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3D imaging of the proton

PDFs Transvers momentum distributions (TMDs)
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Transverse Momentum Distributions (TMDSs)

* Beam function: * Soft function :

Hadronic matrix element Vacuum matrix element

l

(x,br,u, ) =1ImZ;~ lim
fl( s ) e—0 uv —>0\/§
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TMDs from LaMET

* Beam function (in Collins scheme): ® Quasi beam function :

tcone direction

Lorentz boost and L = «
<

ntOg) = O, 0,) = (—e5,1,0)

Spacelike but close-to-lightcone
(yg = — o0) Wilson lines, not
calculable on the lattice @

Equal-time Wilson lines, directly
calculable on the latticew

Ebert, Schindler, Stewart and YZ, JHEP 04 (2022).
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Soft factor

Collins-Soper
kernel

T
InIBT S (by, i) e~ 201 br)

!

Reduced soft
factor

nb(zyB)

F(br, P*)= (7(—=P) | ji(bp)j»(0) | n(P))

P>my,

=" S.(bp, 1) [dxdx’ H(x,x', p)
X D(x, by, P, u)®(x', by, P%, 1)

O(x, by, P, u): quasi-TMD wave function

e Ji, Liu and Liu, NPB 955 (2020), PLB 811 (2020);
e Ji and Liu, PRD 105 (2022);
e Deng, Wang and Zeng, JHEP 09 (2022).
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Factorization formula for the quasi-TMDs

f%a?lve[s] (x, bT? U, ﬁZ)

\/Sr(bT9 M)

(2xP?)?

1
CXp [575(/1, br)n

f[S](x bT’ H, é:)

d , Fiavetloe, by, u, PY)
— In
d In Pz

}/é/(ﬂ, bT) —

* Ji, Sun, Xiong and Yuan, PRD91 (2015);

* Ji, Jin, Yuan, Zhang and YZ, PRD99 (2019);

e Ebert, Stewart, YZ, PRD99 (2019), JHEPO09 (2019) 037;
e Ji, Liu and Liu, NPB 955 (2020), PLB 811 (2020);

e Ebert, Schindler, Stewart and YZ, JHEP 09 (2020);

» Vladimirov and Schafer, PRD 101 (2020);

 Ji, Liu, Schafer and Yuan, PRD 103 (2021);

* Ebert, Schindler, Stewart and YZ, JHEP 04, 178 (2022).
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State-of-the-art determination of the Collins-Soper kernel

e Physical quark masses .,
e Continuum limit with a = 0.15, 0.12, 0.09 fm See Artur Avkhadiev’s talk.

e Controlled renormalization and Fourier transform
e Next-to-next-to-leading logarithmic (NNLL) order
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e A. Avkhadiev, P. Shanahan, M. Wagman and YZ, Phys.Rev.D 108 (2023);
e A. Avkhadiev, P. Shanahan, M. Wagman and YZ, 2402.06725, PRL 132 (2024).
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Systematics in lattice calculation

Staple-shaped Wilson line L0
M+ nz 2 : %
z D 000 gk
i, Ts o P
< 0
< -1.0
q; (2" + ") ‘%\@ 150 O a=015fm O a=0.12fm
- A a=0.09 fm
qi(2") 200
0.2 0.4 0.6
n > {b%, b}, xP*> 1/b; br [fm]

¢ Signal-to-noise ratio suppressed suppressed by the linear divergences, which

becomes worse at larger b,. Smearing or gradient flow is required to reach
reasonable precision;

e Operator mixings induced by the staple geometry, which are currently subtracted
with RI-type renormalization schemes.
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Universality in LaMET

G ] o e Y. Hatta, X. Ji, and YZ, PRD 89 (2014);
auge-invarian * X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).

bilinear

w()I'Wz,0]y(0)

Current-current Light-cone

bilinear

correlator

e K. Liuand S. Dong, PRL 72 (1994);

JH(2)J¥(0) * Detmold and Lin, PRD 73 (2006); w(E)yTWIE,0]w(0)
e Braun and Miller, EPJC 55 (2008);
o FPRL 118 (2017) Or

w(&)y w(0)

