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Introduction

* Collinear PDFs: the probability distribution of a single parton within a hadron (Inclusive process)
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LCDA: an essential input in exclusive processes

*  QCD factorization: a simple example

: I
1
| i ! xP, :
! : : ====>pF; |
A ! ui ! 0 XP, : Xi—=sl
I | 1 1
ey |
g :
pert non-pert

P yy > = hard scattering kernels ® light—cone distribution amplitudes

* Exclusive processes are important to determining the fundamental parameters of SM and

searching for new physics.
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The research progress of LCDAs

* Asymptotic LCDAs * Lattice calculation by OPE ¢ Dyson—-Schwinger Equation * Quantum Computing

G.P. Lepage et.al.,, PRL 43 (1979)  G. Martinelli et. al., PLB 190 (1987) F. Gao, L. Chang et.al. PRD 90 (2014) QuNu Collaboration, PMA. 66
G.P. Lepage et.al., PLB 87B(1979) V.M. Braun et. al., PRD 92 (2015) Craig D. Roberts et.al., PPNP (2021) (2023)

G. S. Bali et. al., JHEP 08 (2019)

RQCD Collaboration, JHEP 11 (2020) .
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*  QCD Sum rules * Quark model * Lattice calculation with LaMET
V. L. Chernyak et. al., NPB 201 (1982) H. M. Choi, and C. R. Ji, J.H. Zhang et. al., PRD 95 (2017)

V. M. Braun et. al., ZPC 44 (1989) PRD 75 (2007) R. Zhang et. al., PRD 102 (2020)

P. Ball et. al., JHEP 08 (2007) J.Hua et. al. (LPC), PRL 127 (2021)

J.Hua, F. Yao et. al. (LPC), PRL 129 (2022)
X. Gao et. al., PRD 106 (2022)

J. Holligan et. al., NPB 993 (2023)

Ian Cloét et. al., ArXiv: 2407.00206
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Lattice calculation of LCDAs with LaMET

T (temporal)

e X.D. Ji, PRL 110 (2013)
* Factorization in LaMET: x.D. Jiet. al., Rev.Mod.Phys. 93 (2021)

Quasi—LF correlation LF correlation
= 1
h(z, A, 1) = [, dadB C(a, B, u*z*) h(a, B, A, 1) + O(A]cpz?, M?z?)

z (spatial)
1 (spatial)

Power correction

Bol Pot) = fy dy €Y, Poy ) o) +0 (722 _taem_ MM
w(% Pa ) = Jo dy CXY, oy 1) @ (X, 1 P22’ (1—P2)?’ (xPp)?’ (1-x)P,)?

Quasi—-DA LCDA

matching coefficient

* Precise extractions of LCDA: control of lattice artifacts and improvement of perturbative

calculations

Quasi-LF distance: 1 = zP, 6/22 l



Lattice calculation of LCDAs with LaMET
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a=0.076 fm, momentum up to 1.8 GeV

Physical point

With RGR, LRR and threshold resummation
See Rui Zhang' s talk
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Motivation

@ The perturbative matching is limited to NLO only. The impact of higher-order

correction has been much less studied.

Unpol. PDF: Z.Y.Li, Y. Q. Ma, and J. W. Qiu, PRL 126 (2021)
L. B. Chen, W. Wang, and R. L. Zhu, PRL 126 (2021)

# Improving theoretical uncertainties in the lattice prediction of light meson DAs.

L]

Higher order correction

Renormalization group resummation (RGR) Y.S.Su, F. Yaoet. al,, NPB 991 (2023)

Leading renormalon resummation (LRR) R.Zhanget. al., PLB 844 (2023)

Threshold logarithm resummation X.D,Ji, Y. Z. Liu, and Y. S. Su, JHEP 08 (2023)
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Perturbative calculation at NNLO

1
RR(z, A ) = ] dodf C(a, B, 2, w)h{a, B, A 1) + hut.
0

- - - - -

' \ £ N S e
{ ‘ ;I ----------------------- »- '1 Z/I‘,' D o e e e e e e » { 3 jlI -----
N A , » ’
* e hl - ~ -
Correlation function Feynman diagrams Results in
in coordinate space at NNLO coordinate space

(01 (0)y*sW(0, 2)¢2(2) |7 (P))

( ‘. A @1
)/, ‘ AeaaEANAAEERARAEERRRRES l\ ;D/: 2 < ‘\ 5 | -
e A
Numerical test Matching in the Fourier transform into
state-of-the-art momentum space
scheme

1
A _[ dy C(a,y, 1)y, 1) + bt
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Feynman diagrams at NNLO
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The conjugate diagrams and the quark self-energy diagram on external legs are not shown.



