difference s = 6w - F i - 11 iS

x u=l
smaller then the required precision 6"
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Imprecise gauge fixing

Residual linear divergence
disappears if the gauge is
fixed with high enough
precision.

Different renormalization
schemes agree with each
other at small distance;

But can be significantly
different at large distance,
due to the IR effect in the
quark matrix elements
used by RI/MOM.

K. Zhang, et.al, LPC, 2405.14097




Outline

 Wilson lines
® Quark bilinear operator with straight Wilson line (quasi-PDF/DA)

® Quark bilinear operator with staple-shaped Wilson line (quasi-TMD
PDF/DA)

® Summary



' . n—1
Wilson line W(z)z%Tr T U.0x+ kagiy
k=0

' Under Landau gauge with different precision

¥ = W(z, 6)/W(z, 6F)
L2 * The calculation is carried out using the 2+1+1 HISQ

e ensemble generated by the MILC collaboration, and uses
N clover valence fermion for the quark propagators.

5 Tag 6/96 L T a(fm) | mya csw

2 evomm e T al2m310 |[3.60 24 64 0.1213(9)[-0.0695 1.0509

ol a=0. 0574 fm, §'=10S RS . a09m310 || 3.78 32 96 0.0882(7)|-0.0514 1.0424
"1 a06m310 || 4.03 48 144 0.0574(5)(-0.0398 1.0349
—_— a045m310(|4.20 64 192 0.0425(5) [-0.0365 1.0314

E e £ a03m310 || 4.37 96 288 0.0318(5)[-0.0333 1.0287

L2 - A. Bazavoy, et.al, MILC, PRD 87(2013)054505
1- Deviation from 1 of the ratio r5F(W(z)) of the Wilson line
T A under certain gauge fixing precision 67 = 107%"% over

S TT— N that with 57 = 107>, 1 — W(z, 8")/W(z, &)
( " Wl o « Becomes larger with fixed a but larger 6°
Too 0z ow as o w0 r » Becomes larger with fixed 6 but smaller a.

z/fm



' . n—1
Wilson line W(z)z%Tr T U.0x+ kagiy
k=0

Empirical formula to fit the deviation

o We find that this deviation can

et be described using the '

) S following form: . o501 L
~ I AR I I — n : IS
Sos- Sy 5 s W(5F) = W(0)e c(X)(0") ~ tpt [ Ah ot :[; | } \
= ] e a=0.0574 fm, &"=10"° * . . _ — 0.48 7 LT Tt 114
% 05 + a=0.0574 fm &'=10" . with all the a and z we T + a0.1213 f 3

| a=0. 0574 fm, &=10" " . . a=0. 0574 fm
. - investigated: 0.46-
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0.0 0.2 0.4 0.6 0.8 1.0 1.2 ° n( M/(Z)) iS close to a 0.0 0.2 0.4 0.6 0.8 .0 1.2
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I o e e L e > : . - - . " 200 - ) {

S o0s- e, | 0 c(W(2)) can be further s

u'::/ 0.8 - « a=0.1213 fm, 8=107" parametrized intO % o > I

- . a O: 0;7:‘1 fm: 8"=107" 2 2 2 1 - ;
0.7 - e a=0.0318 fm, &=107° O°58(4)Z /a + @(Z/a )' ) ____A_L‘*A;"’//
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' . n—1 )
Wilson line W(z)z%Tr T U.0x+ kagiy
| k=0 _

Why the deviation can be so large”

We find that this deviation can be desc;rig)ed using the
following form:W(5") = W(0)e X0 )" with all the a
and z we investigated:

« n(W(z)) is close to a constant around 0.49 and » n(W(z)) enlarged the impact of the gauge
insensitive to both a and z; fixing residual by a huge factor 1//5";
* ¢(W(2)) can be further parametrized into « ¢(W(2)) introduce an UV divergence-like
0.58(4)z°/a* + O(z/a?). factor z°/a” which enlarge the impact at
large z.

