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Mt(z, a) = ⟨P = 0 | ψ̄(z)γtW(z,0)ψ(0) |P = 0⟩
Lattice (nf=2, CLS):

Theory:
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Ens. ID a(fm) M⇡(MeV) L3
⇥ T Ncfg

A4p5 0.0749(8) 446(1) 323 ⇥ 64 1904

E5 0.0652(6) 440(5) 323 ⇥ 64 999

N5 0.0483(4) 443(4) 483 ⇥ 96 477

TABLE I. Ensemble of configurations generated by CLS [35] and HadStruc [4]. The rest frame matrix element was calculated
for the nucleon on eight randomly chosen sources per configuration.
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FIG. 4. The relative error of the rest frame data on the three ensembles.

individual gauge links, all of which are changing and interacting dynamically. In Ref. [4], the finite a/z e↵ects of the
matrix elements in a moving frame were studied on the same ensembles and it was found that the results extracted
from separations z = a were largely incompatible, despite di↵erent models used to control this discretization e↵ect.
In the following analysis, we determine results with zmin = a, 2a, and 3a to study this systematic error.

The data having percent, and lower, precision is due to cancellation of correlated fluctuations in the ratio
M(z)/M(0). Fig. 4 shows the relative error of the data used. With such precision, it is quite possible that this
analysis will su↵er from inaccurate theory. Given the scales used in these lattice calculations, ↵

2
⇠ O(0.01), which

could generate statistically meaningful deviations. This may generate poor �
2 when such terms are neglected, but

without more accurate perturbation theory such �
2 may be insu�cient to reject the hypothesis that “perturbation

theory does describe data up to the largest in our study, z = 0.6 fm”. In what follows we perform the analyses
neglecting correlations in the data. While this is typically unjustifiable, since �

2 is expected to be a poor metric
in the first place, we do not wish to confuse matters by inclusion of the covariance. Fits of a model which poorly
describes highly correlated data can have significant deviations for expected results. Until more accurate models are
used, neglecting data correlations may be necessary to draw conclusions.

We note that when comparing perturbative expressions to data with a finite regulator, it unreasonable to utilize
the expansions in Eqs. (8) and (9) when the statistical precision of the data is comparable to the subdominant terms.
In this study, the largest separation is ⇣ = 8 which can leave percent level corrections to the linear and logarithmic
divergences, and the shorter distances used can be much more.

V. FITS TO PERTURBATIVE EXPRESSION WITH POLYAKOV REGULATOR

This section contains analysis of the matrix element M
µ(z, a) = hp0|O(z)|p0i, with µ corresponding to (Euclidean)

time component, µ = t, on the three ensembles. The fits are performed to the functional form

R
t(z, a) ⌘

M
t(z, a)

M t(0, a)
= ZPR(z/a, ↵s) , (13)

exp (Γ(z /aPR))
Γ(ζ) =

αsCF

2π [(2+
1
ζ2 )ln(1+ζ2)−2ζ tan−1ζ−1]

aPR = a /π

αs = αs(
π
a

) = −
2π

(11 − nf /3)ln(aΛQCD/π)
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where ↵s is allowed to vary. This form assumes that only perturbative e↵ects contribute to the normalized matrix
element. Since Zpert(z/a, ↵s) has the exponential form, it is convenient to consider the logarithm

l(z, a) ⌘ � log R
t(z, a) (14)

The results of the fit are shown in Fig. 5. All the fit results are summarized in Tab. II. Clearly the �
2
/dof are quite

large for each ensemble, but this is due to the high precision of the data compared to the accuracy of the theoretical
model. As can be seen in the comparison of data and theory presented in Fig. 6, there appears to be an e↵ect of just
a few percent that is not captured by this model.
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FIG. 5. Results of fits on all three ensembles by the Polyakov regulated perturbative expression (13) with zmin = a (left),
zmin = 2a (center), and zmin = 3a (right)

The fit results for ↵s are shown in Fig. 7. One can see that ↵s trends smaller for smaller a. So, we assume that ↵s

is taken at the coordinate scale given by lattice spacing a or PR parameter aPR. Since these scales di↵er by a factor
of ⇡, the relevant values of “⇤QCD” also di↵er by ⇡. That is, we can take aPR = a/⇡ as the scale in the argument of
↵s in continuum perturbative running. Using the leading-order running of the coupling,

