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Welcome!

• My name is Dave Biersach
• I am a Senior Technology Architect at BNL

• I am a 1989 graduate of the United States 
Military Academy, and I served in the 1991 
Persian Gulf War as a Combat Engineer Officer

• I received a Ph.D. in Computational Physics at 
the Naval Postgraduate School in California

• I have worked for decades at Microsoft & Pfizer
• I have been married for 33 years, have three 

adult children, and have taught teachers and 
professors for the past 15 years
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Get the Slides
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ASP-HS Slides Click on this link:

Click the Session 01 file to open the 
PowerPoint slide deck in your web browser

https://brookhavenlab.sharepoint.com/:f:/s/asp-hs/Ep7FvH_dYhJCpiD4f4n6EB0B_FwpnumH95XOyfS9IYkE6g?e=4pcHWJ
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The US Department of Energy

 National Labs 
across the USA

National Nuclear
Safety Administration

Student research 
opportunities exist 

at all US Labs
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About Brookhaven National Laboratory
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YouTube - This is Brookhaven Lab

https://www.youtube.com/watch?v=csgXRPV0R3A


• Scientific computing problems cannot be solved using just a 
graphing calculator or a spreadsheet program

• A computer should not be viewed as just another closed-form 
benchtop instrument with fixed functionality

• SciComp does not require writing thousands of lines of code to 
answer problems – complete code usually fits on one slide!

• SciComp is applied computer science
• The first name of CompSci is computer

• The first name of SciComp is science

• A triple helix of math, science, and computing
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What is Scientific Computing?



SciComp vs CompSci

• Probability and Statistics
• Simulation and Modelling
• Data Visualization
• Storing and Analyzing Very 

Large Datasets
• Parallel & Distributed 

Algorithms
• Speed and Accuracy 

Paramount
• Functional Languages
• Open-Ended Problems with 

Unknown Solutions

• General Data Structures
• Design Methodologies
• Procedural Languages
• Stand-Alone Programs
• Emphasis on Object-

Orientation
• Simple Data Models
• Sequential Algorithms
• Less Graphics Intensive
• Directed Closed-Form 

Problems with Known 
Solutions

Scientific Computing Computer Science
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Modi (Brave) and Magni (Strong)

Example SciComp Topic
Multidimensional Interpolation

https://en.wikipedia.org/wiki/M%C3%B3%C3%B0i_and_Magni


Example SciComp Topic
Multidimensional Interpolation
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A first order 3-D approximation of the ocean floor based 
upon only 220 sample (red) points (sonar timings)
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SciComp As Translational Science

SciComp is the ability to translate mathematical expressions 
of scientific concepts into correct and efficient software code

11 lines of code can change the world!



• Packaged as 20 high school lessons with hands-on student 
programming labs using the free Google Colab service

• BNL provides all required presentations, sample code, lab exercises, 
and teacher guide

• The software tools are 100% open-source and free of charge

• The students can use Windows, Apple Mac, or Chromebooks

• The lessons are split into three 20-minute sections
• The last 20-minute section in each session is optional & not 

required for pedagogical continuity

• This structure enables sessions to be delivered within a high school 
science or math course if limited to a 40-minute class period
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SciComp 101
Foundations of Scientific Computing



• Objectives
• Provide patterns for solving real-world science problems by writing 

custom software

• Demonstrate how scientific computing impacts all science 
disciplines

• Enable students to translate scientific formulas into correct and 
efficient code

• Review techniques for the effective visualization of complex data

• Show optimal methods to store and analyze very large data sets

• Prepare students to conduct interdisciplinary research at world-
class institutions
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SciComp 101
Foundations of Scientific Computing



SciComp = The Pathway to Internships
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https://www.bnl.gov/newsroom/news.php?a=213064

https://www.bnl.gov/newsroom/news.php?a=213064


16

Your school 
could be the 

hits in 
Google!

You can lead the world!



Mathematical Concepts

• Systems of Equations
• Probability Distributions
• Combinatorics
• Simulation & Modeling
• Monte Carlo Integration
• Polar & Spherical Coordinates
• Dynamical Systems
• Mesh Interpolation
• 2D Affine Transformations
• Vector & Complex Algebra
• Signals Analysis

17

�
𝑛𝑛=1

∞
1
𝑛𝑛𝟐𝟐 = 1 +

1
4 +

1
9 +

1
16 +

1
25 + ⋯ =

𝜋𝜋2

6



Computer Science Concepts

• Representations and Encodings
• Random Number Generation
• Strings, Arrays, Operators
• Loops, Functions, Recursion
• Searching & Sorting
• 2D and 3D Graphics
• Accuracy & Precision
• Runtime Complexity
• File I/O (CSV)
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Science Concepts

• Mechanics and Kinematics
• Waves (Nyquist Sampling)
• Unit Conversion
• Genetic Sequence Analysis
• Balancing Ionic Equations
• Projectile Motion
• Equilibrium & Thermodynamics
• Radioactive Decay
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Scientific Computing with Python

• Python is quickly becoming one of the most heavily used 
languages in science projects

• Python runs on all major modern operating systems and is 
completely free and open-source (not vendor controlled)

• Python makes it easy for your code to directly integrate with 
a large spectrum of available 3rd party software

• Python code runs consistently on different platforms and 
scales well from small IoT devices to large server clusters

• Python benefits from a very active and growing user 
community that continues to enhance the language
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• Every high school science research project can benefit from 
even just a slight touch of scientific computing

• Better statistics & data visualization on posters

• Compelling analysis from modeling & simulation

• Novel integration of computation is a big differentiator!

