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BV Quantization and Index Theory

Quantum Field Theory
Homological Algebra <> Index Theory
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Let us first explain how some notions of homological algebra in
noncommutative geometry arise naturally in quantum field theory.

Hochschild-Kostant-Rosenberg ~ Renormalization Group Flow
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Warm-up Example

Let A =R[q', pj] be polynomials on the phase space R?". We have

ARAR - QA=A

@A - ®fm— fhofi---fy

Let me first explain how to promote this to a S'-quantum product
e fm—= (HHh® - Qs
via quantum mechanics on the phase space

St RrR?"
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Let us denote the fields

(Q'(1),Pi(1)) : ' — R*"
The action is the standard
SI@.F = [ P(o@iode
51

The equation of motion

d d i
EP,-(t):O EQ (1)=0

describes constant maps (zero modes)

Q) =4, Pit)=pi

which can be viewed as the classical phase coordinates.
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We define the S'-quantum product by
(B A® @ fa)si(dp) ::/ dt, - dtm
to=0<t; <+ <tm<1

/[DXDP]G;S[X’P]@((] + @(t()), p + ]P)(t())) e fm(q + Q(tm)a p + P(tm))

() fo(to) £ (tn)

J

th=0<t; < - <tp<T

fi(ti)

Here the path integral is over the non-zero modes. What kind of
structure does this S'-quantum product have?
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A: associative algebra. Hochschild chain complex

(Co(A).b) =+ Co(A) B Cpi(A) = -+ = CL(A) 2 Co(A)

where
Cp(A) := ADPT

The Hochschild differential b is

blag® - - ®ap) =apa1 @ - Qap—aQaja - apt+
()Pl Ra ® - ®ap 13, + (—1)Papan @ - @ ap-1.

N\

Hochschild Homology HHo(A) = Ho(Co(A), b)
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Let A=R[x},---,x*"] on the phase space R?>". Here
G =xt =X p=xX"TL e py =20
Consider
0 : (C(A), b) = ( Envo)
HhORR - ® fn %Z f00i fi Oy XY X

:ﬁfodfl/v--/\dfm

Hochschild-Kostant-Rosenberg: ¢ is a quasi-isomorphism

HH.(A) = 93,

In general, Hochschild Homology = noncommutative diff forms.

8/25



It is now natural to quantize ¢ to a map o" by

MHRAR - Qfn) =D (HRI - @0, f)gdxt - ddm

o

On the other hand, we have the canonical quantization

A B W, = (RX[A], )

n -

Here x = Moyal product.

These two quantizations are related by the following
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Theorem (Gui-L-Xu, 2021)
The quantized map o leads to chain homotopies

o G(W5) = 93,(h)
b — hA = hﬁw—l
B — d2n
This is BV quantum master equation: (b+ hA) (=) = 0.

» Passing to cohomology = Feigin-Felder-Shoikhet trace

» (—)s can be glued on a symplectic manifold. Coupling with
Gauss-Manin-Getzler connection leads to the algebraic index
theorem [Fedosov,Nest-Tsygan|

» (—)s1 on symplectic orbifolds (L-Yang 2024)
» Stochastic approach ([L-Wang-Yang] in preparation)
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2d Chiral CFT and elliptic chiral index
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1d TQM

|

2d Chiral CFT

|

51

by

Associative algebra

Vertex operator algebra

Associative product

\?1*(92

N

Operator product expansion

01(z2)O2(w) ~ zn:

Ol(n) Os (W)

(z—w)n+1
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Example: 5y — bc system

Sig.)= [0y slb.d = [ boc

The VOA VP7=b¢ of B~ — bc system is the chiral analogue of
Weyl /Clifford algebra.

B(2)v(w) ~ treg.  b(z)c(w) ~

+ reg.
zZ—w zZ—w

It gives rise to a chiral algebra (in the sense of Beilinson and
Drinfeld) A%Y=b¢ = VA1=b¢ @, wx on a Riemann surface X = ¥.
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Elliptic chiral complex

Beilinson and Drinfeld defined the chiral homology for general
algebraic curves using the Chevalley-Cousin complex. Intuitively
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Theorem (Gui-L, 2021)
Let E; = C/Z @ Zt. We can construct for 3y — bc system

(—)e s CMEr AT) = Ag((h)

which intertwines the chiral differential d.,, with hA. Precisely

(O18:+ @ Os)gi= | (Or(z)+Onlz)

2

» Ag are functions on zero modes (=copies of H*(E;, Ok, )).
» (—)gis a quasi-isomorphism. Chiral analogue of HKR.
» (O1(z1) - On(z,)) is local correlation (via Feynman rules).

