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Linear divergence 
Landau gauge fixing required by RI/MOM

• On the lattice, the gauge rotation is defined as ;


• And then the discretized gauge condition is 




• Such a condition can only be obtained iteratively by maximum the functional 
, and stop when the difference  is 

smaller then the required precision .

UG
μ (x) = G(x)Uμ(x)G†(x + a ̂μ)

0 = ΔG(x) ≡
4

∑
μ=1

[UG
μ (x) − UG

μ (x − a ̂μ) − (UG
μ )†(x) + (UG

μ )†(x − a ̂μ)]/(2ig0)

= a
4

∑
μ=1

∂μAG
μ + 𝒪(a2) .

FU[G] ≡
1

12V
Re Tr∑

x

4

∑
μ=1

UG
μ (x) δF(n) = FU[G(n)] − FU[G(n − 1)]

δF
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Linear divergence 
Imprecise gauge fixing

• Residual linear divergence 
disappears if the gauge is 
fixed with high enough 
precision.


• Different renormalization 
schemes agree with each 
other at small distance;


• But can be significantly 
different  at large distance, 
due to the IR effect in the 
quark matrix elements 
used by RI/MOM.



Outline

• Wilson lines

• Quark bilinear operator with straight Wilson line (quasi-PDF/DA) 

• Quark bilinear operator with staple-shaped Wilson line (quasi-TMD 
PDF/DA) 

• Summary



Wilson line 
Under Landau gauge with different precision

Deviation from 1 of the ratio  of the Wilson line 
under certain gauge fixing precision  over 
that with , :


• Becomes larger with fixed  but larger ;


• Becomes larger with fixed  but smaller .

rδF(W(z))
δF = 10−6,7,8

δF
0 = 10−15 1 − W(z, δF)/W(z, δF

0 )

a δF

δF a

A. Bazavov, et.al, MILC, PRD 87(2013)054505

W(z) ≡
1
3

Tr [
n−1

∏
k=0

Uμ(x + ka ̂μ)]

• The calculation is carried out using the 2+1+1 HISQ 
ensemble generated by the MILC collaboration, and uses 
clover valence fermion for the quark propagators. 

rδF ≡ W(z, δF)/W(z, δF
0 )



Wilson line 
Empirical formula to fit the deviation

W(z) ≡
1
3

Tr [
n−1

∏
k=0

Uμ(x + ka ̂μ)]

We find that this deviation can 
be described using the 
following form:

with all the  and  we 
investigated:


•  is close to a 
constant around 0.49 and 
insensitive to both  and ;


•  can be further 
parametrized into 

.

W(δF) = W(0)e−c(X)(δF)n(X)

a z

n(W(z))

a z

c(W(z))

0.58(4)z2/a2 + 𝒪(z/a2)



Wilson line 
Why the deviation can be so large?

W(z) ≡
1
3

Tr [
n−1

∏
k=0

Uμ(x + ka ̂μ)]

• Using  fm,  fm, : 0.99;


• Using  fm,  fm, : 0.95;


• Using  fm,  fm, : 0.48.

a = 0.12 z = 0.5 δF = 10−6 r(W(z)) ∼

a = 0.12 z = 1.0 δF = 10−6 r(W(z)) ∼

a = 0.03 z = 1.0 δF = 10−6 r(W(z)) ∼

We find that this deviation can be described using the 
following form: with all the  
and  we investigated:


•  is close to a constant around 0.49 and 
insensitive to both  and ;


•  can be further parametrized into 
.

W(δF) = W(0)e−c(X)(δF)n(X) a
z

n(W(z))
a z

c(W(z))
0.58(4)z2/a2 + 𝒪(z/a2)

•  enlarged the impact of the gauge 
fixing residual by a huge factor ;


•  introduce an UV divergence-like 
factor  which enlarge the impact at 
large z.

n(W(z))
1/ δF

c(W(z))
z2/a2



Wilson line 
Correlation between the gauge rotations

W(z) ≡
1
3

Tr [
n−1

∏
k=0

Uμ(x + ka ̂μ)]

• The Wilson lines with gauge rotations 
 and  can be related by 

the following expression:





where 
 

just differ by the relative gauge 
rotations.


• Then we can define the correlation 
between the relative gauge rotations 
as: 

G1(x) G2(x)

UG1(x, x + z)
= G1(x)G−1

2 (x)UG2(x, x + z)G2(x + z)G−1
1 (x + z)

= [G1(x)G−1
2 (x)]UG2(x, x + z)[G1(x + z)G−1

2 (x + z)]−1,

UG1,2(x, x + z) ≡ G1,2(x)U(x, x + z)G†
1,2(x + z)

CG(z) =
1

3V ∑
x

Tr [[G(x + z)G−1
0 (x + z)]†[G(x)G−1

0 (x)]]

 approaches 
0 when , and 
1 when ;

CG(z, a)
δF → ∞
δF → 0

 would be a 
function of the 
dimension less 
distance .