• The lab exercises we have developed are taken directly from 
active research projects at BNL

• We all learned how to read before we learned how to write - many 
junior BNL staff inherit existing code to fix or extend

• More than 80% of all summer research projects at BNL require 
high school interns to write code

21

Motivation



Motivation

• It does not take thousands of lines of code to keep 
importance science moving right along…

• You don’t have to be a professional programmer or know all the 
arcane aspects of computer languages

• The closer you get to cutting edge science, the less likely you’ll be 
able to just “download an app” to accomplish what you need

• If you don’t know how to code…
• You will at some point start to subconsciously limit the types of 

analysis you can perform because you will remain at the mercy of 
the available software 

• Should software shape your science, or instead, will you shape 
software to advance your science?
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Get the Courseware – Step 1
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asp-hs-init.ipynb Click on this link:

Your web browser should then display this page:

Click the “Run” (play) button to execute 
this cell in the notebook

https://colab.research.google.com/drive/1cl-RAw1sWdZ5G5coFdOrh9yvaqkGfLcB?usp=sharing


Get the Courseware – Step 2
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Click “Connect to Google Drive”



Get the Courseware – Step 3
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Click on your 
Google Account



Get the Courseware – Step 4
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Click Continue



Get the Courseware – Step 5
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Click Continue



Get the Courseware – Step 6
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The notebook will clone 
the GitHub Repository to 

your Google Drive



Get the Courseware – Step 7
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Return to  your Google Drive:
https://drive.google.com/drive/my-drive

 
You should now see a folder called

asp-hs

Double-click that folder to open it

https://drive.google.com/drive/my-drive


Get the Courseware – Step 8
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Double-click on the folder
Session 01 – Algebra, Statistics and Trigonometry



Session 01 – Topics

• Create numerical arrays and plot polynomials
• Estimate and plot infinite series to visualize convergence

• Calculate Euclid’s GCD (HCF) of pairs of random integers
• Calculate the 2nd central moment of uniform distributions

• Demonstrate Euler’s Identity for Complex Numbers
• Use Polar Coordinates to draw parametric curves and 2D 

random walks

• Plot the superposition of two waves to create traveling and 
standing waves

• Use trigonometry to draw a 3D sphere and torus
31



Extending Python via the numpy Package
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https://numpy.org

https://numpy.org/


Numpy Arrays

• An array is a set of elements having all the same type
• An individual element in an array is accessed by using its 

index number within square [] brackets
• Every element has a unique index number

• No two elements share the exact same index number

• The first element has an index = 0

• The function size() returns the length of an array, which is 
the number of elements in the array

• The last element in an array at [size() – 1]
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Index Number versus Element Value
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A Numpy Linearly Spaced Array
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Creates a "street" of 
mailboxes where the 

values inside are 
equally spaced 

between [start, stop]

np.linspace() figures out the step size based 
on the range of the linear space and the 

number of elements you request 

Index 
[0]

Index 
[6]



Numpy Vectorized Operations
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3

*

5

15

a

b

a[n]*b[n]

*

A vectorized array operation applies 
a function to elements in both arrays 

that have the same index value

A vectorized scalar operation applies 
a function to every element in a 

single array (to each individual cell)



Line Graphs using matplotlib

• Your scientist has asked you to plot the following two 
functions:

𝑦𝑦1 = 2𝑥𝑥 − 5
𝑦𝑦2 = −0.3𝑥𝑥2 + 15

• The domain for both functions is −10 ≤ 𝑥𝑥 ≤ 10
• You should plot both curves on the same graph
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https://matplotlib.org  

https://matplotlib.org/


39

Matplotlib Container Hierarchy



Cartesian Coordinates
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Created by 
René Descartes 

in 1637



Open line_graphs.ipynb

41
Double-click on a notebook to open it



Run line_graphs.ipynb – Cell 1
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Click the “Run” (play) button to execute 
this cell in the notebook



Run line_graphs.ipynb – Cells 1...2
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Run line_graphs.ipynb – Cells 3…4
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= −0.3 102 + 15

= −0.3 100 + 15

= −30 + 15

= −15

= 2 10 − 5

= 20 − 5

= 15



Run line_graphs.ipynb – Cell 5
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Infinite Series (Sums)

• This sum is called the Basel series

• Find the value of 6𝑦𝑦2 when 𝑛𝑛 = 100,000
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• This sum is called the Harmonic series
• Does the Harmonic series converge to a single value or 

diverge (grow without bounds)?



Run basel_series.ipynb – Cells 1...3
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100,000 = 1 × 105 = 1.0e+05



Run basel_series.ipynb – Cell 4
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The harmonic 
series diverges 

toward 

The Basel series 
converges to a 

specific number



Run basel_series.ipynb – Cells 5…6
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The sum of n cubed equals the sum squared of n

𝑛𝑛 = 100,000



The Basel Problem
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Leonhard Euler
(1707 – 1783)

288 years later, we still do not know the exact value of 

�
𝑛𝑛=1

∞
1
𝑛𝑛3



Greatest Common Divisor (GCD)
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∴ One can 
determine the GCD 
without having to 
factor either of the 
two integers!