. Usinga = 0.12fm, z = 0.5 fm, 6* = 107% r(W(z)) ~ 0.99;
. Usinga = 0.12fm, z = 1.0 fm, 6* = 107% r(W(z)) ~ 0.95;

. Usinga = 0.03 fm, z = 1.0 fm, 6% = 107% r(W(z)) ~ 0.48.



' . n—1
Wilson line W(z)z%Tr T U.0x+ kagiy
k=0

Correlation between the gauge rotations

* The Wilson lines with gauge rotations

G,(x) and G,(x) can be related by I
the following expression: . |
USi(x, x + 7) ol I C G(z, a) Ie;pproaches
| X0 0 when 6° — o0, and
= G,(0)G; ' ) U%(x, x + 2)Gy(x + 2)G (x + 2) - T when 8F — 0
= [G,(®)G; ' ()U%(x, x + 2)[G,(x + 2)G; ' (x + )], R j:i,‘ fixing w :

Where 0.0 0.2 0.4 Z()/.Fm 0.8 [.0 l. 2
UC2(x,x + 7) = G () U(x, x + z)Giz(x + 7) ¥y N §F =108
just differ by the relative gauge AT G
rotations. 1 fC (f., a) V]\C/E[)rl]ﬂd be a
067 e, unction of the
8o e : :
« Then we can define the correlation L] = e dimension less
between the relative gauge rotations 20151310 distance z/a.
| ¢  al3m310
as: 0.0-

1 ) 1 ' 1 . 1 b 1 ) 1 v
G _— —1 T —1 0.0 0.2 0.4 0.6 0.8 1.0 . 2
C*%(2) = v E T [[G(x + 2)Gy ' (x + DI [G)Gy ' (0] 2/fm



Wilson line

1
W (b,z,L) = gTr{ Pexp
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* The staple shaped Wilson
link Is needed for the
quasi-TMD PDF and WF;

* Return to the straight
Wilson line case with

z=0and L = 0;
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* (Gauge fixing precision
effect is not very sensitive
to L, regardless the value

Staple shaped case
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* [t suggests that this effect would majorly come from the

imprecise correlation C¢(z) between the end points.




Wilson line W(z)——Tr

r% = Wiz, 09 W(z, 6F)
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ﬁUﬂ(x+kaﬁ)
: Exploratory on the & gauge

» The &£ gauge can be implemented on the lattice with
Ilmlted & and precision

eg = v Z Tr[(AC(x) — AX))(A%(x) — A(x))], where

P(A(x)) < ¢~ FE TN,

+ Deviation from 1 of the Wilson line ratio under & gauge, ,
1 — W(z, Qf)/W(z, ego =2 x 1077), also shows similar gauge
fixing precision dependence;

« Becomes larger with fixed a but larger 5*;

« Becomes larger with fixed 6 but smaller a.
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® \Vilson lines
* Quark bilinear operator with straight Wilson line (quasi-PDF/DA)

® Quark bilinear operator with staple-shaped Wilson line (quasi-TMD
PDF/DA)

® Summary



Quasi-PDF

Renormalization using the Wilson line
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* Pion matrix element in the rest frame which have very tiny uncertainty:
R (f y ) <O7T(t2) 255 O?SII(Z; (X, tl))O;(O» < ‘ OGI( ) ‘ > + @( —Amt, —Am(t,—t,) —Amt)
AL, 254, = = (T )| e e 2V e 2),
T (0,(,)0;(0)) ‘

* |[ts linear divergence is exactly the same as that of Landau gauge fixed Wilson line, when the gauge
fixing is precise enough.

* Lattice spacing dependence of the ratio looks like a residual linear divergence with gauge fixing
orecision 6 ~ 107,



Quasi-PDF

Renormalization using the Wilson line

e We can further normalize the matrix element with its value at a short

hSl(z, P; 1/a)/ W(z)
distance: hGLSDR(Z, PZ; 1/20) — ot Z

44 7 . '
f h,(;{lyt(zo,O, 1/a)/W(zy)
« a=0. 1213 fm 6F - 10_12 — .