CG(z, a)

z/a



Wilson line 
Staple shaped case

Wst(b, z, L) ≡
1
3

Tr{𝒫exp [ig0 ∫
z

−L
ds ̂nz ⋅ Am(b ̂n⊥ + s ̂nz)Tm]

× 𝒫exp [ig0 ∫
b

0
ds ̂n⊥ ⋅ Am(s ̂n⊥ − L ̂nz)Tm]

× 𝒫exp [ig0 ∫
−L

0
ds ̂nz ⋅ Am(s ̂nz)Tm]}

• The staple shaped Wilson 
link is needed for the 
quasi-TMD PDF and WF;


• Return to the straight 
Wilson line case with 

 and ;


• Gauge fixing precision 
effect is not very sensitive 
to , regardless the value 
of .

z = 0 L = 0

L
b

• It suggests that this effect would majorly come from the 
imprecise correlation  between the end points.CG(z)

CG(z) =
1

3V ∑
x

Tr [[G(x + z)G−1
0 (x + z)]†[G(x)G−1

0 (x)]]



Wilson line 
Exploratory on the  gauge ξ

W(z) ≡
1
3

Tr [
n−1

∏
k=0

Uμ(x + ka ̂μ)]

• The  gauge can be implemented on the lattice with 
limited  and precision 

, where 

.


• Deviation from 1 of the Wilson line ratio under  gauge, , 
, also shows similar gauge 

fixing precision dependence:  


• Becomes larger with fixed  but larger ;


• Becomes larger with fixed  but smaller .

ξ
ξ

θG
ξ ≡

1
3V ∑

x

Tr[(ΔG(x) − Λ(x))†(ΔG(x) − Λ(x))]

P(Λ(x)) ∝ e− 1
2ξ TrΛ2(x)

ξ
1 − W(z, θG

ξ )/W(z, θG
ξ,0 = 2 × 10−7)

a δF

δF a

rθG
ξ ≡ W(z, θG

ξ )/W(z, θG
ξ )



Outline

• Wilson lines 

• Quark bilinear operator with straight Wilson line (quasi-PDF/DA)

• Quark bilinear operator with staple-shaped Wilson line (quasi-TMD 
PDF/DA) 

• Summary



Quasi-PDF 
Renormalization using the Wilson line

• Pion matrix element in the rest frame which have very tiny uncertainty:
;


• Its linear divergence is exactly the same as that of Landau gauge fixed Wilson line, when the gauge 
fixing is precise enough.


• Lattice spacing dependence of the ratio looks like a residual linear divergence with gauge fixing 
precision .

Rπ(t1, z; a, t2) ≡
⟨Oπ(t2)∑ ⃗x OGI

γt
(z; ( ⃗x, t1))O†

π(0)⟩

⟨Oπ(t2)O†
π(0)⟩

= ⟨π |OGI
γt

(z) |π⟩ + 𝒪(e−Δmt1, e−Δm(t2−t1), e−Δmt2)

δF ∼ 10−7



Quasi-PDF 
Renormalization using the Wilson line

• We can further normalize the matrix element with its value at a short 

distance: 


• Then we can match  to the  scheme using the 
perturbative matching factor, , 
where 


hGI,SDR
χ,γt

(z, Pz; 1/z0) =
h̃GI

χ,γt
(z, Pz; 1/a)/W(z)

h̃GI
π,γt

(z0,0; 1/a)/W(z0)
.

hGI,SDR
χ,γt

(z, Pz; 1/z0) MS
hGI,MS

χ,γt
(z, Pz; μ) = C(z, z0, μ)hGI,SDR

χ,γt
(z, Pz; z0)

C(z, z0, μ) =
h̃GI,MS

pert,γt
(z0,0; μ)

WMS
pert(z0, μ)

WMS
pert(z, μ)

= {1 +
αsCF

4π [ξln[z2
0 μ2] + 5 + ξ(2γE − ln4)]}

× {1 +
αsCF

4π
(3 − ξ)[ln[z2μ2] + 2γE − ln4]} + 𝒪(α2

s )

ξ → 0 h̃GI,MS
pert,γt

(z,0; μ) + 𝒪(α2
s ) .