What divides A and B must also 
divide the difference of A - B

Why?
Given {A, B, a, b, r} ∊ ℤ

𝑨𝑨 = 𝒂𝒂 ∗ 𝒓𝒓,𝑩𝑩 = 𝒃𝒃 ∗ 𝒓𝒓

𝑨𝑨 − 𝑩𝑩 = 𝒂𝒂 ∗ 𝒓𝒓 − 𝒃𝒃 ∗ 𝒓𝒓

𝒂𝒂 − 𝒃𝒃 =
𝑨𝑨 − 𝑩𝑩
𝒓𝒓



Coprime Probability

• Your scientist needs you to write a program to estimate the 
probability  that any two positive random integers are 
coprime

• Two numbers are coprime if they share no common factors
• For example, the numbers 6 and 35 are not prime because 

6 = 2 × 3 and 35 = 5 × 7 
• However, when compared to each other, 6 and 35 are 

coprime because they share no common factors
• She wants you to sample one million pairs of random 

integers between one and one million inclusive

• She wants to know the value of 6
𝑝𝑝
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Run coprime_probability.ipynb – Cells 1…2 
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a and b are now 
arrays holding one 

million integers each

np.gcd() is vector "aware"

c is now an array with 
one million elements



Run coprime_probability.ipynb – Cells 3…4 
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If GCD(a, b) == 1 
then a and b are 

coprime

Probability is the number of times 
something did happen divided by the 

number of times it could have happened

The odds are greater than 
50/50 that any two random 

integers are coprime



Computing with Random Numbers?
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Leonhard Euler
(1707-1783)

Euler noticed things that many others did not…



Variance of Uniform Distributions

• Your scientist needs a program that can:
• Generate 15 sets of random sizes between 10,000 and 200,000 

items

• Within each set, every item is a random integer chosen within a 
range between a random lower limit and a random upper limit

• The lower limit for each set is a random number between 0 and 
10,000

• The upper limit is that set’s lower limit plus another random number 
between 0 and 100,000

• Calculate the mean (µ) and variance (σ2) for each set's population
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Variance of Uniform Distributions

• The research goal is to determine if a magic number hides 
within all uniform random number distributions

• Calculate and display this “constant” for each set:

• Is this number the same for ALL uniform distributions?

• Can we use this value to test if dice are loaded?

Magic Number = 
(𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 − 𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍)𝟐𝟐

𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣
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Run uniform_variance.ipynb – Cells 1…2
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Run uniform_variance.ipynb – Cell 3
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Variance of Uniform Distributions

• Every set had a different lower and upper limit, size, mean, and 
variance… yet the magic number was ~12 for all of them!

• Why would Mother Nature choose 12 for this magic number? What is 
so special about 12? Why not pick a nice even 10?

• Boundless natural curiosity is what makes a good scientist…
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Variance of the Uniform Distribution
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The expected value 𝔼𝔼
 of a random variable 𝑿𝑿 

is its mean value 𝜇𝜇

𝔼𝔼 𝑋𝑋 = 𝜇𝜇 =
1
𝑛𝑛�
𝑖𝑖=1

𝑛𝑛

𝑥𝑥𝑖𝑖

Variance 𝜎𝜎2  is the mean 
difference squared between 

every 𝑿𝑿 and its 𝔼𝔼 𝑋𝑋

𝜎𝜎2 = 𝔼𝔼 𝑋𝑋 − 𝔼𝔼 𝑋𝑋 2

𝜎𝜎2 =
1
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The expected value 𝔼𝔼
returns a constant value 𝔼𝔼 𝑋𝑋 = 𝜇𝜇

𝔼𝔼 𝜇𝜇 = 𝜇𝜇
The expected value 𝔼𝔼  

of a constant value 
returns that same value

𝔼𝔼 𝔼𝔼 𝑋𝑋 = 𝔼𝔼 𝑋𝑋

𝔼𝔼 𝔼𝔼 𝔼𝔼 𝑋𝑋 = 𝔼𝔼 𝑋𝑋

𝔼𝔼 𝑋𝑋  is idempotent



Variance of the Uniform Distribution
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𝜎𝜎2 = 𝔼𝔼 𝑋𝑋2 − 2𝑋𝑋𝔼𝔼 𝑋𝑋 + 𝔼𝔼 𝑋𝑋 2

𝜎𝜎2 = 𝔼𝔼 𝑋𝑋2 − 2𝔼𝔼 𝑋𝑋 𝔼𝔼 𝑋𝑋 + 𝔼𝔼 𝑋𝑋 2

𝜎𝜎2 = 𝔼𝔼 𝑋𝑋2 − 2𝔼𝔼 𝑋𝑋 2 + 𝔼𝔼 𝑋𝑋 2

𝜎𝜎2 = 𝔼𝔼 𝑋𝑋2 − 𝔼𝔼 𝑋𝑋 2

𝜎𝜎2 = 𝔼𝔼 𝑋𝑋2 − 𝜇𝜇2

𝜇𝜇 = 𝔼𝔼 𝑋𝑋 =
1
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𝔼𝔼 𝔼𝔼 𝑋𝑋 = 𝔼𝔼 𝑋𝑋
𝜎𝜎2 = 𝔼𝔼 𝑋𝑋2 − 𝔼𝔼 2𝑋𝑋𝔼𝔼 𝑋𝑋 + 𝔼𝔼 𝔼𝔼 𝑋𝑋 2

Note: 𝔼𝔼 𝑥𝑥  is a distributive linear operator
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𝑛𝑛�
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𝑥𝑥𝑖𝑖2 − 𝜇𝜇2

FOIL

𝔼𝔼 𝜇𝜇 = 𝜇𝜇

Faster because
only one 

subtraction is 
required!

