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Early attempts: Wheeler-DeWitt equation(s) vs Schroedinger equation,
problem of time, etc.

Quantum gravity and Dirac quantization of constrained systems. Dirac
guantization is incomplete

Batalin operator quantization within BFV formalism

Dirac quantization as truncation of BFV formalism: projector on the physical
states, physical inner product and path integration

Semiclassical approximation: geometry of Dirac-BFV formalism, operator
realization of constraints

Lagrangian versus canonical formalisms: one-loop approximation

Quantum cosmology: density matrix of the Universe vs no-boundary
wavefunction



50-ies and early 60-ies: quantum gravity and Dirac quantization
of constrained systems

Hamiltonian and momentum constraints Hy, = H | (x), H;(x)

Wheeler-DeWitt equation(s):

Functional coordinate representation of Hamiltonian
and momentum constraints
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Schroedinger equation from Wheeler-DeWitt equation(s)

z’%ﬂ/(t)) = Alv(t)) <= H,¥[3>,¢]=0

First attempts to extract time and Schroedinger equation
from the Wheeler-DeWitt equations (DeWitt (1967),
Lapchinsky-Rubakov (1977))

Semiclassical
T — frgrav frmatter gravity factor
H, =0+ 0]

7[3,61 =exp (5[] ) [#134])
P

— 3
‘ L'D(t) > — ‘ I_P[ 'Yab(t) ]> quantum state of matter
/ parametrically depending on
. : 3-metric
Classical solution

V.G. Lapchinsky,V.A. Rubakov,
Acta Phys. Polon. B10 (1979) 1041

of vacuum Einstein
equations

ﬁuLD[3fy,¢]:O :>
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| W (t) ) = Hmatter| ¥ (t) >+O(1/M1%) ﬁ graviton loops

Hmatter = /d3m (NLﬁinattef + Naggwatter)

Semiclassical expansion in l/MI% no back reaction, tree-level gravitational field as a

whole — source of time evolution



Classical theory of gauge constrained systems: canonical
formalism

In GR --- Dirac, Arnowitt-Deser-Misner (ADM)

—Hy,(q,p) =0

constraints

¥ oS
S=/dt{piq’—Ho(q,p)—N“Hu(q,p)} = E =
]

ADM surface integral
(O in spatially closed
cosmology)

DeWitt condensed notations

¢ = 7ap(x), 6(x),  pi = 7(x), py(x)

In GR: pid' = [ d (2P ()30 (x) + po()6(x)
NFH,, = f @3z (N () H | (x) + N°(x) Ha(x))

Constraints algebra {Hu,Hy} = U,,)L‘UHA,
(first-class constraints) {Ho, H)} = Ué\yHA




Local gauge invariance of the action:

canonical transformation 5'7: g :{ g aHu}]:”
A
non-canonical Farh — 1 7 ajarB _ prk v
07Nt = F* — UL NOF — U, F¥ |
local parameter

Orbit of gauge

transformations

(g1,

Gauge fixation — choice of the
representative of the equivalence
class on the orbit of gauge group
by imposing the gauge

x"*(g,p) =0

Surface t o ot for uniqueness of the representative
urrace transverse 10 orbl :

(choice of a representative) should b_e Indep_en_dent of the
Lagrangian multipliers




87 xt = {x", Hy}F" # 0 — Jl} = det{x", H,} # 0

\ )
|
Canonical Faddeev-

Popov operator is

invertible
Recovery of unigue Lagrange
multipliers
d
o Xap) =X Hob + {(XF, HUpNY =0 — NF =

The inverse of Faddeev-

Popov operator

=

_J_lilj{xua HO}

t+ For Hgpy = 0 lapse and shift functions should be nonzero ---

iy, Mmoving in spacetime spatial section (%)

t SM = a(t)
explicitly time-dependent gauge X”(Q) =0

4

— x"(q,t) =0

ox”

Nt = _—J 0= £0
v 8t #

This is the problem of frozen time formalism and its solution



More general theories --- hierarchy of structure functions

(8
HIJ»; U‘LC[,YV — G — {H/JJ U'((fya UMVB)\a } E.S.Fradkin, T.Fradkina

Batalin, Fradkin, Vilkovisky
{Hyu,{Ho, Hy\}} + cycle(p,0,X) = 0

Mechanism of origin of higher
order structure functions

Y

{Hu, UGy} + UfAUﬁﬁ + cycle(p, 0, A) = UﬁfAHﬂa Uﬁf,\ = - 53/\



Dirac quantization scheme

Quantization (Q7p7 HLMHO) — (Ej:ﬁa ELL7HO)

Quantum Dirac constraints H,(q,p) =0 — H| g[/> = 0.