Free bilinear in a A+=0

physical gauge

For axial gauges, the linear divergences

w()I'y(0) GA) =AY, A5, V- A still appear in the quark self-energy @

G(A)=0 X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).
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Quasi-TMD in the Coulomb gauge

s — 1 .
h(b, P, ) = —(P|w(b)y'w(0) | P)
2P V-A=0
5 ® db* . .. -
f(x, by, P2 ) = PZJ - e" " h(b*, by, P, 1)
_oo 2T
Quasi-PDF Quasi-TMD
:
b= ‘ ..........
: b*
br
® ® S
P* pe
—> —>

X. Gao, W.-Y. Liu and YZ,
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Quasi-TMD under the infinite boost

~ -

— 1 ~
h(b, P, p) = —(P|y(b)y'y(0)

S pi | P)

V-A=0

~ © dbt . .. -
f(x, by, P%, ) =PZJ - e" " h(b*, by, P, 1)

PDF TMD

Parton distributions probe the correlation of energetic quarks and gluons,
which can be formulated by fixing a physical gauge condition.

GA) =0, GA) =A ALV -A AT
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Quasi-TMD under the infinite boost

. . . . P. A. M. Dirac, Can. J. Phys. 33 (1955);
¢ Gauge-lnvarlant extension: M. Lavelle and D. McMullan, Phys. Rept. 297 (1997).
Compact perturbative solution:
¥ (x) = Uy (x) 2, (ig)"
A\ [UCAU51+—UCVU51] =0 =0
g 1 — —
. . W, = _—2v ) A)
Under arbitrary compact gauge transformation U(x) \Y4

w2 _ 1 v (e . A
llfc(x) — Ul//c(x), Uec— UCU_la lPC(X) — TC(X) o T V2 (V (w1Vw1) Vi, A]) ’

. . : . Uc(A) =1
* Infinite boost limit along the z direction: V.A=0
_1v.7 (x) =i Ak e~ ikx |[K2A% (k) + k, - A (k)|
V2 J 2n)* k? + ki Principle-value (P.V.) prescription:
" d*k . k* - +
i | e gk A+ (k) A I
) Qn)* (kT)* + €2 k)2 +e2 2 |kt+ie kt—ie
i m - P i Past Future
_ [ n J dn~ A+(x+, n_,xl) — A+(x) pointing  pointing
2 —00~ +00~ aﬁLv
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Quasi-TMD under the infinite boost

P. A. M. Dirac, Can. J. Phys. 33 (1955);

* Gauge-invariant extension:

Y(x) = Uc(x)w(x)

V. [UCXU; Ly v

8

| -0

M. Lavelle and D. McMullan, Phys. Rept. 297 (1997).

Compact perturbative solution:

Under arbitrary compact gauge transformation U(x)

we(x) = Uyex), Up— UU™!, Wx) > Pex) o

U, = i (ig)" o

s n!
=gV A,
5 =5 (V- (wlV) - [V, A))
v V.A=0

* Infinite boost limit along the z direction:

, 1

n! ady

(

\

1

oy

(i

\

1
—A+)A+>A+>...A+
Ofy )

Path-ordered integral for
future/past pointing 1/0*

Ur— Pexp —igJ dy" ATy | = W,,f(x, F00)

Infinite “P.V. prescribed”
light-like Wilson line
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Factorization formula

* Power counting: 1~ Agep/Pt <1

(k*, k™, k) = (1,A%, )P, k*, k™, k) = (4,4, )P,
Soft

Collinear L Lol el mae
(b*, b=, b)) = (A"21,07 P! (b™,b7,b)) = (A7, A7, A7 )(PT)

e Bauer, Pirjol and Stewart, PRD 65 (2002), 66 (2002), 68 (2003)
SCET; e Beneke, Chapovsky, Diehl and Feldmann, NPB 643 (2002)
e Bauer et al., PRD 66 (2002)

W=y, ty, e+ A=AV +AY + AY + ..
(W W W} ~ {4, 4772, ) PF Al = (AL AL AD ~ (1LAR A)PT
(Al AL} ~ {4, 47} P7

e Collinear, soft and ultra-soft modes decouple in the SCET Lagrangian,
allowing for factorization of matrix elements

e Since (1,42, 1) + (12, 12, 1?) ~ (1,42, 1), interaction with the ultrasoft
modes do not change the collinear modes. They are separated through a
field redefinition, which can be withheld if unnecessary.
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Factorization formula

* Power counting: 1~ Agep/Pt <1

p~(1,A%,2) (1,2, 1)
- (p+ 51)2 ~ (\/ZP’L)Z > AQCD
q'\ (4,2, 1)