𝜎𝜎2 = 𝔼𝔼 𝑋𝑋 − 𝔼𝔼 𝑋𝑋 2

𝜎𝜎2 = 𝔼𝔼 𝑋𝑋 − 𝔼𝔼 𝑋𝑋 2



Variance of the Uniform Distribution
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𝑓𝑓 𝑐𝑐 = the average value of the function
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Mean Value Theorem (Integrals)
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Random Variable (Uniform Distribution)

𝑓𝑓 𝑐𝑐 = 𝜇𝜇 = 𝔼𝔼 𝑋𝑋



Variance of the Uniform Distribution
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Moment Generating Functions
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Variance of the Uniform Distribution
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𝑥𝑥 𝑑𝑑𝑥𝑥 =

1
𝑏𝑏 − 𝑎𝑎 �

𝑥𝑥2

2
𝑎𝑎

𝑏𝑏

=
𝑏𝑏 + 𝑎𝑎

2

𝔼𝔼 𝑋𝑋2 =
1

𝑏𝑏 − 𝑎𝑎�𝑎𝑎

𝑏𝑏
𝑥𝑥2 𝑑𝑑𝑥𝑥 =

1
𝑏𝑏 − 𝑎𝑎 �

𝑥𝑥3

3
𝑎𝑎

𝑏𝑏

=
𝑏𝑏2 + 𝑎𝑎𝑎𝑎 + 𝑎𝑎2

3

𝜎𝜎2 = 𝔼𝔼 𝑋𝑋2 − 𝜇𝜇2 =
𝑏𝑏2 + 𝑎𝑎𝑎𝑎 + 𝑎𝑎2

3 −
𝑏𝑏 + 𝑎𝑎

2

2

=
𝑏𝑏 − 𝑎𝑎 2

12

𝜎𝜎2 = 𝔼𝔼 𝑋𝑋2 − 𝜇𝜇2

𝔼𝔼 𝑋𝑋 =
1

𝑏𝑏 − 𝑎𝑎
�
𝑎𝑎

𝑏𝑏
𝑥𝑥 𝑑𝑑𝑥𝑥

𝔼𝔼 𝑋𝑋2 =
1

𝑏𝑏 − 𝑎𝑎
�
𝑎𝑎

𝑏𝑏
𝑥𝑥2 𝑑𝑑𝑥𝑥

12 =
(𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖_𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍 −  𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍_𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍)𝟐𝟐

𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣

This is the  
second 

of a 
continuous

uniform 
distribution

Moment Generating Functions

Variance



Create a Numpy Array from a Range
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Creates a "street" of 
mailboxes where the 

value inside each 
mailbox follows the 

requested range

The default values are
start = 0 and step = 1

 The stop value is exclusive



Complex Numbers

67

Jean-Robert Argand
(1768-1822)

Polar Form of 
Complex Numbers



Complex Algebra
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4 + 3𝑖𝑖 + 5 − 4𝑖𝑖 = 4 + 5 + 3 − 4 𝑖𝑖
= 9 − 𝑖𝑖

Sum:

4 + 3𝑖𝑖 − 5 − 4𝑖𝑖 = 4 − 5 + 3 − −4 𝑖𝑖
= −1 + 7𝑖𝑖

Difference:

4 + 3𝑖𝑖 5 − 4𝑖𝑖 = 20 − 16𝑖𝑖 + 15𝑖𝑖 − 12𝑖𝑖2

= 20 − 𝑖𝑖 + 12
= 32 − 𝑖𝑖

Product:



Complex Algebra

69

4 + 3𝑖𝑖
5 − 4𝑖𝑖

=
4 + 3𝑖𝑖
5 − 4𝑖𝑖

×
5 + 4𝑖𝑖
5 + 4𝑖𝑖

=
8 + 31𝑖𝑖

41

4 + 3𝑖𝑖
5 − 4𝑖𝑖

Division:

=
8

41
+

31
41

𝑖𝑖

Complex Conjugate



Euler’s Identity

• Calculate an approximation of where ∈ ℂ, using its 
Taylor Series expansion to 20 terms

= 1 + 𝑧𝑧 +
𝑧𝑧2

2!
+
𝑧𝑧3

3!
+
𝑧𝑧4

4!
+
𝑧𝑧5

5!
+
𝑧𝑧6

6!
+
𝑧𝑧7

7!
+ ⋯

• Use the above power series to display the value of 
(𝑒𝑒𝑧𝑧 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝑧𝑧 = 0 + )

• Notice the denominators grow at a factorial rate
• Fortunately, in Python the size of an integer is not restricted 

to a fixed number of number of bits

• In Python an int can expand in size to the limit of the 
available memory!

70



Run euler_identity.ipynb – Cells 1…3

71

In Python, lowercase  
represents the 
imaginary component 



Run euler_identity.ipynb – Cells 4…5

72

These will be the 
numerator values

These will be the 
denominator values

𝑒𝑒𝑧𝑧 = �
𝑥𝑥=0

∞
𝑧𝑧𝑥𝑥

𝑥𝑥!



Run euler_identity.ipynb – Cells 6…7

73

In numpy, the division 
operator is vectorized

𝑒𝑒𝑧𝑧 = �
𝑥𝑥=0

∞
𝑧𝑧𝑥𝑥

𝑥𝑥!



