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❖ Background

❖ Lattice Methodology

❖ Results

•  Matrix Elements

•  Lorentz invariant amplitudes

•  Quasi-GPDs

•  Light-Cone GPDs
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Generalized Parton Distributions

❖ … but not well studied: 
•  extracted from off-forward kinematic (unlike PDFs) 


•  Multi-variable quantities; dependence upon  and  (unlike PDFs) 

•  Inferred from Compton form factors from experimental data (e.g., DVCS)

•  Other processes proposed (SDHEP [J. Qiu et al, arXiv:2205.07846] ) still require theoretical developments

x, t ξ

❖ GPDs are rich in information: 
• Reflect spatial distribution of partons in transverse plane

• Hadron mechanical properties are stored in GPDs

• Information on spin

❖ Transversity proton GPDs: 

•  Four GPDs: HT, ET, H̃ T, Ẽ T

F[iσ j+γ5]
λ,λ′￼

(z, Δ, P) = − iϵ−+ijū(p′￼, λ′￼)[iσ+iHT +
γ+Δi

⊥ − Δ+γi
⊥

2M
ET +

P+Δi
⊥ − Pi

⊥Δ+

M2
H̃ T +

γ+Pi
⊥ − P+γi

⊥

M
Ẽ T] u(p, λ)
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Methodology on the Lattice
•  Symmetric:        ,    


•  Asymmetric:      , 

⃗pi = P3 ̂z − ⃗Δ /2 ⃗pf = P3 ̂z + ⃗Δ /2

⃗pi = P3 ̂z − ⃗Δ ⃗pf = P3 ̂z

❖ Choice of frame:
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(z, Δ, P) = − iϵ−+ijū(p′￼, λ′￼)[iσ+iHT +
γ+Δi

⊥ − Δ+γi
⊥

2M
ET +

P+Δi
⊥ − Pi

⊥Δ+

M2
H̃ T +

γ+Pi
⊥ − P+γi

⊥

M
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Ẽ T = − 2A6 −
(Ei + Ef )2

2P
zA8

SF: Symmetric Frame
AF: Asymmetric Frame



Methodology on the Lattice
❖ Equate and relate the amplitude and quasi-GPD decomposition

F[iσ j+γ5]
λ,λ′￼

(z, Δ, P) = − iϵ−+ijū(p′￼, λ′￼)[iσ+iHT +
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Ẽ T = − 2A6 −
2E2

P
zA8

GPDs defined in SF with  in SFAi

❖ Renormalization functions: RI-MOM

❖ Transform from position to momentum space (Backus-Gilbert) [Backus & Gilbert, Geophysical Journal International 16, 169 (1968)]

5

GPDs defined in SF with  in AFAi

HT = − 2A2 1 −
(Ei + Ef )2 − ⃗Δ2 − 4P2

3

4m2
+ A4 −

(Ef + Ei)(Ef − Ei)
2P3

zA8 + A10

ET = 2A2 − A4 +
(Ef + Ei)(Ef − Ei)

2P3
zA8

H̃ T = − A2 −
m2

P3
zA12
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Ẽ T = − 2A6 −
2E2

P
zA8

GPDs defined in SF with  in SFAi

❖ Renormalization functions: RI-MOM

❖ Transform from position to momentum space (Backus-Gilbert) [Backus & Gilbert, Geophysical Journal International 16, 169 (1968)]

❖ Extract light cone-GPDs using one-loop matching formalism [Liu, et al., Phys. Rev. D 100, 034006 (2019)]

5

GPDs defined in SF with  in AFAi

HT = − 2A2 1 −
(Ei + Ef )2 − ⃗Δ2 − 4P2

3

4m2
+ A4 −

(Ef + Ei)(Ef − Ei)
2P3

zA8 + A10

ET = 2A2 − A4 +
(Ef + Ei)(Ef − Ei)

2P3
zA8

H̃ T = − A2 −
m2

P3
zA12
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Decomposition
Symmetric frame ( )ξ = 0