Decoupling of soft and _ — rrsym o syt
collinear modes = UdA) = UdA)Uc(A,) = UcUc = UcW,

U/ (A,) cannot be expanded because

zs | Z)s(ks)

e—ik >
(2m)* kz + k3 + k2

—ﬁv . AS(.X) =1

1 — — [d“ks

k.~ (4,4, )Pt

YONG ZHAO, 08/13/2024
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Factorization formula
* QCD  SCET, -

DP: (collinear) label momentum
Collinear expansion

¥ (%) = Uy (x) > UL (DOWI(X)E(xX) + O(A2)
Soft gauge : .
transformation SCET gauge invariance
Ué — Ué Vs_l’ Bauer, Pirj06Isa(r12c(I) 0Séc)ewart, PRD
Sn — VsSn

\4

e TULX)S, ()W ()&, ()
Matching QCD dressed quark field to SCET
Uew(b) = ¢ [ULS,WiE,| () + 002)
Matching quasi-TMD correlator to SCET

| B
T t _ iP-b
(PIYLOELO)IP) = e (P

£W,51 U] ®) e (U O P)
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Factorization formula

t 1 iP- & S s
(P|WL(b)y"P(0)| P) = NG 7 b(P‘ €W, S U (b) rt [UsS, Wie,] 0) ‘ P)
Equal time separation: 5" = (0,6, b°)

e Mode separation: soft modes decouple from the collinear
modes and can be treated as the background field;

* Multipole expansion:  p* ~ 1/(xP?) ~ O(1)/P%, b, ~ O~ H/P?

Us(b) = Us(b)) + b0.Ub)) + ... = Us(b,) + O(2)

Lei@-b<P‘ [Ean] (b) yt [ngn] (0) ‘ p> Beam with zero-bin
\/5 | subtraction
e X V«) | T [SZ(bL)(Ué)T(bL)Ué(O)Sn(O)] 10) Soft Sg
> pr J o e ‘ e Operator definition obtained for
1 . N the first time!
v ﬁé(@ —XP) = 89 = xPT) e Can be regarded as the “zero-bin”
B, by, P = | 2B, by, ... xPH)SUb,, ..+ 03 O auasrbeam function

Manohar and Stewart, PRD 76 (2007)
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Factorization formula

B(x,by.p, P?) = | >B(x, by, ..., xPHSAb,, ...) + O(A)
“...”: UV and rapidity regulators
Physical (or subtracted) TMD PDF:

fo, b, u,8)=Bx,by,...,xPT)Sb,...,y,) Collins-Soper scale
l ¢ =2(xP*)%e 2
B(x, b, u, P 5
~ = | |“ f(x, by, 1, &) + O(A%)
Sc(b1, 1, y,)
N So(b,,...)
SC(bJ_’:u’ yn) = —— > 2
Sby,...,v,) B(x,b |, u, P%) 5 1 2(xP™)
_ Or = = | |“exp | =¥:(by, win
Quasi soft factor Sc(b, n,0) 2

X f(x, by, 1, &) + O(%)

Same form as the gauge-invariant quasi-TMD

In SC(b_]_7 H, yn) — yé’(bla /’t)

Yn
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Quasi soft factor

) SOy, .. @/”l
Sc(by, 1, y,) =
c\"Y1 S(bj_, ,)’n) @/@

: - 1
Not directly calculable on the lattice. S0 V«) | T [S,j(b DU (b l)Ug(O)Sn(O)] 10)

C

Light-meson form factor:
Fb,,P%) = (a(—P)|j(b)j(0) | n(P))

= deldxz
o dx, by, 1, P) d(xp, by, 1, Po)]
SC(bla //l,O) SC(bla //l,O)

¢(x, by, u, P*): Coulomb gauge quasi-TMD wave function
¢* = ¢ due to the P.V. prescription
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Advantages

¢ Significantly improved statistical precision (at large br7);

e Absence of linear power divergence and multiplicative renormalization;

e Access to larger off-axis momenta.

YONG ZHAO, 08/13/2024
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Advantages

¢ Significantly improved statistical precision (at large br7);

e Absence of linear power divergence and multiplicative renormalization;

e Access to larger off-axis momenta. See Xiang Gao’s talk.