» { is the regularized integral [L-Zhou, CMP 2021].
> ’The BV trace leads to Witten genus ‘: elliptic chiral index.
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Elliptic chiral index (after Douglas-Dijkgraaf)

The partition function of a chiral deformation of conformal field
theory by a chiral lagrangian L is given by

(459,

If we quantize the theory on the elliptic curve E,,

1 .
lim {erde £) = Ty gtosien § 9L = i
E LAY T

T—00

where the operation lim sends
T—00

almost holomorphic modular forms =  quasi-modular forms.

This can be viewed as a chiral algebraic index.
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Theorem (L-Zhou, CMP 2021)

][" (Hii’) (O1(z1) - On(z)) g lies in OH[;T]
™ 1

=

Let Ai,---, A, be n disjoint A-cycles on E.. Then

. ' . dQZ,‘
= n' Z dzg(l) . /A dZO-(,,) <Ol (Zl) - On(zn)>E

o€ESy

In particular, fE,, gives a geometric modular completion for

quasi-modular forms arising from A-cycle integrals.
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Holomorphic Anomaly Equation

Theorem (L-Zhou, CMP 2023)

GY][H U= i Oy¥ — Z ][n{a} Resz,—z,((za — zp) V) .

a,b: a<b

s
imT"

Here W is an almost-elliptic function, and Y = —

This HAE answers a problem by Dijkgraaf. It also imply the
Yamaguchi-Yau type HAE for A-cycle integrals as described by
Oberdieck-Pixton.
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Algebraic Index vs Elliptic Chiral Index

1d TQM 2d Chiral CFT
Associative algebra Vertex operator algebra
Hochschild homology Chiral homology

BV QME: BV QME:
(hA + b)(—)1da =0 (hA + deh)(—)24 =0

(01 ® -+ ® Op)14 =integrals
on the compactified
configuration spaces of S'

Algebraic Index Elliptic Chiral Algebraic Index

(01 ® -+ ® Op)aqg =regularized
integrals of singular forms on X"

Joint work with Zhengping Gui. arXiv:2112.14572 [math.QA|]
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Application: Mirror symmetry

Mirror symmetry is about a duality between

‘symplectic geometry‘ (A-model) <= ‘ complex geometry‘ (B-model)

Fourier transform

fMap(Eg,X) (A—model) fM&p(Eg,X’) (B—model)

llocalize Iocalizei
299

fHoIomorphic maps(Xg,X) =T - - - fConstant maps(Xg,X’) ©°°

ﬂ ﬂ

Gromov-Witten Theory Hodge theory
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>

[Bershadsky-Cecotti-Ooguri-Vafa, 1994]: B-twisted
topological closed string field theory on Calabi-Yau 3-fold

= Kodaira-Spencer gravity.

[Costello-L, 2012,2015,2016] B-twisted topological closed
string-field theory on general Calabi-Yau. Coupling with
Witten's holomorphic Chern-Simons in the large N limit

— open-closed BCOV

in the sense of Zwiebach. BV quantum master equation gives
Anomaly cancellation mechanism for B-twisted top strings.

(D)) =+ Q)+
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Example: Elliptic Curves

Quantum BCOV theory on elliptic curves is completely solved (L,
JDG 2023) by the chiral deformation of free chiral boson

VV(k+2 3¢)
S= [ 0pADp+ n
/ ;O/k k+2

where

Wk (8z¢) = (az¢)k + O(h)

are the bosonic realization of the W .-algebra.
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Example: Higher genus mirror symmetry on elliptic curves

» Quantum BCOQV invariants on elliptic curves via chiral index

1 wik+2)
1 A > f'nk‘izpj‘
|ndBCOV(E7-) — Tr qLO*ﬂe k>0
Here WA®) are bosonic generators of the W/ 4 oo-algebra.

» Coincides with the stationary GW invariants on the mirror
computed by Dijkgraaf and Okounkov-Pandharipande

Theorem : | IndBOV(E,) = <Stationary>(,;3w

In this case, we find [L, JDG 2023]

Quantum Mirror Symmetry=Boson-Fermion Correspondence
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Gauge theory at large N = Dynamics of Gravity

closed string

O open string

(Gravity) (Gauge Theory)

D-brane

[Costello-L]: Open-closed BCOV leads to the conjectured relations
» BCOV = Twisted Type IIB supergravity

» Open and closed strings are coupled via fashion of Koszul dual

QME = MC(open ® closed)

[Gui-L-Zeng, 2022]: a Koszul duality for quadratic chiral algebras
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Thank you!
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