Πs
01(Γ0) = iK (−

Δ1P2
3

4m3
AT4 +

Δ1P3

4m
zAT5 +

(E + m)Δ1

4m2
AT10)

Asymmetric frame ( )ξ = 0

Πa
01(Γ0) = iK (

(m − Ef )(m + Ef )Δ1

4m3
AT4 +

P3Δ1

4m
zAT5 +

(Ef + m)Δ1

4m2
AT10)

Πs
03(Γ0) = iK ( P3(Δ2

1 + Δ2
2)

4m3
AT6 −

E(E(E + m) − P2
3)

2m2
zAT11)

Πa
03(Γ0) = iK (

(Ef − Ei)(Ef + Ei)P3

8m3
AT4 +

(E2
i − E2

f )P3

4m3
AT6 +

(Ei − Ef )P3

4m2
AT10 +

(Ef + Ei)(Ef − Ei − 2m)(Ef + m)
8m2

zAT11 −
(Ef − Ei)(Ef − Ei − 2m)(Ef + m)

4m2
zAT12)
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Decomposition
Symmetric frame ( )ξ = 0

Πs
01(Γ0) = iK (−

Δ1P2
3

4m3
AT4 +

Δ1P3

4m
zAT5 +

(E + m)Δ1

4m2
AT10)

Asymmetric frame ( )ξ = 0

Πa
01(Γ0) = iK (

(m − Ef )(m + Ef )Δ1

4m3
AT4 +

P3Δ1

4m
zAT5 +

(Ef + m)Δ1

4m2
AT10)

Πs
03(Γ0) = iK ( P3(Δ2

1 + Δ2
2)

4m3
AT6 −

E(E(E + m) − P2
3)

2m2
zAT11)

Πa
03(Γ0) = iK (

(Ef − Ei)(Ef + Ei)P3

8m3
AT4 +

(E2
i − E2

f )P3

4m3
AT6 +

(Ei − Ef )P3

4m2
AT10 +

(Ef + Ei)(Ef − Ei − 2m)(Ef + m)
8m2

zAT11 −
(Ef − Ei)(Ef − Ei − 2m)(Ef + m)

4m2
zAT12)

Πs
i = Πa

i

6

As
Ti = Aa

Ti

Coefficients become more complicated

Amplitudes frame independent

Frame dependence of matrix elements due to kinematic coefficients of ATi
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⃗Δ =

❖ Strategy: decomposition of amplitudes for each kinematic setup (±P3, ± ⃗Δ , ± z)
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Matrix Elements: Πs/a
j (Γk, Δj ≠ 0)

|P3 | = 1.25 GeV −t = 0.69 GeV

|P3 | = 1.25 GeV −t = 0.65 GeV

Πs
02(Γ1) = K( −

(E + m)P3Δ2
1

4m4
AT2 +

(E + m)Δ2
1

4m2
zAT3 −

P3(Δ2
2 + 4m(E + m))

8m3
AT4

+
(Δ2

2 + 4m(E + m))
8m

zAT5 −
(E + m)P3

2m2
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4m2
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8m3
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(Δ2
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❖ Some do not contribute at zero skewness
❖ Some are linearly dependent!

❖ Ex: If , then Δ1 = Δ2 Π01(Γ2) = − Π02(Γ1)

We reduce the data to 12 independent 
Matrix Elements to disentangle the Ai

Symmetric Frame Asymmetric Frame

Example:  ⃗Δ = (Δ,0,0)

zAT1 ∝ Πs
12(Γ1) zAT1 ∝ Πa

02(Γ1), Πa
02(Γ3), Πa

12(Γ1), Πa
12(Γ3)

❖ Disentangling amplitudes gets more difficult in (any) non-symmetric frame compared to the symmetric one

❖ Amplitudes are frame independent by construction

❖ Coefficients are frame dependent
10
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Transversity Amplitudes
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Ratio Plateau

Average Quasi-GPDs Backus-Gilbert Match

Amplitudes
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Amplitude Symmetry
❖ Symmetry properties of amplitudes