]t o o . Then we can match hfylt’SDR(z, P_; 1/z,) to the MS scheme using the
s | o 0125 perturbative matching factor, AM3(z, P_; ) = C(z, 29, whyy PR (2, P.s 2),
N where
5l.(’)-ooosQO“‘d”"\ﬁ“‘."!l = ~ AAC
L) ¥ "“’HH{%{H! hgelf%v}lls(z()ao;//t) rQ
S T _ 1 MS
= H I | C(Za <0 /’t) — NS Wpert(za ,u)

0. 8 Wpert(z()9 //t)

0.0 ' (l_l'_' ' 0.4 ' (l.lt% ' (l.]\ ' l.ll) ' 1. 2 (X C
z/fm = {1 + 2 - [cfln[zg//tz] S+ c(2yp — |n4)] }
/A

X { I+ O’i”@ iy [In[zz,uz] + 2y, — In4] } + 0()

750 lhfltgelr’ﬁd%s(z,O; u) + O(a?) .



Quasi-PDF

1. 05

Quark matrix elements

* Renormalized ME can be defined as: ) g{ég}gg; 0- 121t il
1.04 F CL/HISQ, 0.057fm |
CL/HISQ, 0. 043fm | b
GI,RI/MOM . — Gl 7.GI + CL/HISQ, 0.032fm Hh -
oL (2,0; ) = 78z, wyhS! L] o G 0.0 Th g
ov;msg, 0. 088fm {) i
7 OV/HISQ, 0.057fm | -
hGI L0217 O\-"/HISS, 0. 043¢ ]H el
_ .Yt ’ OV/HISQ, 0.032fm ;II}LI |
T~ 1.01 .
j,GI EE!

Q(p),}’; ‘/42=p2 100 FTE g g gl * kl (4 thg9=(3,3,0,0)2ﬂ/L),n
where p = (3,3,0,0)2z/L for all the lattices with the T s CRSS
same L but different a. . -

| CL/HISQ, 0.121fm
CL/HI%Q, 0. Oé§§fm
» If the UV divergence is multiplicative and then o R CL/HISG, 0. 043¢
" . 1] 4 TTh + e CL/HISQ, 0.032fm
mglependent of the RI/MOM scale u, the ratio | m‘{{gm ;.
s
q(p): ‘p2=//112 _ T I{I}{}II AR
T should be independent of 1/a. th }{* B
o ) 0.8 I hq(%)=(3,3,0,0)2ﬂ/L),}/t EHLh f
4(p)y: \ p2=43 T }H Kl
* It is actually true while there are some residual IR 0.7 b
effects. 2 (Fm)
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F
ro (th' (z,0;u,1/a))

F
ro (Zy!(z,0; 1, 1/a))

6F =1077
[.1 4
l'[_)_;ﬁl\’aowqo‘o*’:n.‘ L ‘%_ o . T, : |
o T x . 2
LI b 5 3 I
0.9 - ‘oo :
[al o "
a=0. 1213 fm e
0.8 - a=0. 0882 fm . i 3
a=0. 0574 fm ts i
) a=0. 0425 fm II
0.7 4 a=0. 0318 fm
0.6 T T J '
0.0 0. 4 0.6 0.8 1.0 |
z/fm
1.2
6F =108
(.1 -
1.0 -

-
o
1

—_—
—
.
0
1

=
-]
|

a=0. 1213
a=(0. 0882
a=0. 0574
a=0. 0425
a=0. 0318

".

fm
fm
fm
fm
fm

T TN T o . %3 & 1Y §
‘ " o

--::!!IiiiI{{{}{

I

0.4

0.6

z/[fm

0.8

-

Gauge fixing precision dependence of Z!

We find similar gauge fixing
precision sensitivity in

Gl — 1/7Gl .
Zn =1/ hq(p),n’

The deviation from 1 of the
ratio with different precision
can also be described
using the following form:

n(Zyi(2)
W(ST) = W(0)e % @™

~ W(O)e _(0-55(6)Z2/a2—|— @(Z/a2))(5F)O.48

with all the a and z we
investigated.
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RSL, (2,0;1/a)/W (2)

(z,0; p)

GLRI/MOM
Yt

h

Quasi-PDF
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SDR (Wilson line) v.s. RI/MOM

* Impact of the gauge
fixing precision in the
Wilson line and quark
matrix elements are
similar, while the latter
case is ~10% smaller.