Euler’s Identity
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𝑒𝑒𝜋𝜋𝜋𝜋 = −1
𝑒𝑒𝜋𝜋𝜋𝜋 + 1 = 0

𝑒𝑒𝜋𝜋𝜋𝜋 = �
𝑥𝑥=0

∞
𝜋𝜋𝜋𝜋 𝑥𝑥

𝑥𝑥!
= 1 + 𝜋𝜋𝜋𝜋 +

(𝜋𝜋𝜋𝜋)2

2!
+

(𝜋𝜋𝜋𝜋)3

3!
+

(𝜋𝜋𝜋𝜋)4

4!
+

(𝜋𝜋𝜋𝜋)5

5!
+

(𝜋𝜋𝜋𝜋)6

6!
+

(𝜋𝜋𝜋𝜋)7

7!
+ ⋯

𝑒𝑒𝜋𝜋𝜋𝜋 = �
𝑥𝑥=0

∞
𝜋𝜋𝜋𝜋 𝑥𝑥

𝑥𝑥!
= 1 + 𝜋𝜋𝜋𝜋 −

𝜋𝜋2

2
−
𝜋𝜋3𝑖𝑖

6
+
𝜋𝜋4

24
+
𝜋𝜋5𝑖𝑖
120

−
𝜋𝜋6

720
−

𝜋𝜋7𝑖𝑖
5040

+ ⋯

𝑒𝑒𝜋𝜋𝜋𝜋 = �
𝑥𝑥=0

∞
𝜋𝜋𝜋𝜋 𝑥𝑥

𝑥𝑥! = 1 −
𝜋𝜋2

2 +
𝜋𝜋4

24 −
𝜋𝜋6

720 + 𝜋𝜋 −
𝜋𝜋3

6 +
𝜋𝜋5

120 −
𝜋𝜋7

5040 𝑖𝑖 + ⋯

cos 𝜋𝜋 sin 𝜋𝜋
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Euler’s Identity

𝑒𝑒𝜋𝜋𝑖𝑖 + 1 = 0



76

𝑎𝑎𝑏𝑏 𝑐𝑐 = 𝑎𝑎𝑏𝑏𝑏𝑏

23 4 = 23×4 = 212

−1 = 𝑒𝑒𝜋𝜋𝜋𝜋

−1
1
2 = 𝑒𝑒𝜋𝜋𝜋𝜋

1
2

−1 = 𝑒𝑒
𝜋𝜋𝜋𝜋
2

𝑖𝑖 = 𝑒𝑒
𝜋𝜋𝜋𝜋
2

𝑖𝑖𝑖𝑖 = 𝑒𝑒
𝜋𝜋𝜋𝜋
2

𝑖𝑖

𝑖𝑖𝑖𝑖 = 𝑒𝑒
𝜋𝜋𝑖𝑖2
2

𝑖𝑖𝑖𝑖 = 𝑒𝑒
−𝜋𝜋
2

𝒊𝒊𝒊𝒊 ≅ 𝟎𝟎.𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 ∈ ℝ 

𝑒𝑒𝜋𝜋𝜋𝜋 = −1

𝑖𝑖𝑖𝑖 = ?



Cartesian Coordinates
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Created by 
René Descartes 

in 1637



Polar Coordinates
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(𝒓𝒓 ∗ 𝐜𝐜𝐜𝐜𝐜𝐜𝜽𝜽, 𝒓𝒓 ∗  𝐬𝐬𝐬𝐬𝐬𝐬𝜽𝜽)

A radius and an angle (theta)
make a 2D polar coordinate



Polar Coordinates
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Angles are 
measured in

radians
(0 ≤ θ ≤ 2𝜋𝜋)



Polar to Cartesian Coordinate Conversion

• Your scientist wants you to draw a blue circle with a radius 
of 250 centered at the origin

• Solution strategy:
• Create a Numpy array of 1,000 equally spaced independent radian 

angle values spanning the interval 0 ≤ 𝜃𝜃 ≤ 2𝜋𝜋

• Create an array of dependent variable values - the 𝑥𝑥,𝑦𝑦  Cartesian 
coordinates - by invoking vectorized mathematical operators across 
the array of independent values

• Have Matplotlib "connect the dots" between successive 𝑥𝑥, 𝑦𝑦  
Cartesian points (drawing straight line segments between them) to 
make the plot appear smooth to the unaided human eye

80



Run plot_circle.ipynb – Cells 1…4

81
0 … 2𝜋𝜋



Run plot_circle.ipynb – Cells 5…7

82

⁄1 4 = 90° but 𝑦𝑦𝑚𝑚𝑚𝑚𝑚𝑚 < 250 : why ??1000
4 = 250

1000
2 = 500 ⁄1 2 = 180° but 𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚 > −250 : why ??



Run plot_circle.ipynb – Cell 8
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This looks like an ellipse, 
not a circle! 



Run plot_circle.ipynb – Cell 9
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plt.gca() gets the 
current axes object

This looks like a circle! 



Parametric Curves

85



Parametric Curves

86

The two parameters a, n 
are used to calculate the 

current radius 𝒓𝒓 as 
𝜽𝜽 sweeps the circle



Parametric Curves Using Polar Graphs

• Your scientist wants you to plot three parametric curves 
using the built-in polar graph capability of matplotlib

• Plot 𝑟𝑟1 = 4 + 4 cos 4𝜃𝜃

• Plot 𝑟𝑟2 = 3 + 3 cos 4𝜃𝜃 + 𝜋𝜋

• Plot 𝑟𝑟3 = 5 + 5 cos 3
2
𝜃𝜃

• Use 1,000 intervals equally spaced between 0 ≤ 𝜃𝜃 ≤ 4𝜋𝜋
• Before the computer shows the plots, can you predict ahead 

of time what each curve will look like?
• Developing a visual intuition for how functions behave is a 

very valuable skill that will aid you in future math classes

87



Run plot_rose_curves.ipynb – Cells 1…3

88



Run plot_rose_curves.ipynb – Cell 4

89



Parametric Curves Using Polar Graphs

90

𝑟𝑟1 = 4 + 4 cos 4𝜃𝜃

𝑟𝑟2 = 3 + 3 cos 4𝜃𝜃 + 𝜋𝜋𝑟𝑟3 = 5 + 5 cos
3
2𝜃𝜃

Why does this curve 
have four petals?