Poisson bracket algebra {Hy, Hy} = Uiz\vH}\ — [Hy, H)) = iﬁfjﬁyﬁ)\,
to operator algebra {Ho,H,} = Uc))\uH)\ — ...

Consistency conditions

(generalization of FI I::T — ’LhU/\ I’_‘I
Poisson bracket algebra) [ Ho V] MI&

Stands to the left of constraint
operators

Higher order structure Uo‘ﬁ RN Uo‘ﬁ
functions P’ VA’

[H,, U] + iﬁfjf)\fjﬁ“ﬁ + cycle(p, 0, A) = ihUszFf@, Uﬁf,\ = —UE;IA



Beyond classical theory --- quantization?

No Hamiltonian, no time, no Schroedinger equation, no inner product, operator
ordering ???

WDW equation is the "'most useless” equation in theoretical physics?
Dirac quantization scheme is not complete !

H,|w)=0 — ¥(q) ~6(H,)P(q)
For instance, problem of
physical inner product @

5
(W'Iw)physi/dqlp'*(qw(q) ~ /dQ[é(ﬁu)}z = 00

Resolution of these difficulties --- BFV




Batalin operator quantization within BFV formalism

Canonical relativistic phase space:

¢,p; — QY Pr=q' p;; N* ., lC"““,Pu; C’M,ﬁ“”,
||
ghosts

(R, Pl =id6h, n=1

[A,B] = AB — (—1)"n(B)p 4
Grassmann parity: n(q) =n(N) =0, n(C)=n(P)=n(C)=n(P)=1

1Q) =1la.N,C,0)), QN =Q'Q), PW@Q =(Q|¥)),

BFV inner
product:

(211192)) = [ dQ#1*(Q) 2(Q)

Hermiticity: CHM = CH, PIZ = —Pu, = —Cl, pHT = pH

1.
H



Nilpotent Grassmann BRST operator

[(2,0]=20°=0

~ _ _ 1 . ~ ~
2 =maP"+ CMHy + CrCrUN P+ ..., 2T=20

_ _ 1 _
Unitarizing Hamiltonian He = Ho+ —[2, 2]

I

BRS extension of Hg, [Ho,2] =0

—

Gauge fermion ® = P,N* + Cuxt(q), n(®) =1



0 - SN _
Unitary evolution operator ihaU@(t,t_) = HeUqp(t,t—), Ugp(t—_,t_) =1

Physical states Q1|¥)) =0

Main property: gauge [2,Ugs(t,t_)] =0
independence of physical

matrix elements @

QU ¥12) =0 —  Ie((P1||Ug(t4,t-)||¥2)) =0

Path integral representation
Up(ty,Q4|t—,Q-) = {(Qy||Us(t4,t-)[|Q-))

— / D[Q, P] exp {z’/t+ dt (PIQI—’HO— {®, Q})}

Q)=+ " Pl

BRS extension
of HO

quantum
measure

Liouville measure  D[Q,P]=]]dQ(t) [[dP(*)
t t*



Dirac quantization as truncation of BFV formalism

19)) = [[2)) =1®))+ 2||2))

Batalin-Marnelius
cauge fixing o 1E)) = ([T
Pull Cpn)) =0, N¥|[|¥Ryr)) =0

&

Quantum Dirac | N _ N .

constraints 0= z [Qa PHJ] || WBM)) — (H,u + CVU,i\MP)\) || wBM)) — HM || WBM)))
Independence of [0, N | ) = -2 Wpg(Q) =0, 2 Wp(Q) =0
ghosts ’ oCH © a0y,

Y pp(Q) = (q|¥)d(N) =¥(q)(N),
Truncation:

BFV to Dirac - Dirac
QU@ =0 — HW(g =0 wavefunction




Physical inner product

/dQ|WBM(Q) 2 N/dN [5(N)]2/dC‘dC_’=oo x0 ?

,02
Gauge independent (1)) phys = <<!’ij'5’1\/1’||€[ ’ ]||5pBM)>

regularization of inner

~ e A ~ 0
product (2,18, 011 =0, 2[|@py) =0 =~ (¥'||#))pnys =0
Gauge fermion and > 0L A e SRR TP
Faddeev-Popov operator =P N+ Cux" = J, = i (X", Hy]

Physical inner product (2|9 pnys = [ daW"*(@) 1T (4, 5) W(q) = (¥'| NI | )

operator-valued measure



Physical inner product measure in the coordinate gauges (q-gauges)

. — i TR Lo i
N = / AN dC dC 5(N) e CrnlvC"+X5Nm 5(N)
- / dr dC dC e~ 1Cndv CV+imux!