 The difference in the
renormalized matrix
element should be
eliminated by the
perturbative matching, at
least at short distance.



Quasi-PDF

Self-renormalization

* The self-renormalization fits the hadron (e.g., pion) matrix —
elements in the rest frame at different lattice spacings, parameter T resu?
using the following formula: £ 0674(0.008)
Aqcp(GeV)  0.16(0.03)
- kz mo(GeV)  0.14(0.06)
GI . _ 2
Inhﬂ%(Z,O, 1/a) = aln[aAQCD] + f(2)a” + myz d —0.04(0.02)
] ) ) i x2/d.o.f. 1.03
3C; [In(1/aAgcp) 1 d
+——In + —In|1 + : 2.00
by | n(/Agep) | 2 | InlaAgepl ] explg(2) — moz]
1.75 A —— Pert.NLO
7.GI N\ z.ran |
n In [hpert,},t(Z, H, AMS)] if 20 <z< Zl, I ZﬂR,Z 32.0519fm
2(2) ifz; <z [ 4,a=0.0775fm

[ Z,a=0.105fm

where k, Aqgcp, My, d, g(z) and f(z) at interpolated

z = 0.057 tm are free parameters. ¥
E
¥
d 'y
 Then the renormalized matrix element is defined as o0 4= VI0GeV.P, =0 ”Hm

-~ WOl (z 1, Ayps) 129 <2 <2 0237
RO (2,0; 1/a)y = {  perta o MST TS0 L

" EXp[g(Z)] it {1 <Z 0.0 0.2 0.4 0.6 :)ffs 1.0 1.2 1.4 1.6

z(fm)
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Self-renormalization:

y
3C In(1/aA )
L 5 3¢ QcD) | 1 d
ZM_S - 1/7) = - alnlaAqep ~f(R)a”=moz= %0 ln[ n(/AQep) ] 7in [1 " m[aAQCD]] -
self(z’ H> ZS) =€ ,

RI/MOM renormalization:
7. GILMS

ZM_S ( : ) o hpert,y, (Z’ H )

RI/MOM\<> H> Ho) = jGLRI/MOM

pGI‘t,}/t

7. GLRI/MOM
hpert,;/t (Za //t())

(2. ) ROLRUMOM(z 0 —  /52)

Short distance renormalization (SDR):

WSS (200 ) WAL (2, )/ W(z)
WS (zo- 1) hG (20,05 1/a) W(zg)

Z§4§R(z,ﬂ; 1/zy) =

All the cases agree with each other at short distance;

But both RI/MOM and SDR suffer from sizable renormalon
effect at large z.

Renormalized matrix elements

1.8
1.6 -
N
= 1,41
(-
N
L —
S . 1.2-
— e
OB | / *  RI/MOM B =
= + SDR 1
4 X 1
1.0- "" I
" ¢
| ! !
0.8 4+ : , . , . ' . , .
0.0 0. 2 0. 4 0.6 0.8
z/fm

.0
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Under Coulomb gauge without Wilson line

| | 2.0 | 6[«‘ _ 10_6
* |f we consider the quasi-PDF under the Coulomb i +=0.0574
gauge but without Wilson line,0:°(z) = w(0)[y(z2), it - o
" . - N
should be free of the linear divergence after =
normalization at certain z, ~ 0.2 tm. 8 0
< 0.4
* Coulomb gauge fixing shall also be obtained . ;
iteratively by maximum the functonal .
1 3 0.0 0. 2 0. 4 0.6 0.8 1.0 1. 2 1. 4
F,[G] = —Re Trz Z U%x), and stop when the » z/fm
WV x pu=l1 o 5F =107
difference 6" (n) = F, [G(n)] — F,[G(n — 1)] is smaller Ay = . SO0 e
then the required precision 5" S L
» Practical calculation verified this prediction, when S
the Coulomb gauge fixing precision is high enough. < o
(J'() ' ()I ‘ ()]l ‘ ()I(‘ ' ()I\ ' I'() ' Il ' 1'1
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® \\ilson lines
® Quark bilinear operator with straight Wilson line (quasi-PDF/DA)