A*Ti(−z ⋅ P, z ⋅ Δ, Δ2, z2) = ATi(z ⋅ P, z ⋅ Δ, Δ2, z2) i = 1, 2, 4, 7, 8, 10, 11

−A*Ti(−z ⋅ P, z ⋅ Δ, Δ2, z2) = ATi(z ⋅ P, z ⋅ Δ, Δ2, z2) i = 3, 5, 6, 9, 12

1212
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A*Ti(−z ⋅ P, z ⋅ Δ, Δ2, z2) = ATi(z ⋅ P, z ⋅ Δ, Δ2, z2) i = 1, 2, 4, 7, 8, 10, 11

−A*Ti(−z ⋅ P, z ⋅ Δ, Δ2, z2) = ATi(z ⋅ P, z ⋅ Δ, Δ2, z2) i = 3, 5, 6, 9, 12

Averaging across 8 kinematic cases reduces the error by 1/ 8
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Amplitude Comparison for different frames

❖  corresponds to  and +permutations in asymmetric frame−t = 0.65 GeV |P3 | = 3 ⃗Δ = (2,0,0)

❖  corresponds to  and +permutations in symmetric frame−t = 0.69 GeV |P3 | = 3 ⃗Δ = (2,0,0)
❖ Negligible difference between frames despite the 5% difference between  and .  
  (Only  for real part)

−ts −ta

z > 15a

13
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Amplitudes are frame independent!
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Quasi-GPDs
F[iσ j+γ5]

λ,λ′￼
(z, Δ, P) = − iϵ−+ijū(p′￼, λ′￼)[iσ+iHT +

γ+Δi
⊥ − Δ+γi

⊥

2M
ET +

P+Δi
⊥ − Pi

⊥Δ+

M2
H̃ T +

γ+Pi
⊥ − P+γi

⊥

M
Ẽ T] u(p, λ)
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(z, Δ, P) = − iϵ−+ijū(p′￼, λ′￼)[iσ+iHT +

γ+Δi
⊥ − Δ+γi

⊥

2M
ET +

P+Δi
⊥ − Pi

⊥Δ+

M2
H̃ T +

γ+Pi
⊥ − P+γi

⊥

M
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HT = − 2AT2 (1 −
E2 − P2

3

m2 ) + AT4 + AT10

ET = 2AT2 − AT4

H̃ T = − AT2 −
m2

P3
zAT12

Ẽ T = − 2AT6 −
2E2

P
zAT8

ET = 2AT2 − AT4 +
(Ef + Ei)(Ef − Ei)

2P3
zAT8

H̃ T = − AT2 −
m2

P3
zAT12

Ẽ T = − 2AT6 −
(Ei + Ef )2

2P
zAT8

HT = − 2AT2 1 −
(Ei + Ef )2 − ⃗Δ2 − 4P2

3

4m2
+ AT4 −

(Ef + Ei)(Ef − Ei)
2P3

zAT8 + AT10

GPDs defined in SF with  in SFAi GPDs defined in SF with  in AFAi

SF: Symmetric Frame
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Amplitude decomposition matches results from previous results [ETMC, PRD 105, 034501 (2022)]
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Quasi-GPDs
❖ Results in agreement between asymmetric and symmetric frames!
❖ Asymmetric frame is computationally much more efficient to produce data for a dense range of −t

1515

HT = − 2AT2 1 −
(Ei + Ef )2 − ⃗Δ2 − 4P2

3

4m2
+ AT4

❖ Large contribution from  AT10

−
(Ef + Ei)(Ef − Ei)

2P3
zAT8 + AT10



+
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2P3
zAT8

❖ Magnitude decreases  
as  increases−t
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Quasi-GPDs

16

❖ Odd in 

❖ Zero in 

ξ → − ξ
ξ = 0

H̃ T = − AT2 −
m2

P3
zAT12

Ẽ T = − 2AT6 −
(Ei + Ef )2

2P
zAT8

[Meissner, et al., JHEP 08, 056 (2009) ]

