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	 In t roduc t ion : 	GPDs
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Chávez et al., PRL 128 (2022) 202501

Models

Lattice QCD: from first principle

Form Factor (pion-electron scattering)
Parton Distribution Functions (Drell-Yan process)

1D Generalized Parton Distributions
3D
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	F rame- independen t 	approach

‣ Traditional: Symmetric (Breit)
Bhattacharya et al., PRD 106 (2022) 114512
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⃗Δ

• Fix  — only one  is useful⃗pf t

‣Newly proposed: Asymmetric (non-Breit)

Reduced computational cost
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Several   t = Δ2

Huge computational cost
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	F rame- independen t 	approach

Mμ(z, P̄, Δ) = ⟨π(Pf) |Oγμ(z) |π(Pi)⟩, Oγμ(z) =
1
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Mμ(z, P̄, Δ) = P̄μA1 + m2
πzμA2 + ΔμA3,

H̃ LI(z ⋅ P̄, z ⋅ Δ, Δ2 = t, z2) ≡ A1(z ⋅ P̄, z ⋅ Δ, Δ2, z2) +
z ⋅ Δ
z ⋅ P̄

A3(z ⋅ P̄, z ⋅ Δ, Δ2, z2)

H̃ (x, ξ, t) = ∫
d(z ⋅ P̄)

2π
eixz⋅P̄ H̃ LI(z ⋅ P̄, z ⋅ Δ, t, z2)
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P̄μ = (pμ
f + pμ

i )/2, Δμ = pμ
f − pμ

i .

• Lorentz-invariant amplitudes ’sAi

• Lorentz-invariant quasi-GPD H̃ LI

• LaMET Ji, PRL 110 (2013) 262002

• Matrix elements
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	 Loren tz - invar ian t 	Ampl i tudes
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•  (Breit)  (Non-Breit)Ai ∼ Ai

ξ = 0 A3(z ⋅ Δ = 0) = 0

• A3(−z ⋅ Δ) = − A3(z ⋅ Δ)

‣ In principle

0.968 GeV ,Pz = 2

0.938 GeV ,   Breit2

0.952 GeV ,   Non-breit2
−t =

‣ In practice

0 2 4 6 8 10 12 14

z/a

0.0

0.1

0.2

0.3

0.4

0.5

A
i
(B

re
it

)

A1, 2s
A3, 2s
A1, 3s
A3, 3s



6

	 Loren tz - invar ian t 	Ampl i tudes

  H̃ LI(zPz, − t, z2) = A1(zPz, − t, z2) M≡M/P̄ M(zPz, − t, z2)
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	Bare	Mat r ix	e lemen t s

• Largest momentum: 1.937 GeV, 

• Varying different momentum transfer 
Pz =

−t

Quasi-GPDs
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°t = 0.887 GeV2
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°t = 1.690 GeV2 Renormalization

Fourier Transform
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	Renormal i za t ion : 	Hybr id	scheme

• RI/MOM, ratio schemes   —  short distance   

• Hybrid scheme                 —  short & long distance

MB(z, a) = Z(a)e−δm(a)|z|e−m̄0|z|MR(z) .
Linear 

Logarithmic Address the scheme dependence

|z | ≤ |zS | :

|z | ≥ |zS | :
MB(z, Pz, t)
MB(zS, 0, 0)

e(δm+m̄0)|z−zS| .

,    Ratio scheme
MB(z, Pz, t)
MB(z, 0, 0)

Hybrid scheme, MR(z, zs; Pz, t) =

Ji et al., NPB 964 (2021) 115311

Gao et al., PRL 128 (2022) 142003

MR̄(z, zs; Pz, t) = MR(z, zs; Pz, t)/F(Pz, t), F(Pz, t) ≡ MB(0,Pz, t)/MB(0,0,0) .
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	Hybr id - s cheme

• :         at   GeV,  GeV ;         m̄0 MB Pz = 0 t = 0 2

e(δm+m̄0)δz MB(z + δz)
MB(z)

=
C0(αs(μ0(z + δz)), μ2

0(z + δz)2)
C0(αs(μ0(z)), μ2

0z2)
exp [∫

αs(μ0(z))

αs(μ0(z+δz))

dαs(μ′ )
β[αs(μ′ )]

γO[αs(μ′ )]] .