Quasi-PDF 
Quark matrix elements

hGI
q(p=(3,3,0,0)2π/L),γt

hGI
q(p=(5,5,0,0)2π/L),γt

• Renormalized ME can be defined as:  


, 


where  for all the lattices with the 
same  but different .


• If the UV divergence is multiplicative and then 
independent of the RI/MOM scale , the ratio 

 should be independent of 1/a. 


• It is actually true while there are some residual IR 
effects.

hGI,RI/MOM
π,γt

(z,0; μ) ≡ ZGI
γt

(z, μ)h̃GI
π,γt

=
h̃GI

π,γt

h̃GI
q(p),γt

|μ2=p2

p = (3,3,0,0)2π/L
L a

μ
hGI

q(p),γt
|p2=μ2

1

hGI
q(p),γt

|p2=μ2
2

hGI
q(p=(3,3,0,0)2π/L),γt

hGI
q(p=(0,0,0,0)2π/L),γt



Quasi-PDF 
Gauge fixing precision dependence of ZGI

γt

• We find similar gauge fixing 
precision sensitivity in 

; 


• The deviation from 1 of the 
ratio with different precision 
can also be described 
using the following form:

with all the  and  we 
investigated.

ZGI
γt

≡ 1/h̃GI
q(p),γt

W(δF) = W(0)e−C(ZGI
γt (z))(δF)n(ZGIγt (z))

≃ W(0)e−(0.55(6)z2/a2+𝒪(z/a2))(δF)0.48

a z



Quasi-PDF 
SDR (Wilson line) v.s. RI/MOM

• Impact of the gauge 
fixing precision in the 
Wilson line and quark 
matrix elements are 
similar, while the latter 
case is ~10% smaller. 


• The difference in the 
renormalized matrix 
element should be 
eliminated by the 
perturbative matching, at 
least at short distance.



Quasi-PDF 
Self-renormalization

• The self-renormalization fits the hadron (e.g., pion) matrix 
elements in the rest frame at different lattice spacings, 
using the following formula:


;


where  at interpolated 
 are free parameters. 


• Then the renormalized matrix element is defined as

lnh̃GI
π,γt

(z,0; 1/a) =
kz

aln[aΛQCD]
+ f(z)a2 + m0z

+
3Cf

b0
ln[ ln(1/aΛQCD)

ln(μ/ΛQCD) ] +
1
2

ln[1 +
d

ln[aΛQCD] ]
2

+{ln[h̃GI
pert,γt

(z, μ, ΛMS)] if z0 ≤ z ≤ z1

g(z)  if z1 < z
,

k, ΛQCD, m0, d, g(z) and f(z)
z = 0.05n fm

h̃GI
π,γt

(z,0; 1/a) = {h̃GI
pert,γt

(z, μ, ΛMS) if z0 ≤ z ≤ z1

Exp[g(z)] if z1 < z
.



Quasi-PDF 
Renormalized matrix elements

• Self-renormalization: 

;


• RI/MOM renormalization:

;


• Short distance renormalization (SDR):




• All the cases agree with each other at short distance; 


• But both RI/MOM and SDR suffer from sizable renormalon 
effect at large . 

ZMS
self(z, μ; 1/zs) = e

− kz
aln[aΛQCD] −f(z)a2−m0z−

3Cf
b0

ln[ ln(1/aΛQCD)
ln(μ/ΛQCD) ]− 1

2 ln[1 + d
ln[aΛQCD] ]

2

ZMS
RI/MOM(z, μ; μ0) =

h̃GI,MS
pert,γt

(z, μ)

h̃GI,RI/MOM
pert,γt

(z, μ)

h̃GI,RI/MOM
pert,γt

(z, μ0)

h̃GI,RI/MOM
q(p),γt

(z, μ0 = p2)

ZMS
SDR(z, μ; 1/z0) =

h̃GI,MS
pert,γt

(z0,0; μ)

WMS
pert(z0, μ)

WMS
pert(z, μ)/W(z)

h̃GI
π,γt

(z0,0; 1/a)/W(z0)
.

z



Quasi-PDF 
Under Coulomb gauge without Wilson line

• If we consider the quasi-PDF under the Coulomb 
gauge but without Wilson line, , it 
should be free of the linear divergence after 
normalization at certain .


• Coulomb gauge fixing shall also be obtained 
iteratively by maximum the functional 

, and stop when the 

difference  is smaller 
then the required precision .


• Practical calculation verified this prediction, when 
the Coulomb gauge fixing precision is high enough.