Matching coefficient calculation: an example

b * Feynman amplitude
oy CA) f /dd{ ddh —%(Pl+!1+u12)a —}ﬁ +E{2 . 9(1 + IA I y{l -Lé ; 1
%11 + 12 ig"Cr (CF o “(—p2 + 312}2#(171 + 51)2’}( (p1 — 32)2‘&13(11 + 12)?
| * Making a substitution: [f »—id7 , 3 »—i07,
| g 1
| 3 C —ip1-Z o s O ated o fat aTel
: ~ig'ct (e = ) e et [ auf (05— i0g, - 02)08 - i0) (0t +i02)
m +i| l2 s

ddlf dd-'fz e (1yz141222) }
j Em¥ m=b)Po th) Co el bR, L .
e

typical integral ﬂ

B 2F) /1 dadpdydr a7
41+‘2£(4Tr)d o ((I@)1+E

J12 =

—i(&pl—aﬁpe)-zlei[(f+1"~r)pl +)81'p2]'(22—012-1)[_ziaa/7. i (22 o azl)2]1+2‘
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Matching coefficient calculation: an example

d3l e %= (=1)~™ I'(d/2 —n) e
Useful formulas for J;, /(271')“ BE = =42 (4m) 42 T(n) (2292

f df e (“DTM0(n—d/2+1/2) [dF e, ( l)""T
(2m)® [i?]" (47)“F T(n) 2 12

2 2 4ey/m'(a)

dif s (1 )a _T(1/2-q) (22)21/2

f dizdl;  e~imlitiaali  D(—n+d+1)

e (GFT @R o dmm—a) @ T

* Then applying the partial derivative to the typical integral J,,.
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Matching coefficient calculation

* Appropriate change of variables and integrating over the remaining Feynman parameters:

f : dadBdydrdu[...] €'l — f : dadB e {@1tPp2)2 (g(1 —aq — B) [...] + 0(a+ B — D [...]}
0 0

+ Conjugate diagram: C(a © B,z,€) e {(@P1+6p2)z

All diagrams added:

Ca( B,2.€) = 8(@B(B) +a? (<€) + {9 +ecy) +al (0

CR(C"’ BJ Z) -~ Zaszuv ( ZO ® CB (Cl,. BJ Z, E))

V. M. Braun et. al., JHEP 07 (2020)
V. M. Braun et. al., THEP 03 (2016)



Matching coefficient in coordinate space

Cys(a, B, HZZZ) = 6(a)d(B) +as(u) (C11L +Cqyp) + ag(,u) (szl-'z +C;L+Cy) L= ln[ﬁzzz]
F. Yao, Y. Jiand J. H. Zhang, JHEP 11 (2023)

+ PolyLog structures: Liy [a], Liy [B], Liy [@), Li, [B], Li, [@ — B], Li, [g—g] n=123

« Three color structures: Cg C, Cx%, Cg B

« Displayed in a plus function: C1®[a, B] + C2®)[a].8(B) + C3 P [B].+8(c) + C4D §(a)S(R)

A X

» Two physical regions: 6(1 —a—f),0(a+  — 1)

<\
2]

]
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Matching coefficient in coordinate space

Cas(a, B, prz?) = 0(a)d(B) +as(1) (C11L+Cqp) + aZ(u) (Cz2L2+CL+Cyp) L= ln[#zzz]

Cross check 1 Cross check 11
Recursive relation: Reduction to helicity PDF case (forward
: limit):
e §C11®(C11 o)
Cirs (o, u?2%) =
- (2) i S _ 7UV s
s LB ) Jo da f5 dB 8(@’ — @ — B)Cris(at B, 12%)

Poles can be completely cancelled which

is a highly non—trivial check. which is consistent with Ref. [Z. Y. Li. Y. Q.

Ma and J. W. Qiu, PRL 126 (2021)].

Ref. [Z. Y. Li, Y. Q. Ma and J. W. Qiu, PRL 126 (2021)] provides matching coefficients in unpolarized case (T = ¥ and T = y?). 15/22



Matching coefficient in momentum space

COy, u/P;) = [y dr [ Lottt €@ (7,y,£2)

Taking p; =xP,p,=(1—x)P P;?
fl(nyJ#/Pz) x<0<y
=az(u) fz(f;}_’;u/Pz) 0<x<y
- SN 26y u/P)  y<x<l1
Quasi-LF correlation hy B f1®y,u/P,) y<l<x

C(a, B, u%z?%)

In progress
Radyushkin, PRD 100 (2019)
double FT

Pseudo-DA C(t,y, u?z?)