=3(x) det 7Y (14+0([x,7]))

\i multi-loop corrections

(219 )piys = [ da¥(a) 6(x(@)) det Tt ¥(q) + O(1)




Projector on the space of physical states and path integral

w(q) = [dN®(g,N,C,O)| _,

Ulay,q-) = [ ANy AN-Us(ty, Qylt-,Q-) |, g

U(g4,9-) = (P4 Ug(t4,t-) || P-)),
¥i(q,N,C,C) =0(q —q+)0(C)6(C), Fal[P+)) =0, 2|¥4))=0

Gauge and time 0pU(q4,9-) =0
independence .0 |
P i U@ 0-) = (U]~ [8, 2] gty 1) | #-)) = 0
t_|_ /)
Quantum Dirac constraints ﬁ“U =0, ﬁL =0

Projector on N _ _
the space of Ulq,q)=(q|U|q), U= constx []8(,)
il

physical states



Choice of gauge fermion = m ey
for relativistic gauge: ¢ =PuN"+ Cux

by

U(g+,4-) = /D[Q,P] exp i/dt (pid’ — N"Hy + PuC* + PuC*
t—

(6 — )~ LI CF — PuP + U NPC)

q(t+)=q4, C1=0
relativistic gauge N4 integrated over
conditions

Transition to unitary gauge: I

. A uo X _ -
equivalence to quantization X" —~—, my—emny, Cy,—eCy, €—0
in a physical sector €

U(g4,q9-) = f D[gq,p] DN (t Ht t(S(X) det Jﬁ) exp [i/:+ dt (piqi — N”HH)}
>t>t -

\ )
I

Faddeev-Popov gauge-fixing
factor (missing at ti)

q(t+)=q+




Semiclassical approximation

Operator realization in coordinate representation

?

. h
A, = N {1+ Sz, + O(hQ)} ,
/\

Weyl ordering

semiclassical Weyl symbols

Ao 2 V.Krykhtin & A.B., Class.
—U O(h y :
pHra +007) Quantum Grav. 10 (1993) 1957

. 1h
U5, = Nw {U,i‘,,

A.B. Class. Quantum Grav. 10
(1993) 1985; gr-qc/9612003

Geometrical propertries of this realization ?



Covariance under diffeomorphisms of g-space

Contact canonical transformations
In phase space

¢ =q'(qd), pi=py

o' |12

E]

1/2

Y-weight density

8qk’
9q*

G = NwG(q,p)

, G(¢,p) =G'(d,p)

~

—~—~

Weyl symbol of G

A.B., gr-qc/9612003

() & (Wll) = [ dgwi(@)a(e) = (¥wh),



Transformation of the constraint basis
H, =Q} Hy,, Q,=%}(q,p), detQ}, #0,

¥ Ql/Q? |LU’> — Q_1/2| LU>,

Invariant physical observables

{Ofv HM} — U}\MH)U
{07,0;} = U%’JOL -+ U?JH)\, U}’J = const

O — @7 [@Ia gﬂu] — ihUje\uﬁ)\r

~ h h
Oy = NW {OI + ZUI)\)\ + ZUj]J + 0(52)} )

zh

U?ﬂzNW{UI)\,u IMU—I_O(hQ)}

A.B., gr-qc/9612003



Semiclassical solution of quantum Dirac constraints

one-loop prefactor

Z z.
U(q,q) = | P(g,4") + O(h) | exp lﬁs(q,q')]

( HM(Q,BS/aQ) =0, Hamilton-Jacobi equation
A,U(q,d)=0 =

0 P2\ — 7T P2  —
Z(ViP?) =UNP?, V), =

\ )
!

“continuity” equations

\




S g 928(a,4) 9
egenerate matrix:  S;pr = 8¢ OgF BV

Hy(q,08/0q) =0

OH, (¢, p")

' K K _—
Vil =0, SipVy =0, Vy = —
pk pf:_as/aq”

_ oxt _ ox"(d
Sie = Fyr = Sipr + X5 cuv X, Xi = %—q(f), X = %, Cuuv
— E— \ Y J
gauge-breaking term gauge matrices

detF. ] Lz A.B. Phys.Lett.

Solution of continuity equation P(q, q ) — { T T dete B 241 (1990) 201
uy

— Mt
J= detJﬁ(q) 7 0, JTI;L(Q) = X VITL/’ Faddeev-Popov determinants for
J =detJi(¢) #0, JH(J) = xij;"f gauges x*(q),x"(¢)

Recognize in this expression the analogue of the one-loop effective action with the contribution
of the Faddeev-Popov determinant.