Why is this curve 
canted 45°?

Why is this curve canted 
120° and what did the 

denominator of 2 affect?



The Superposition of Waves

• Even just two simple sinusoids (waves) when placed in 
superposition (added together) can produce very 
complicated results

• Your scientist wants to study the behavior of this 
superposition: 𝑟𝑟4 = 7 + 7 sin 11𝜃𝜃 cos 5𝜃𝜃

• Plot 𝑟𝑟4 with a black pen over the interval 0 ≤ 𝜃𝜃 ≤ 4𝜋𝜋
• There is a trigonometry identity called the "angle product 

formula" that allows us to represent the superposition of 
two sinusoids as the product of their respective wave 
functions

91



The Superposition of Waves
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𝑟𝑟4 = 7 + 7 sin 11𝑡𝑡 cos 5𝑡𝑡

sin𝜃𝜃 cos𝜑𝜑 =
sin 𝜃𝜃 + 𝜑𝜑 + sin 𝜃𝜃 − 𝜑𝜑

2

Superposition7 + 7sin11𝑡𝑡 cos5𝑡𝑡 = 7 +
7
2 sin 16𝑡𝑡 + sin 6𝑡𝑡

Angle Product Identity

In classical wave theory, when waves overlap, 
their amplitudes add up linearly

𝜃𝜃 = 11
𝜑𝜑 = 5



Run plot_rose_curves.ipynb – Cell 5
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Even just two simple 
waves when added 

together can produce 
complicated results!



Parametric Curves
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Field Induced Polarization of Dirac Valleys in Bismuth*

*Bismuth is the element with the highest atomic mass that is stable

𝑟𝑟 = sin2
6
5𝜃𝜃 + cos2

6
1 𝜃𝜃



Random Walks

• Your scientist wants you to create a Python program to 
display the 2D Cartesian plot of a meandering walker

• The walker starts at the (0,0) origin and takes one step at a 
time

• At each step, the walker picks a random angle (uniform 
distribution) within the interval [0,2𝜋𝜋) and moves (from his 
current position) one unit of distance in that radial direction

• Your boss wants your program to show the entire journey of 
10,000 random steps in your plot

• On average, how far away (Pythagorean distance) from the 
start point will the walker stop?

95



Run random_walk.ipynb – Cells 1…4
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Run random_walk.ipynb – Cell 5

97

x[i], y[i] = Where you are currently at

x[i+1], y[i+1] = Where you will be at after taking this step

In 2D Cartesian Coordinates:



Run random_walk.ipynb – Cell 6
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Random Walks

99

Start

Stop

Average final distance = 

Albert Einstein
(1879 – 1955)

= Number of Steps
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Robert Brown
(1773 – 1858)



101
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Most of Science is Waves

• Electrical
• Magnetic
• Acoustic
• Heat Flow
• Vibrational
• Torsional
• Nuclear / Quantum
• Gravitational
• Oceanic / Tidal
• Orbital Precession
• Springs

• Pendulums
• Tomography
• Stock Market
• Economics
• Astronomical
• Fluid Dynamics
• Earthquakes
• AC / DC
• AM / FM
• Speech
• Heartbeats

It is important that you develop a keen
 understanding of the mathematics of waves!

Biology

Chemistry

Physics

Math



Traveling Waves & Superposition
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𝑦𝑦1 = 𝐴𝐴1 sin 𝑘𝑘1𝑥𝑥 + 𝜔𝜔1𝑡𝑡

𝑦𝑦2 = 𝐴𝐴2 sin 𝑘𝑘2𝑥𝑥 + 𝜔𝜔2𝑡𝑡
𝜆𝜆 =

2𝜋𝜋
𝑘𝑘
→ 𝑘𝑘 =

2𝜋𝜋
𝜆𝜆

𝑓𝑓 =
𝜔𝜔
2𝜋𝜋

→ 𝜔𝜔 = 2𝜋𝜋𝑓𝑓

𝑦𝑦1 = 𝐴𝐴1 sin 𝑘𝑘1𝑥𝑥 + 𝜔𝜔1𝑡𝑡 = 𝐴𝐴1 sin𝑘𝑘1𝑥𝑥 cos𝜔𝜔1𝑡𝑡 + 𝐴𝐴1 cos𝑘𝑘1𝑥𝑥 sin𝜔𝜔1𝑡𝑡

𝑦𝑦1 + 𝑦𝑦2 = ?

𝑦𝑦2 = 𝐴𝐴2 sin 𝑘𝑘2𝑥𝑥 + 𝜔𝜔2𝑡𝑡 = 𝐴𝐴2 sin 𝑘𝑘2𝑥𝑥 cos𝜔𝜔2𝑡𝑡 + 𝐴𝐴2 cos𝑘𝑘2𝑥𝑥 sin𝜔𝜔2𝑡𝑡

𝑦𝑦1 + 𝑦𝑦2 = sin𝑘𝑘1𝑥𝑥 + sin𝑘𝑘2𝑥𝑥 = 2 sin
𝑘𝑘1 + 𝑘𝑘2

2 𝑥𝑥 cos
𝑘𝑘1 − 𝑘𝑘2

2 𝑥𝑥

Simple Case: 𝐴𝐴1 = 𝐴𝐴2 = 1,𝜔𝜔1 = 𝜔𝜔2 = 0

𝑦𝑦1 = sin 𝑘𝑘1𝑥𝑥 cos0𝑡𝑡 + cos𝑘𝑘1𝑥𝑥 sin 0𝑡𝑡

𝑦𝑦2 = sin𝑘𝑘2𝑥𝑥 cos 0𝑡𝑡 + cos𝑘𝑘2𝑥𝑥 sin 0𝑡𝑡

SUM PRODUCT

Angle 
Sum 

Identity



Travelling Waves & Superposition
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But what if the two waves are oscillating at 
different angular velocities or have different 

amplitudes, or different wave numbers?