           Leading-Renormalon Resummation 
• NLO & NNLO + LRR (  GeV) 

 
            Renormalization Group Resummation 

• NLO & NNLO + LRR + RGR 

 

μ = 2

μ0 = 2κe−γE /z → μ = 2 GeV

κ = [1, 1.414, 2]

• :         for  fm lattice.δm aδm(a) = 0.1508(12) a = 0.04
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	Renormal i za t ion	&	Ex t rapo la t ion	

Lattice artifacts

Unphysical oscillations 

in quasi-GPDs

Extrapolation
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	Quas i -GPDs

 increases −t

Smaller, decay slower

H̃ (x, Pz, t) = 2∫
∞

−∞

dλ
2π

eixλ H̃ LI(zPz, t, z2) = F(Pz, t)∫
∞
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dλ
π

eixλMR̄(z, Pz, t)
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	 L igh t - cone	GPDs

‣ Perturbative matching:


• More significant at small and large 


• Reduce the -dependence
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	 L igh t - cone	GPDs	

‣ Scale variation


• More significant at small and large 


• Smaller at higher order


• Smaller at larger 


‣ Good convergence
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	 L igh t - cone	GPDs
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JAM21: NLO ‣ Rare  dependence


‣ GPDs at  = 0 GeV  —— PDFs 

agree well with BNL-ANL21 and JAM21

zs

−t 2



15

	 L igh t - cone	GPDs : 	 -dependencet

0.0 0.2 0.4 0.6 0.8 1.0

x

0.0

0.5

1.0

1.5

2.0

2.5

H
(x

,t
)

Pz = 1.937 GeV

NNLO+LRR, µ = 2 GeV
NNLO+LRR+RGR
°t = 0 GeV2

°t = 0.231 GeV2

°t = 0.455 GeV2

°t = 0.887 GeV2

°t = 1.095 GeV2

°t = 1.690 GeV2 ‣ At fixed ,  decreases as  increases


‣ The decrease of  along  is slower at larger 


‣ RGR: perturbative theory breaks down at small x

x H −t

H x −t
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	 L igh t - cone	GPDs
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-dependence becomes milder as  increases t x

 

      charge radius obtained from the EMFF
∼ ⟨r2

π⟩ = 0.313(27) fm2
Gao et al., PRD 104 (2021) 114515
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	 Impac t -parameter - space	par ton	d i s t r ibu t ions	 ( IPDs )
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q(x, b⊥) = ∫
d2Δ⊥

(2π)2
H(x, ξ = 0,Δ2

⊥)eib⊥⋅Δ⊥

LC Proton GPDs: Cichy et al., arXiv:2304.14970

• Distributions are more concentrated at larger 

• Proton is more broader than pion

x
Quarks with higher  are more concentratedx



Study the pion light-cone GPDs at  using LaMET at  fm lattice 

• Utilize the Lorentz-invariant definition of the GPDs 


• - hybrid-scheme renormalization


    - NNLO + LRR + RGR


• PDF results agree well with the global analyses and previous lattice results


• Perturbative matching works well


• Pion effective size is smaller than that of the proton 

ξ = 0 a = 0.04
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Thanks for your attention!

Summary
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Backup
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• ,          fm 


• HISQ action + Wilson-Clover action ⇒  GeV 

• Using boost smearing to enhance the signal


• Momentum transfer :     0 ~ 1.7 GeV

N3
s × Nt = 643 × 64 a = 0.04

mval
π = 0.3

−t 2

	 La t t i ce	Se tup