❖ Magnitude decreases as  
increases

−t
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Position space to Momentum space
❖ Multiple methods to consider

❖ Standard Fourier Transform Abandoned
❖ Backus-Gilbert method Why? [Backus & Gilbert, Geophysical Journal International 16, 169 (1968)]

17

❖ Backus-Gilbert:
❖ Model independent

❖ Criterion: variance of solution with respect to statistical variation of input data is minimal

❖ Test the dependence on  in reconstructionzmax

All calculations use  to match to light-conezmax = 11a



Matching to the Light-Cone
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Ciσz⊥ (x, ξ = 0,
pa

μ ) =
αsCF

2π
f1 (x, ξ = 0,

pz

μ )
+

+ 2δ(1 − x)
αsCF

4π [ −1
ϵUV

+ ln ( μ2

μ′￼2 )] + [ pz

pz
R

αsCF

2π
f2 ( pz

pz
R

(x − 1) + 1,r)]
+

GPD(x, ξ, t) = ∫
∞

−∞

dy
|y |

CΓ ( x
y

,
ξ
y

, r,
yPz

μ
,

yPz

pz
R ) qGPD(y, ξ, t)

[Liu, et al., Phys. Rev. D 100, 034006 (2019)]
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Ciσz⊥ (x, ξ = 0,
pa

μ ) =
αsCF

2π
f1 (x, ξ = 0,

pz

μ )
+

+ 2δ(1 − x)
αsCF

4π [ −1
ϵUV

+ ln ( μ2

μ′￼2 )] + [ pz

pz
R

αsCF

2π
f2 ( pz

pz
R

(x − 1) + 1,r)]
+

GPD(x, ξ, t) = ∫
∞

−∞

dy
|y |

CΓ ( x
y

,
ξ
y

, r,
yPz

μ
,

yPz

pz
R ) qGPD(y, ξ, t)

x < 0 : f1(x, ξ = 0) =
−2x
x − 1

ln ( x − 1
x ) f2(x, ξ = 0) =

−3
2(1 − x)

−
r − 2x

(r − 1)(r − 4x + 4x2)
−

−r + 2x − rx
(r − 1)3/2(x − 1)

tan−1 ( r − 1
2x − 1 )

x > 1 : f1(x, ξ = 0) =
2x

x − 1
ln ( x − 1

x ) f2(x, ξ = 0) =
3

2(1 − x)
+

r − 2x
(r − 1)(r − 4x + 4x2)

+
−r + 2x − rx

(r − 1)3/2(x − 1)
tan−1 ( r − 1

2x − 1 )

0 < x < 1 : f1(x, ξ = 0) =
2x

1 − x [ln ( 4x(1 − x)(pz)2

μ2 ) − 1] f2(x, ξ = 0) =
1 − 3r + 2x

2(r − 1)(1 − x)
+

r − 2x + rx
(r − 1)3/2(1 − x)

tan−1 ( r − 1)

[Liu, et al., Phys. Rev. D 100, 034006 (2019)]
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Light-Cone Results
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Light-Cone Results

❖ Looks very similar to past results when extracting from symmetric frame!

❖ Asymmetric frame passes sanity checks!
❖ Very good signal!
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Light-Cone Results

20

❖ Can combine 2 H̃ T + ET

❖ Related to transverse spin structure

❖ Interpretation is lateral deformation of transversely 
polarized quark in an unpolarized proton

|P3 | = 1.25 GeV −t = 0.65 GeV
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❖ Can combine 2 H̃ T + ET

❖ Related to transverse spin structure

❖ Interpretation is lateral deformation of transversely 
polarized quark in an unpolarized proton

❖ Mellin Moments of Ẽ T

❖
 ∫

1

−1
dx Ẽ T(x, ξ) = 0

❖
 ∫

1

−1
dx x Ẽ T(x, ξ) = 2ξ B̃ T21(t)

|P3 | = 1.25 GeV −t = 0.65 GeV
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