Run traveling_waves.ipynb – Cell 1
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Unlock IPython's
Magical Toolbox for 
Your Coding Journey

ReadTheDocs: 
IPython's Display 

Module

Jupyter Notebook: 
An Introduction

Animations using Matplotlib

https://realpython.com/ipython-interactive-python-shell
https://realpython.com/ipython-interactive-python-shell
https://realpython.com/ipython-interactive-python-shell
https://ipython.readthedocs.io/en/stable/api/generated/IPython.display.html
https://ipython.readthedocs.io/en/stable/api/generated/IPython.display.html
https://realpython.com/jupyter-notebook-introduction
https://realpython.com/jupyter-notebook-introduction
https://matplotlib.org/stable/users/explain/animations/animations.html#sphx-glr-users-explain-animations-animations-py


Run traveling_waves.ipynb – Cell 2
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𝑦𝑦1 = 𝐴𝐴1 sin 𝑘𝑘1𝑥𝑥 + 𝜔𝜔1𝑡𝑡

𝑦𝑦1 = 1 sin 1𝑥𝑥 + 1
16𝑡𝑡

𝑦𝑦1 = sin 𝑥𝑥 + 1
16𝑡𝑡

𝑦𝑦2 = 𝐴𝐴2 sin 𝑘𝑘2𝑥𝑥 + 𝜔𝜔2𝑡𝑡

In this 
notebook, 

we will only 
change the 
parameters 
of Wave #2



Run traveling_waves.ipynb – Cell 3
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You *must* use the global keyword to 
specify any global variables you 

intend to modify inside a function

The  variable has 
a revised “time” 

value, so we need 
to recalculate the 
waves  and 

The  array always 
spans 



Run traveling_waves.ipynb – Cell 4
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Run traveling_waves.ipynb – Cell 5
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𝐴𝐴1 = 1,𝑘𝑘1 = 1,𝜔𝜔1 = ⁄1 16
𝐴𝐴2 = 0,𝑘𝑘2 = 0,𝜔𝜔2 = 0
𝐴𝐴3 = ⁄𝐴𝐴1 + 𝐴𝐴2 2

It can take 30 seconds 
to calculate BEFORE 

anything shows up on 
the screen

Press the play button 
(right-facing triangle) 

to begin the animation

Press the + button to 
speed up the 

animation



𝐴𝐴1 = 1,𝑘𝑘1 = 1,𝜔𝜔1 = ⁄1 16
𝐴𝐴2 = ⁄1 2 , 𝑘𝑘2 = 1,𝜔𝜔2 = ⁄1 16

𝐴𝐴3 = ⁄𝐴𝐴1 + 𝐴𝐴2 2

Run traveling_waves.ipynb – Cell 6
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𝐴𝐴1 = 1,𝑘𝑘1 = 1,𝜔𝜔1 = ⁄1 16
𝐴𝐴2 = 1,𝑘𝑘2 = ⁄1 2 ,𝜔𝜔2 = ⁄1 16

𝐴𝐴3 = ⁄𝐴𝐴1 + 𝐴𝐴2 2

Run traveling_waves.ipynb – Cell 7
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Run traveling_waves.ipynb – Cell 8

112

𝐴𝐴1 = 1,𝑘𝑘1 = 1,𝜔𝜔1 = ⁄1 16
𝐴𝐴2 = 1,𝑘𝑘2 = 1,𝜔𝜔2 = ⁄1 8

𝐴𝐴3 = ⁄𝐴𝐴1 + 𝐴𝐴2 2



Run traveling_waves.ipynb – Cell 9
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𝐴𝐴1 = 1,𝑘𝑘1 = 1,𝜔𝜔1 = ⁄1 16
𝐴𝐴2 = 1,𝑘𝑘2 = 1,𝜔𝜔2 = ⁄−1 16

𝐴𝐴3 = ⁄𝐴𝐴1 + 𝐴𝐴2 2



Run traveling_waves.ipynb – Cell 10
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𝐴𝐴1 = 1,𝑘𝑘1 = 1,𝜔𝜔1 = ⁄1 16
𝐴𝐴2 = 1,𝑘𝑘2 = 1,𝜔𝜔2 = ⁄−1 16

𝐴𝐴3 = ⁄𝐴𝐴1 + 𝐴𝐴2 2



3D Cartesian Coordinates in matplotlib
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0,0,0



Viewing Angles in matplotlib
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Default view angles:

𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚 = −60°

𝐞𝐞𝐞𝐞𝐞𝐞𝐞𝐞 =  30°



Poloidal and Toroidal Angles
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 radius of sphere

0 ≤ ≤ 𝜋𝜋 ⟹ poloidal (latitude)
North to South Pole (vertical)

0 ≤ ≤ 2𝜋𝜋 ⟹ toroidal (longitude)
Around the slice (horizontal)