↵s(⇡/a) = �
2⇡

(11 � 2Nf/3) log(a⇤QCD/⇡)
(15)

one can infer the value of ⇤QCD necessary to generate the coupling at that scale.
The results are given in Fig. 8. One can see that the resulting values ⇠ 330 MeV of ⇤QCD are of the expected order

despite this atypical method of determining ⇤QCD.
There exist a number of possible e↵ects responsible for the discrepancy between the model and lattice data. As

mentioned previously, finite size e↵ects could generated a Gaussian dependence on z
2. Of course this regulator is

di↵erent than that used in the numerics. In particular, this discrepancy can be described by a/z error contaminating
z = a data. In principle, a model containing finite a/z e↵ects could be investigated, but in this study, these e↵ects are
exposed by cutting the shortest separations. Another unexplored possibility are e↵ects from a nonzero quark mass
in the perturbative formula. The pion mass of these ensembles is nearly three times larger than physical and a finite
quark mass would modify the perturbative formula, which was derived with vanishing quark mass. Finally, given
the value of ↵s from the fits, an O(1%) discrepancy could also be attributed to higher orders in perturbation theory.
With subpercent precision in the data and percent accuracy in the model, the �

2
⇠ O(10) maybe was simply to be

expected. As such, the �
2 of this analysis alone does not conclusively state that “perturbation theory cannot describe

the matrix element completely at z = 0.6 fm”, but only that one loop is insu�cient.
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FIG. 6. The ratio of the data to the Polyakov regulated perturbative model (13) with zmin = a (left), zmin = 2a (center), and
zmin = 3a (right).

l(z, a) = − ln[Mt(z, a)/Mt(0,a)]
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where ↵s is allowed to vary. This form assumes that only perturbative e↵ects contribute to the normalized matrix
element. Since Zpert(z/a, ↵s) has the exponential form, it is convenient to consider the logarithm

l(z, a) ⌘ � log R
t(z, a) (14)

The results of the fit are shown in Fig. 5. All the fit results are summarized in Tab. II. Clearly the �
2
/dof are quite

large for each ensemble, but this is due to the high precision of the data compared to the accuracy of the theoretical
model. As can be seen in the comparison of data and theory presented in Fig. 6, there appears to be an e↵ect of just
a few percent that is not captured by this model.
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FIG. 5. Results of fits on all three ensembles by the Polyakov regulated perturbative expression (13) with zmin = a (left),
zmin = 2a (center), and zmin = 3a (right)

The fit results for ↵s are shown in Fig. 7. One can see that ↵s trends smaller for smaller a. So, we assume that ↵s

is taken at the coordinate scale given by lattice spacing a or PR parameter aPR. Since these scales di↵er by a factor
of ⇡, the relevant values of “⇤QCD” also di↵er by ⇡. That is, we can take aPR = a/⇡ as the scale in the argument of
↵s in continuum perturbative running. Using the leading-order running of the coupling,

↵s(⇡/a) = �
2⇡

(11 � 2Nf/3) log(a⇤QCD/⇡)
(15)

one can infer the value of ⇤QCD necessary to generate the coupling at that scale.
The results are given in Fig. 8. One can see that the resulting values ⇠ 330 MeV of ⇤QCD are of the expected order

despite this atypical method of determining ⇤QCD.
There exist a number of possible e↵ects responsible for the discrepancy between the model and lattice data. As

mentioned previously, finite size e↵ects could generated a Gaussian dependence on z
2. Of course this regulator is

di↵erent than that used in the numerics. In particular, this discrepancy can be described by a/z error contaminating
z = a data. In principle, a model containing finite a/z e↵ects could be investigated, but in this study, these e↵ects are
exposed by cutting the shortest separations. Another unexplored possibility are e↵ects from a nonzero quark mass
in the perturbative formula. The pion mass of these ensembles is nearly three times larger than physical and a finite
quark mass would modify the perturbative formula, which was derived with vanishing quark mass. Finally, given
the value of ↵s from the fits, an O(1%) discrepancy could also be attributed to higher orders in perturbation theory.
With subpercent precision in the data and percent accuracy in the model, the �

2
⇠ O(10) maybe was simply to be

expected. As such, the �
2 of this analysis alone does not conclusively state that “perturbation theory cannot describe

the matrix element completely at z = 0.6 fm”, but only that one loop is insu�cient.
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FIG. 6. The ratio of the data to the Polyakov regulated perturbative model (13) with zmin = a (left), zmin = 2a (center), and
zmin = 3a (right).

ΛQCD ∼ 330MeV, χ2 /dof ≳ O(10)Polyakov regulator 
in coordinate space



“Perturbation theory can describe data up to ~ 0.6 fm”?
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Γ(ζ) =
αsCF

2π [(2+
1
ζ2 )ln(1+ζ2)−2ζ tan−1ζ−1]

lim
ζ→∞

Γ(ζ) =
αsCF

2π (−π |ζ |+2 ln ζ2 + 1)ζ = πz /a

 limit is saturated quickly for ζ → ∞ z ≥ 2a ( ≲ 1%)

Issues in the ansatz:

• Simple exponentiation of NLO 

correction not justified


• Large logs need resummation, 
which runs  from 


• Renormalon due to regularization 
of linear divergence not treated.

