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LQCD for matrix elements

Extract matrix elements from simultaneous analysis of
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LQCD for matrix elements

Extract matrix elements from simultaneous analysis of
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Standard tools: ratios The ”summation method”
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Matrix elements are hard
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Matrix elements are hard
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Matrix elements are hard
ZsZi <
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Matrix elements are hard
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 Convergence in noiseless case

Recent work found that an analysis formalism based on the Lanczos
algorithm allows energy levels to be extracted from Euclidean

¢ AdJ U St m e ntS fO r n O | S e correlation functions with faster convergence than existing methods,

two-sided error bounds, and no apparent signal-to-noise problems.

[ ) St ra n ge Sca | a r C u rre nt | n th e We extend this formalism to the determination of matrix elements

from three-point correlation functions. We demonstrate similar
NUC | eon & eXClte d States advantages over previously available methods in both signal-to-noise
and control of excited-state contamination through example
applications to noiseless mock-data as well as calculations of (bare)
forward matrix elements of the strange scalar current between both
ground and excited states with the quantum numbers of the nucleon.
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Hilbert space & the Schrodinger picture

Interpolator excites the starting state

B10) = [p) = ) (kI k) = ) Zilk)
k k

Hermitian transfer matrix

T =Tt = ZIk) A, (k|

k

where A, = e Ekt

EFuclidean time evolution
THY) = ) Z e Frt k)
k
-  Zye Eot|0) + (ESC)



Hilbert space & the Schrodinger picture

Interpolator excites the starting state

B10) = [p) = ) (kI k) = ) Zilk)
k k

Hermitian transfer matrix No access to states/operators, but
T =Tt = Z'” A, (K| can compute correlators:
- C(t) = WIT )
— p—Egt
W-here /1,.{ e | :zlzklz AL
Euclidean time evolution ”
t — —E;t
) = ) 2 C3%(0,7) = (W' IT°JT* )

k
- Zye Eot|0) + (ESC) = E Zi I Zi AF7 A
i



The power iteration algorithm

Apply m hits of T to purify ground state

m

0) ~ |[b™)) =

) ™

™

I \J@p|T2m )

Approximate Ay = (0|T|0) as

,1(7’”) (b(m)lle(m))

(YIT*™ i)

WIT*™ )



The power iteration algorithm

Apply m hits of T to purify ground state
T™ T™
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Approximate Ay = (0|T|0) as
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Ag" = (pIITID™) = = s

Approximate J¢; = (f|]]i) as
](m) <b(m)‘] ‘b(m)> (l/J|T ]T |l/)>

WIT*™ )




The power iteration algorithm

Apply m hits of T to purify ground state

1T @It )y JCm)
Approximate Ay = (0|T|0) as

0) ~ [bt™)) =

m - o (W|T™* 1 y)y  C(@2m+1)
AT = (pm)|T|p(m) = W, - cam

Approximate J¢; = (f|]]i) as
WIT™T™ )  C°P'(m,m)

i = ) = Sy = eam



Running the Lanczos algorithm in Hilbert space
Start:

_ W )
(Yly)  C€(0)
(11 —_ T —_ @
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Running the Lanczos algorithm in Hilbert space
Start:

_ v )
(PYl) V€ (0)
_ _ @
Ay = T = 200y
lterate:

1. Apply T and orthogonalize
Bi41) = (T — ) |v) + B;
2. Normalize & compute a
,sz+1 — (ﬁj+1 17J'+1>
= ﬁj1+1 Dj=1)
Ajrq = T




Running the Lanczos algorithm in Hilbert space

Start:
_ v )
(PYl) V€ (0)
_ _cw
Ay = T = 200y
lterate:

1. Apply T and orthogonalize
Bi41) = (T — ) |v) + B;
2. Normalize & compute a
,sz+1 — (ﬁj+1 17J'+1>
= ﬁj1+1 Dj=1)
Ajrq = T

After m iterations:

Lanczos vectors

T in Lanczos vector basis:

™ = (vi|T|v) =

forj=1,..,m

;P
b2 a;

B3

B3

Pm

,Bm am—




Running the Lanczos algorithm in Hilbert space

Start: After m iterations:
_ w1 L : 4
W) m dNCZOS VeC6OI’S orj=14,..,m
— _ @ = 0yj
Ay = T = C0)
Iterate: T in Lanczos vector basis:
1. Apply T and orthogonalize a1 P2 0]
- _ 2 az P
‘vj+1> — (T o J') T :BJ' TiS'm) = (v.|T|v.) = i 'gi “?:;
2. Normalize & compute a o B
,sz+1 = (ﬁj+1 17j+1> -0 P am-
1
— . Can compute from
. vJ=1>
Pt C(t) = (WIT'|P) ! —J
Ajr1 = r

(via a recursion relation)




Diagonalizing T
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Diagonalizing T