C@(1,y, u272) = Ige_id f; o J'O‘_I dp e @+BNA C@) (g, B, u222)

Quasi-DA C(x,y, u/P,)

: f@ v tze)s B Vit o
= ag (1)
fEyuzy -7 ye |
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Matching coefficient in state-of-the-art scheme

Ratio scheme

Ratio—hybrid scheme

Cm(a; ﬁr pZZZ) (1)
2,2Y _
C(a,Bpz") = AT 5(@)8(B) + (7 (2)
Coordinate cy(a, B, u?2%) +(C2 (@) - P @s@b6B) — €)' () (2)
space
Cy(z) represents the same operator matrix
element at zero momentum.
Jy da fg dp ei@+p91 [ Lomixd| n[37] 5(a)8(B)
Momentum [l da [ dp ei@+BD2 [ L emixd] 12112] 5(a)5(B)
CusCx,y, 0/P;)  °° o
space

Co(z) and Cy(p/P,) are consistent with Ref.
[Z.Y.Li Y. Q. Ma and J. W. Qiu, PRL 126 (2021)].

Ref. [Y. S. Su, F. Yao et. al., NPB 991 (2023)] provides matching coefficients in Ratio—hybrid scheme with ' = y°.

Cﬁ(arﬂJ #222)
Co(u?z)
= r(ang: .uzzz) (1 + (Co(ﬂzzg} _ 1) 9(|Z| - Izsl) )
= C(a, B, 122 + (6P (z,25) + 6P (2,2,)) 0(|z| — |z])

where z, denotes a truncation point.

[y da f; ap @893 [ Lemtiin L] 5(@)(B)O(1M — A1)

fy da J5 dp @A [ L et (2] 6(@)8(8)0(1A -
122D

Added some additional terms on the basis of Eq.(A18)
in Ref. [Y. S. Su, F. Yao et. al., NPB 991 (2023)].
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Numerical test

 Coordinate space: C.(a,,u*z*) =» small-z region

* Asymptotic model: ¢(x) = 6x(1 —x)

. .1
. Light—cone: hf.t.(a’ ﬁ, l) = -[;]1 dx e—l(l—ﬂf—ﬁ)x 'A-H.{E_,G))L ¢(x)

fixed z [ 1 T
—> )= I da ’ dp C.(a,B, ) Rt
0 Jo

Pseudo Toffe-time distribution Pseudo-DAs

1 a A2
- - -> ey )=I do:f d cr(, : )h’-f—
fixesz - 0 0 ﬂ aﬂ

s = | Lebr
d(x, p) = I o€ (A, 1

Quasi-LF correlation Quasi-DAs
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Numerical test: Pseudo Ioffe—time distribution (fixed z)

u=2 GeV, z=0.2 fm

: : . u=2 GeV,z=0.2 fm
10! ] o.10f ' ‘ '
0.8; —10 ] — NLO
| — LO+NLO 0.05! == NLO+NNLO
= 0.6 — LO+NLO+NNLO et
— l ~
[~ —
<" 0 4 G
_ < 0.00
0.2}
0.0_ -0.05¢}
0 10 20 30 40 0 10 20 30 40
A A

* Uncertainty: p variation from 2 GeV to 4 GeV.

* The scale dependence is reduced when higher-order corrections are included.

* The NNLO effect amounts to ~ 30 - 40% of the NLO correction. l
1922



Numerical test: quasi—-DA (fixed large-P,)

 Coordinate space: C.(a,f,u*z*) =» small-z region

* Asymptotic model: (x) = 6x(1 — x)
. i
* Light—cone: h!.t.(a’ 5, ) = L]l i e—z(l—a—ﬁ)xlﬂ(i—ﬁ)l qb(x)
fixed z

==
|

1 o
R\, )=f da j dp C.(a,B, ) h*t
I 1] 0
]
1 Pseudo Toffe-time distribution Pseudo-DAs

1 a
—— ENYWNE f da J d c,.(a, ’ )h“’
fixed P, ; 0 0 B _ g

Quasi-LF correlation Quasi-DAs
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Numerical test: quasi—DA (fixed large-P,)

u=4 GeV, P.=10 GeV

: ' ' =4 GeV, P.=10 GeV
1.5} 0.15: ' i |
0.10: :
1.0} 0.05,
¥ 2 0.00;
- B S _0.05
0.5+ ~— LO+NLO s @'* § |
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: : EE | | | -0.20f . b : : .
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* Uncertainty: p variation from 4 GeV to 8 GeV.

* The scale dependence is reduced when higher-order corrections are included.
* The NNLO effect amounts to ~ 10 — 20% of the NLO correction. l
o



Summary and outlook

* LCDA describes the internal structure of the meson and is an essential input to the exclusive

processes.
* Lattice QCD calculations can provide valuable information on LCDA.
* We present the perturbative matching process up to NNLO for extracting LCDA in LaMET:
* In coordinate space and in momentum space
* In state-of-the-art scheme
* The impact of the NNLO matching tested numerically
* Follow—up:
* The improvement of RGR, LRR and threshold resummation

* (Combined with lattice data

* Generalized to GPDs (in progress)
2222 l



Speaker: Fei Yao (feiyao@mail.bnu.edu.cn)