OCG
Γ (z) = ψ̄(0)Γψ(z)

z0 ∼ 0.2 fm

FU[G] ≡
1

9V
Re Tr∑

x

3

∑
μ=1

UG
μ (x)

δF(n) = FU[G(n)] − FU[G(n − 1)]
δF



Outline

• Wilson lines 

• Quark bilinear operator with straight Wilson line (quasi-PDF/DA) 

• Quark bilinear operator with staple-shaped Wilson line (quasi-
TMD PDF/DA)

• Summary



Quasi-TMD 
 dependence of the RI/MOM renormalized MEL

• To get rid of the pinch pole singularity and the linear 
divergence from the Wilson link self-energy, we 
define the “subtracted” quasi-TMD PDF ME as, 

;


• The RI/MOM renormalization cancels the 
 factor,

.


• But eventually the  dependence can saturate at 
large enough .

hTMD
χ,γt

(b, z; 1/a) = lim
L→∞

h̃TMD
χ,γt

(b, z, L; 1/a)

ZE(b,2L + z; 1/a)

ZE(b,2L + z; 1/a)
hTMD,RI/MOM

χ,γt
(b, z; 1/a, μ) = lim

L→∞

hTMD
χ,γt

(b, z, L; 1/a)
hTMD

q,γt
(b, z, L; 1/a) |p2=μ2

= lim
L→∞

h̃TMD
χ,γt

(b, z, L; 1/a)

h̃TMD
q,γt

(b, z, L; 1/a) |p2=μ2

L
L

OTMD
Γ (b, z, L) ≡ ψ̄(0⃗⊥,0)Γ𝒲(b, z, L)ψ(b⃗⊥, z),

𝒲(b, z, L) ≡ 𝒫exp [ig0 ∫
z

−L
ds ̂nz ⋅ Am(b ̂n⊥ + s ̂nz)Tm]

× 𝒫exp [ig0 ∫
b

0
ds ̂n⊥ ⋅ Am(s ̂n⊥ − L ̂nz)Tm]

× 𝒫exp [ig0 ∫
−L

0
ds ̂nz ⋅ Am(s ̂nz)Tm] .



Quasi-TMD 
RI/MOM renormalized matrix element

• With high enough gauge fixing, the RI/MOM 
renormalization


 


can remove all the UV divergence properly.


• Investigation of TMD under Coulomb gauge should 
be essential to improve the signal at large b/z. 

hTMD,RI/MOM
χ,γt

(b, z; 1/a, μ) = lim
L→∞

hTMD
χ,γt

(b, z, L; 1/a)
hTMD

q,γt
(b, z, L; 1/a) |p2=μ2

= lim
L→∞

h̃TMD
χ,γt

(b, z, L; 1/a)

h̃TMD
q,γt

(b, z, L; 1/a) |p2=μ2

OTMD
Γ (b, z, L) ≡ ψ̄(0⃗⊥,0)Γ𝒲(b, z, L)ψ(b⃗⊥, z),

𝒲(b, z, L) ≡ 𝒫exp [ig0 ∫
z

−L
ds ̂nz ⋅ Am(b ̂n⊥ + s ̂nz)Tm]

× 𝒫exp [ig0 ∫
b

0
ds ̂n⊥ ⋅ Am(s ̂n⊥ − L ̂nz)Tm]

× 𝒫exp [ig0 ∫
−L

0
ds ̂nz ⋅ Am(s ̂nz)Tm] .



Quasi-TMD 
Renormalized matrix elements using different schemes

• Short distance renormalization (SDR):

;


• RI/MOM renormalization:

;


• All the cases agree with each other at short distance; 


• But RI/MOM suffers from sizable renormalon effect at large 
. 

ZMS
SDR(z, μ; 1/z0) =

hTMD,MS
pert,γt

(b0,0,0; μ)

hTMD,MS
π,γt

(b0,0,0; 1/a)

ZMS
RI/MOM(z, μ; μ0) =

h̃TMD,MS
pert,γt

(z, μ)

h̃TMD,RI/MOM
pert,γt

(z, μ)

h̃TMD,RI/MOM
pert,γt

(z, μ0)

h̃TMD,RI/MOM
q(p),γt

(z, μ0 = p2)

z



Summary
• Linear divergence can be 

properly removed with kinds of 
renormalization schemes, if the 
gauge fixing precision is high 
enough:


1. Different renormalization 
schemes agree with each other 
at small distance;


2. But they can be significantly 
different due to the IR effect at 
large distance.


• If the gauge fixing precision  
is finite, the residual effect can 
be described by an empirical 
form  at large 
z.

δF

∼ 0.6(1)z2/a2(δF)0.49(1)