1.2

7™ = Ew(”” ™ (@ Hm

/

Y
Ritz value =~ e £kt P
5 5 AII 0.6
m/lin ‘Agcm) — /1‘ < ‘,Bmﬂa)gr,? =
0.4
Over jll true Compttable
eigenstates from C(t) 02

Note: eigenvectors converge at same ¢
rate as eigenvalues! (Kaniel-Page-Saad)
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Diagonalizing T
1.2 | + + — o
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rate as eigenvalues! (Kaniel-Page-Saad)
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Ritz vectors & changes of basis Ritz vector = |k)

Lanczos approximates

T ~TM = zlw) T (v = 2 ‘yigm)> 4" <y'£m)‘
ij k
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Ritz vectors & changes of basis Ritz vector ~ |k)

Lanczos approximates (/

T ~TM = zlw) T (v = 2 ‘yigm)> 4" <y'£m)‘
ij k

[P)
v €(0)

Can compute Kjt from a;, ,Bj via another recursion

Krylov = Lanczos: ‘vj> = 2t Kj¢ Tt
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Ritz vectors & changes of basis Ritz vector = |k)

Lanczos approximates (/
T T =% ) T (v = ) ™) 4 (™)
ij K
t )
v €(0)

Can compute K;; from a;, B; via another recursion

| <m>> RGO

Krylov — Lanczos: ‘vj) = 2Ky T

Lanczos = Ritz: j Wik |V;)
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Ritz vectors & changes of basis Ritz vector ~ |k)

Lanczos approximates

T ~ T = zlvi> T (1 | = 2 y <m>> ALm <3’1£m)‘
0

_ \ ot )
Krylov = Lanczos: ‘vj> = 2Ky T NGO

Can compute K;; from a;, B; via another recursion

| <m>> RGO

Lanczos = Ritz: j Wik |V;)

= Krylov = Ritz

i) - Z T JC(O) EPM : lcl‘p<>0>
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Matrix elements with Lanczos

Construct initial/final state Ritz vectors
Ct) - ly)  C'(0) - |yy)

DF1T 1) = ) Bfg (i [T7 T¥v)Py
oT

_ Z pre CPoD)
— a fo \/C'(O)C(O) LT

Just matrix multiplication!

Noiseless case: solves an N, /2 state
system after incorporating all Ny points

i.e. finds all (N;/2)# matrix elements exactly

LaMET 2024 - Dan Hackett

— True value
== [ .anczos
Summation

—e— Power iter.

23
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Overlap factors with Lanczos

Construct initial/final state Ritz vectors
Ct) - ly)  C'(0) > |y)

Wli) ~ @ly) = Z|¢|<v1|Tt|v1>Pit
szt ot
JC(0)

Just matrix muIt|pI|cat|on!

(Similar for final-state overlaps)

Noiseless case: solves an N, /2 state
system after incorporating all Ny points

i.e. finds all N¢/2 overlaps exactly
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Lanczos in the presence of noise

Noise = must use “oblique Lanczos” (non-Hermitian T / off-diag C(t))
but and ‘ymm)> 7+ ‘ij(m)>

Must filter out “spurious” states

LaMET 2024 - Dan Hackett
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Lanczos in the presence of noise

Noise = must use “oblique Lanczos” (non-Hermitian T / off-diag C(t))
vf) = [vi) but |vf) #[vf) and \y3<m>> + \y;w)

Must filter out “spurious” states

T — Z ‘yzf(m)> A0 <yzf(m)‘ 4 Z ‘yém)> 2™ <y]§m>‘

kEeH kEH
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Lanczos in the presence of noise

Noise = must use “oblique Lanczos” (non-Hermitian T / off-diag C(t))
i) = |vi) but |vf)#|vf) and ‘y] (m)> ‘ L(m)>
Must filter out “spurious” states
R(m)\ ,(m) [ L(m) (m)\ ,(m) (. (m)
T = Z\ >/1k <yk \+Z‘ )ﬂk <yk |
keH keH

Hermitian subspace

Real 1", [y7) = |y") = |y)
Physically interpretable

LaMET 2024 - Dan Hackett 12



Lanczos in the presence of noise

Noise = must use “oblique Lanczos” (non-Hermitian T / off-diag C(t))
i) = |vi) but |vf)#|vf) and ‘y] (m)> ‘ L(m)>

Must filter out “spurious” states

T — Z‘ R(m>> /1““)( Lom)| +z‘ <m>> AL <y;§m)‘

keH keH
Noise artifact states Hermitian subspace
Complex 1", |y*) + [y") Real 1377, [y%) = [y%) = [y)
C(t) = (l/J|(T(m)) W) fort < 2m — 1 Physically interpretable

(i.e. all data incorporated)
Intuition: need oscillating modes to
replicate noisy correlator
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Lanczos in the presence of noise