YONG ZHAO, 08/13/2024

24



Gauge fixing and Gribov copies

* Find the gauge transformation U that minimizes
F[AY] = TrdeAiU(x)Al.U (x) = OF = Idx 0“(x)0;A(x)

oF = [dx 0“(x)0,A/'(x) =0

§°F = | dx 6°(x)(—9,D)0°(x) > 0

First Gribov region () Vandersickel and Zwanziger,
Phys. Rept. 520 (2012).

* There are still multiple local extrema (Gribov

copies) in the first Gribov region. A = 0, perturbative region,
matchable to the light-cone,
* Lattice study shows that measurement distortion which is free from Gribov copies.
by Gribov copies are negligible compared to
gauge noise. See Jinchen He’s talk.
 However, in the continuum, a nonzero—however X. Gao, J. He, R. Zhang and Yz,

) . . arXiv: 2408.05910
small—distortion would still make one wonder

which copy has the right IR physics for light-cone. IS the distortion bounded and power
suppressed in LaMET expansion?
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T-odd TMDs

* T-odd light-cone TMD:

P.V. prescription = anti-symmetric boundary condition Ai‘(oo‘) = — Ajf(—oo‘)
Need a transverse link to define the T-odd TMDs
e—ioo_kJr
Contribution in a Feynman diagram: o = — ind(k™)
pv
: e Jiand Yuan, PLB 543 (2002)
* Coulomb-gauge (CG) quasi-TMD? : Ble?irt]sky,ujinand Yuan, NPB 656 (2003)
~ = — 1 i ~
hb, P,u, =) =——(P|lyD)W | (+c0Z;b,,0 )y'w(0) | P)
2P V-A=0
Quasi-TMD with a transverse link * However, this idea does not work
: because boundaries in the CG and
b > light-cone gauge are not related.
PZ bZ ' ............................................................. .;
—_— by . e Since the T-odd TMDs are zero-mode
: ; effects, can they be defined with
@ & topological properties of the

n>b,b, configurations in the CG?
YONG ZHAO, 08/13/2024 26




Gluon TMDs

* Factorization formula can be derived using SCET as well.

* No linear power divergence.

* Mixing with gauge-variant operators. However, the number of
mixings is finite under the constraint of SO(3) symmetry.

* Could be more susceptible to the Gribov noise, but it may still
easlily beat the statistical precision achieved with Wilson line

operators.
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One-loop check

Eu)('x?bJ_muapZ?E) (26)
1 2 1 (0,1)
2T 1l—x \e€ n
asCr [5 (Ly—L,)> 23 =2
+o(l—z)—— [§Lb ~3L,— 5" -5+t 5| Quasi soft factor checked with
. a.Cp both off-the-light-cone
S (bLs thyYn) = = (1 —2yn)Ls (27)  (Collins) rapidity regulator and
the » regulator, which give the
FO(@,bo, 1, ) (28) same answer.
2 (0,1)
_oCp | 14 l‘i‘Lb (- )
2T 1—a2 \e€ n
asCr [_ L S mN,lom
+0(1 —x) o [ > +Lb<2+ln< +2 IR
BW — (1 —2)85) — fO
o O‘sOF LZQ) 77T2
=§(1 — ) . —7—3Lp—12+§ (29)
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High-order corrections

* Known to be difficult due to non-covariant
nature, but it is just one scale in massless
integrals.

* No complete 2-loop result so far, even for the
quark wave function renormalization.

. . . o Y. Liu and Y. Su, JHEP 2024 (2024)
* Linear renormalon in the matching coefficient.

b, =2a,CG W 1 /ny = 5/6 W ny iy = 415
* Corresponds to a linear power correction of order 32 i
Aoen/ P5; E
QCD/ 1 S ol \ii w
* However, strength of the renormalon is not easy to g’f
estimate. An NNLO calculation can offer a lot of insight. =7/
0.2 0.4 0.6 0.8
* Lattice calculation of the Collins-Soper kernel suggests *
that th It : PZ it I D. Bollweg, X. Gao, S. Mukherjee and YZ,
at the result converges in 7 quite well. Phys.Lett B 852 (2024)
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Summary

* The Coulomb-gauge quasi-TMD can be factorized into the physical

TMDs at large momentum,;

* The factorization formula can be derived using SCET, which also
leads to the operator definition of the quasi soft factor.

* It corresponds to the principle value prescription for the light-like
Wilson lines, which can be used to calculate T-even TMDs;

* It can significantly reduce the statistical error, simplify the
renormalization and access higher off-axis momenta, thus
providing a more efficient way to calculate the TMDs.
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