αs c/z, c ∼ 1

Existing knowledge suggests that NP effects 
become important for  fm, e.g., 
instanton size, QCD sum rules, gluon mass, 
static potential, etc.

z ≳ 0.3

But the agreement among multiple 
ensembles is still nontrivial.  

Why? 

Self-renormalization scheme:

ΓSR(z, a) =
kz

a ln(aΛQCD)
+m0z+ZMS(z)+…

log + finite terms

Y.-K. Huo, Y. Su et al. (LPC), arXiv: 2103.02965
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Nucleon matrix elements
J. Karpie, C. Monahan, A. Radyushkin, arXiv: 2407.16577

7

where ↵s is allowed to vary. This form assumes that only perturbative e↵ects contribute to the normalized matrix
element. Since Zpert(z/a, ↵s) has the exponential form, it is convenient to consider the logarithm

l(z, a) ⌘ � log R
t(z, a) (14)

The results of the fit are shown in Fig. 5. All the fit results are summarized in Tab. II. Clearly the �
2
/dof are quite

large for each ensemble, but this is due to the high precision of the data compared to the accuracy of the theoretical
model. As can be seen in the comparison of data and theory presented in Fig. 6, there appears to be an e↵ect of just
a few percent that is not captured by this model.
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FIG. 5. Results of fits on all three ensembles by the Polyakov regulated perturbative expression (13) with zmin = a (left),
zmin = 2a (center), and zmin = 3a (right)

The fit results for ↵s are shown in Fig. 7. One can see that ↵s trends smaller for smaller a. So, we assume that ↵s

is taken at the coordinate scale given by lattice spacing a or PR parameter aPR. Since these scales di↵er by a factor
of ⇡, the relevant values of “⇤QCD” also di↵er by ⇡. That is, we can take aPR = a/⇡ as the scale in the argument of
↵s in continuum perturbative running. Using the leading-order running of the coupling,

↵s(⇡/a) = �
2⇡

(11 � 2Nf/3) log(a⇤QCD/⇡)
(15)

one can infer the value of ⇤QCD necessary to generate the coupling at that scale.
The results are given in Fig. 8. One can see that the resulting values ⇠ 330 MeV of ⇤QCD are of the expected order

despite this atypical method of determining ⇤QCD.
There exist a number of possible e↵ects responsible for the discrepancy between the model and lattice data. As

mentioned previously, finite size e↵ects could generated a Gaussian dependence on z
2. Of course this regulator is

di↵erent than that used in the numerics. In particular, this discrepancy can be described by a/z error contaminating
z = a data. In principle, a model containing finite a/z e↵ects could be investigated, but in this study, these e↵ects are
exposed by cutting the shortest separations. Another unexplored possibility are e↵ects from a nonzero quark mass
in the perturbative formula. The pion mass of these ensembles is nearly three times larger than physical and a finite
quark mass would modify the perturbative formula, which was derived with vanishing quark mass. Finally, given
the value of ↵s from the fits, an O(1%) discrepancy could also be attributed to higher orders in perturbation theory.
With subpercent precision in the data and percent accuracy in the model, the �

2
⇠ O(10) maybe was simply to be

expected. As such, the �
2 of this analysis alone does not conclusively state that “perturbation theory cannot describe

the matrix element completely at z = 0.6 fm”, but only that one loop is insu�cient.
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FIG. 6. The ratio of the data to the Polyakov regulated perturbative model (13) with zmin = a (left), zmin = 2a (center), and
zmin = 3a (right).
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• Disagreement starts to show 
up at z ~ 0.35 fm


• Relative difference may be 
, but the trends of 

theory and data are different.
≲ 15 %

•  difference likely due to plot of 
log(matrix element)/log(theory)


• A slight linear dependence suggests 
the effect of linear renormalon

≲ 5 %

mπ = 445 MeV, nf = 2, CLS



Conclusions

Linear divergence dominates the bare matrix elements


It only depends on the UV cutoff, which is why the NLO 
perturbative correction can approximate it to a good extent. 


Apart from the linear divergence, the remaining contribution 
cannot be described by perturbation theory beyond 0.2~0.3 fm.


Beyond z~0.3 fm, one can add more parameters to the 
perturbative expression to improve the fit quality, but it is 
modeling.

exp (−δm(a) |z |) δm(a) =
1
a

∞

∑
i=1

αi
s(a) + O(aΛQCD)