Noise = must use “oblique Lanczos” (non-Hermitian T / off-diag C(t))
i) = |vi) but |vf)#|vf) and ‘ymm)) + ‘ij(m)>
Must filter out “spurious” states

T(Mm) — n Z ‘ylgm)> Agm) <yl§m)‘

keH

Hermitian subspace

Complex A, Real 2", [y%) = [y1) = [y)
C(t) = (1/)|(T(m))t|1/)) fort <2m—1 Physically interpretable

(i.e. all data incorporated) _
Intuition: need oscillating modes to + Cullum-Willoughby test

replicate noisy correlator (see Mike Wagman’s talk)
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State filtering

m =48
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Strange scalar matrix elements of the nucleon (& exciteds)
Action: Luscher-Weisz, 2+1 stout-smeared clover e P
M, ~ 170 MeV a ~ 0.09 fm 06
Nucleon y ~(uCysd)u i UL
Quarks smearedtor = 4.5 04 I
Strange scalar current | ~ Ss 05 i

Forward (p = p’ = q = 0) matrix elements

1381 configs X 1024 sources =~ 1.4%x10° meas
Fully disconnected C3Pt

S
Hierarchical probing w/ 512 Hadamards \% ) Ly
One shot Z,4 noise per config % A —|— 15
- ’/'/./,/‘_’\‘\'\‘ :
|
&

!

3 Lanczos

No deflation / low-mode subtraction 1 e, 4 4

Not renormalized! ——t— 43

Mixes w/ light quarks 0 2
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Results: nucleon spectrum
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Results: nucleon spectrum
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Ground-state matrix element

10

0
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Excited & transition matrix elements

(£15510), (f15s]1), (f15s]2),
10

—10

0 S SR
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(1]5s]i),
(@)
|
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F
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+
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e
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~10 o CEie el s Rl MY L ||

10 Tr—T T
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Excited & transition matrix elements

(0]3sli)s

10

—10

10

(2[3sli)s

—10
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(1)55i)s

o
N
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V]|

(V)
iy
~
(S

- 3.03(24) —3.51(84) 2.06(81)] & —TreweT
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Overlap factors

— " [c(0) 0.0006

Similar improvement as for

matrix elements 0.0005
B
| o <& 0.0004
Not interesting in this example
However, useful for e.g.: 0.0003

* Decay constants
 Quark masses 0-0002
e Collins-Soper kernel

* Distribution amplitudes

LaMET 2024 - Dan Hackett

’(DG)(D

;z: b X ?5::::1: 8 . )
24 48 72 95
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Outlook

Versus previous methods:
* No SNR decay, no statistical modeling, no optimizers
* Better control of excited states
 Simple: only analysis hyperparameters are for state identification
No extra complications to use nonlocal quark bilinears, including Wilson
lines, as J
Can apply to >3-point functions: take J = ]1T5]2
Nead-d et SRR
Only have data fort; > t, — take |¥) = T'[y)

Only have e.g. event; — take “T” = T*
— Can apply to existing eiseenrected data now

TODO: better statistics, state ID, convergence diagnostics; bounds?
What can we do now that we couldn’t before?



2.0 =
Lanczos Vs ~

previous methods
Momentum-boosted pions 2.0
Clover on HISQ
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Lanczos with noise )

Action: Luscher-Weisz, 2+1 stout- | 5

smeared clover
M, =170 MeV a = 0.09 fm 483%96 1.0

Nucleon y ~(uCvysd)u 05
Quarks smeared tor = 4.5 =
fg 0.0
08 I ;B
T 0.5
06
= ~1.0
: 0
= 04 P ~15
()() 0
0.2 L ~2.0
40 -1

1 eveT vui




Lanczos with noise )

Action: Luscher-Weisz, 2+1 stout- | 5

smeared clover
M, =170 MeV a = 0.09 fm 483%96 1.0

|
DO

Nucleon y ~(uCvysd)u 05
Quarks smeared tor = 4.5 =
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08 I ;B
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06
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Action: Luscher-Weisz, 2+1 stout- | 5

smeared clover
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Lanczos with noise )

Action: Luscher-Weisz, 2+1 stout- | 5
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Lanczos with noise )

Action: Luscher-Weisz, 2+1 stout- | 5

smeared clover
M, =170 MeV a = 0.09 fm 483%96 1.0

Nucleon y ~(uCvysd)u 05
Quarks smeared tor = 4.5 =
fg 0.0
08 I ;B
T 0.5
06
= ~1.0
: 0
= 04 P ~15
()() 0
0.2 L ~2.0
40

1 eveT vui

I
=




Lanczos with noise )

Action: Luscher-Weisz, 2+1 stout- | 5

smeared clover
M, =170 MeV a = 0.09 fm 483%96 1.0

Nucleon y ~(uCvysd)u 0 .
Quarks smeared tor = 4.5 = .
fg 0.0
0.8 o | _ = °
T 0.5 S
06
= ~1.0
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