* Quark bilinear operator with staple-shaped Wilson line (quasi-
TMD PDF/DA)

® Summary



Quasi-TMD

O™P(p, 7, L) = (0, 00T (b, z, Lyy(b ., 2),
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L dependence of the RI/MOM renormalized ME

* TJo get rid of the pinch pole singularity and the linear
divergence from the Wilson link self-energy, we
define the “subtracted” quasi-TMD PDF ME as,

h,. Db, z,L; 1/a)
hgly\fD(b,z; 1/a) = lim ——= ;
L—oo \/Zp(b2L + z; 1/a)

e The RI/MOM renormalization cancels the
\/Zg(b,2L + z; 1/a) factor,
hTMD(b, z,L;1/a)

hTMD,RI/MOM(b > 1/a Iu) — lim AoVt
)(,}/t b4 9 b4 )
L—oo hg}%ﬂ)(b, <o L, 1/61) ‘p2=/42
h,P(b, z, L; 1/a)

= lim —
L— oo h}]“}}\,fD(b, z,L;1/a)] 2y

« But eventually the L dependence can saturate at
large enough L.



Quasi-TMD

) ) RI/MOM renormalized matrix element
OMP(p, z, L) = (0,00 W (b, z, Lyy(b,, 2),

<
W(b,z, L) = Pexp [igo[ ds 7, -A"™(bn + sn)T m]
-L

* With high enough gauge fixing, the RI/MOM

Y
X Pexp |igy | ds il Ao, - LﬁgT’”] renormalization
. o—L
X PPexp |igo ds 7, -Am(sﬁZ)Tm] . hTMD(b, Z, L, l/a)
- Jo hTMD RI/MOM(b 2 1/a //t) — lim Ao
Aot o ’ L— oo hTMD(b z,L; l/a)\ 22
l.
nYP(b, z, Ly 1/a)
107 seam = lim — t
5 " | ;.] L} L~oo hgvP(b, 2, Ly 1/a) | o
S .8 [ [§] ®
'fc: ‘ - i il ]; can remove all the UV divergence properly.
- 0.6+ * a=0.1213 fm
E: a=0. ()‘:‘:’3 t:lll . .
1 20,0425 fo * Investigation of TMD under Coulomb gauge should
Lo ‘_ be essential to improve the signal at large b/z.
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Quasi-TMD

Renormalized matrix elements using different schemes

Short distance renormalization (SDR):

pert,y,

RIMDMS (0,0 p)

MS : _
ZSDR(Za IZ2 1/Z()) _ hTMD,M_S
ﬂ’yt

(b,0,0; 1/a)

RI/MOM renormalization:

i’lTMD,M_S
pert,yt

(2, )

j; TMD,RI/MOM
pert,y,

(2, Ho)

7MS

pert,y,

But RI/MOM suffers from sizable renormalon effect at large

<.

RI/MOM(Z"M  Ho) = 7 TMD,RI/MOM

(2, 1)

7 TMD,RI/MOM Y s N
"oy, (2 o = /P?)

All the cases agree with each other at short distance;

+ SDR
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Linear divergence can be
properly removed with kinds of
renormalization schemes, if the
gauge fixing precision is high
enough:

Different renormalization
schemes agree with each other
at small distance;

But they can be significantly
different due to the IR effect at

large distance.

If the gauge fixing precision 6"
IS finite, the residual effect can
be described by an empirical
form ~ 0.6(1)z?/a*(6M)°+°M at large
Z.

n(Zy, (z,0;u,1/a))

0. 50 4

0. 48

e 11:(). 121:])

cd (). ()57 1

gL

T v T
0.4 0.6

z/fm

O.8

L0

J00

200 -

100

c(Zy!(z,0; 1, 1/a))

a i‘l:”.

1213 fm

a=0, 0574 fm

0.0

0. 2