= radius of slice

𝑧𝑧 = cos
= sin

𝒚𝒚

𝒙𝒙

𝑥𝑥 = sin
𝑦𝑦 = cos

𝒛𝒛

𝑥𝑥 = sin𝐮𝐮 sin𝐯𝐯
𝑦𝑦 = sin𝐮𝐮 cos𝐯𝐯
𝑧𝑧 = cos𝐮𝐮

For a unit sphere 
where  =  



Matrices and Outer Product

118

𝐚𝐚⨂𝐛𝐛 =

𝑎𝑎1𝑏𝑏1 𝑎𝑎1𝑏𝑏2
𝑎𝑎2𝑏𝑏1 𝑎𝑎2𝑏𝑏2

⋯ 𝑎𝑎𝑏𝑏𝑛𝑛
𝑎𝑎2𝑏𝑏𝑛𝑛

⋮ ⋱ ⋮
𝑎𝑎𝑚𝑚𝑏𝑏1 𝑎𝑎𝑚𝑚𝑏𝑏2 ⋯ 𝑎𝑎𝑚𝑚𝑏𝑏𝑛𝑛

𝑥𝑥 = sin𝐮𝐮 sin𝐯𝐯
𝑦𝑦 = sin𝐮𝐮 cos𝐯𝐯
𝑧𝑧 = cos𝐮𝐮

𝐮𝐮 = (𝑢𝑢1,𝑢𝑢2,⋯ ,𝑢𝑢𝑚𝑚)
𝐯𝐯 = (𝑣𝑣1, 𝑣𝑣2,⋯ , 𝑣𝑣𝑛𝑛)

𝑥𝑥 = sin𝐮𝐮⨂ sin 𝐯𝐯
𝑦𝑦 = sin𝐮𝐮⨂ cos 𝐯𝐯
𝑧𝑧 = cos𝐮𝐮⨂𝟏𝟏 For a unit sphere 

where  =  

Outer Product of Two Vectors



Run plot3d_sphere.ipynb – Cells 1..3
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Run plot3d_sphere.ipynb – Cell 4
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Run plot3d_sphere.ipynb – Cell 4
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Spherical Coordinates

= radius of slice

0 ≤ ≤ 𝜋𝜋 ⟹ poloidal (latitude)
North to South Pole (vertical)

0 ≤ ≤ 2𝜋𝜋 ⟹ toroidal (longitude)
Around the slice (horizontal)



Run plot3d_sphere.ipynb – Cell 5
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Check plot3d_sphere.ipynb – Cell 5
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Check plot3d_sphere.ipynb – Cell 5

Top-Down
View



What is a vector?
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𝒂𝒂𝒙𝒙 𝒂𝒂𝒚𝒚 𝒂𝒂𝒛𝒛 are the 
components of

vector 𝒂𝒂

𝒂𝒂𝑥𝑥 = 𝑃𝑃𝑃𝑥𝑥 − 𝑃𝑃𝑃𝑥𝑥
𝒂𝒂𝑦𝑦 = 𝑃𝑃𝑃𝑦𝑦 − 𝑃𝑃𝑃𝑦𝑦
𝒂𝒂𝑧𝑧 = 𝑃𝑃𝑃𝑧𝑧 − 𝑃𝑃𝑃𝑧𝑧



What is a vector?
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❶

⓿

❷

How do we avoid 
drawing the facets 

which are on the back 
of the sphere?



Vector Cross Product
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The cross product of two 
vectors is another vector 
which is perpendicular to 

both vectors A and B



Every Facet has a Surface Normal Vector
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Vector Dot Product
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The dot product 
gives the angle 

between two vectors



Back Face Culling and Facet Shading
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Camera  / Eye 
Location

𝑛𝑛

𝜃𝜃



Run plot3d_sphere.ipynb – Cell 6
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Check plot3d_sphere.ipynb – Cell 6
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Check plot3d_sphere.ipynb – Cell 6
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Modelling a Torus

• Your scientist would like to begin 
modelling the electromagnetic field 
around a toroidal coil carrying AC current

• The first step will be defining and drawing 
a 3D torus using a modified version of the 
spherical coordinate system

• The red arrow points in the poloidal 
direction and the blue arrow points in the 
toroidal direction

• A sphere and a torus are not 
homeomorphic: unlike a sphere, a torus 
needs two radii to fully describe it
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Modelling a Torus
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(𝑧𝑧)

𝑥𝑥 = + sin𝐮𝐮 cos 𝐯𝐯
𝑦𝑦 = + sin𝐮𝐮 sin𝐯𝐯
𝑧𝑧 = cos𝐮𝐮

Note: 



Modelling a Torus
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(𝑥𝑥,𝑦𝑦)

𝑥𝑥 = + sin𝐮𝐮 cos 𝐯𝐯
𝑦𝑦 = + sin𝐮𝐮 sin𝐯𝐯
𝑧𝑧 = cos𝐮𝐮

Note: 



Run plot3d_torus.ipynb – Cells 1..3
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Run plot3d_torus.ipynb – Cell 4

139

𝑥𝑥 = + sin𝐮𝐮 cos 𝐯𝐯
𝑦𝑦 = + sin𝐮𝐮 sin𝐯𝐯
𝑧𝑧 = cos𝐮𝐮



Run plot3d_torus.ipynb – Cell 5
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Check plot3d_torus.ipynb – Cell 5
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Run plot3d_torus.ipynb – Cell 6
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Check plot3d_torus.ipynb – Cell 6
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Session 01 – Now You Know…

• Create numerical arrays and plot polynomials
• Estimate and plot infinite series to visualize convergence

• Calculate Euclid’s GCD (HCF) of pairs of random integers
• Calculate the 2nd central moment of uniform distributions

• Demonstrate Euler’s Identity for Complex Numbers
• Use Polar Coordinates to draw parametric curves and 2D 

random walks

• Plot the superposition of two waves to create traveling and 
standing waves

• Use trigonometry to draw a 3D sphere and torus
144
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