Properties:

1) gauge independence of the prefactor
0xP(q,4) =0, 6.P(q,q)=0

2) closure of the Lie bracket algebra

ovk 0V}

) — 77X vk
ViZIY v,@a—qi = Uy, vk

H aqi

3) the “continuity” equation for the prefactor

0 i p2 A p2




Hamiltonian reduction to the physical sector

S = /dt {pid' = Ho(g,p) = N*Hu(q,p)}, i=1,.m, p=1,.m

| J
I

formal counting (in field theory
Solution of first-class constraints and gauges always both are infinite)

(ultralocal in time, but nonlocal in space)

H,(q,p) =0 o
g O

piZPi(gAaﬂ-A)a A= 1,n—m

x"(q,p) =0
n — m = F£ physical degrees of

freedom
— i\
Sphys[gaﬁ] — /dt {WAf _thys(faﬁ)}
e’ (&, 7, t)

thys(fa T) = Ho (6(5,77), (3 ﬂ-)) - Fi(&, ) ot x

if x"=x"(q,p,t)
— et = el (&, m,t)




Hamiltonian reduction and semiclassical inner product

“Moving” physical subspace S(t) ¢t = €&, t), xM(e(Et),t) =0

"¢ = d"q5((x(q,1)) M§
measure factor

g=e(&,t), '=e(€'t))

Physical Hamilton-Jacobi S(t,§|t',£’) = S(q, q’)
function

828 (¢, €|, € det He¥

oeAogB” T T peA geB’ ‘q=e(£,t), ¢=e(€ 1))

Semiclassical unitary evolution operator
in the physical sector (Pauli-Van Vleck)

i 925(, )Y, ¢)

V2 LSt el
I e\ — h ) ’
UDhyS(ta£|t € ) = |det ok 8§A 6&3' €

+ O(h)




Unitary map between physical and Dirac-Wheeler-DeWitt semiclassical evolution operators

J 1/2 J! 1/2
UDhys(t:ﬂt’aﬁ’) = const (H) P(Qa q,) (W)

g=e(&t), ¢'=e(& )

A.B. Class. Quantum
Grav. 10 (1993) 1985;
gr-qc/9612003

Unitary map between
wavefunctions

J 1/2
Yphys(t, &) = const (ﬂ) ¥ (q)

g=e(&,t)

Unitarity --- conservation of physical inner
product

(w250 | () | = [ dewP™S (e 1) wEMYS(e )

— / dq ¥ (q) Jy 6 (x (0, t)) ¥2(q) = (¥1|¥2 )pnys

measure

. 0
Gauge independence of M/dq,_pik(q) Jx5(X) Us(q) =0 7?

physical inner product



Exercise on Stokes theorem

/dqg/ik(Q) Jx0(x) ¥2(q) = /w(”—m), A.B., Class. Quant.
Grav. 10 (1993) 1985
_ dg't A ... A dgin—m i ,
wn=m) — i P2 v A v
m = codim) -- # of continuity type equations:
closed form
0
5 (Vi wg ) = Upw L
k 5 dwmm) =
Lie bracket algebra vz avk VT‘ avu — U)\ vk
of vector fields * 9qt Y 9qt A

M 1o forms acobordism of X1 and 2
8M12=21U22, dimM]_QIdimEl,Q—I—l

&
[ [ uemm = [ anem) =

o > Mo



Dirac constraints operators are Hermitian with respect to physical inner
product

( ﬁMWﬂ L_DQ >phys — (L_D1| HMIIJQ )phys multi-loop orders

vV

= (W | H}J 5(x)| W) — (W] J 5(x) Hy| W2 ) = O(h)

Conjugation with respect to 7T — T cRTTA A.B., unpublished e-
auxiliary BFV inner product B H“ ZhUﬂ)\ print gr-qc/9612003

The same is true for invariant physical observables subject to classical algebra:

(OT1 | ¥ ) phys — (W1] O1%5 ) pnys = O(h)



Lagrangian versus canonical formalisms

. t
Lagrangian variables g" = (q'(t),N*(t)), S[g]= / +dt L(g,q,N)
t—

R}, &i [f] = R,ﬁ(%) isa[i], p— (p,t),
Lagrangian gauge g g%(t)
generators . aT d
R = o(t —t') T4 - Ry = (0~ URNY) o).
OPi |p=p0(g,4,N) dt

Lagrangian path integral
1

U(g4,9-) = /Dg DC DC exp % {(S [g] — EXMC,UJVXV) + C_’MQ’ULC’”} :

t
%X’u’c,uyxu = % /t * dt x" (9, 9) curx” (g, 9) gauge-breaking term
Relativistic - By
gauge X'UJ = X’u(gag-)a a’fj = T an v’ det aﬁ 7+_ 0
fixing: ON
dynamical ghost

_ oxH d N d? /
Q= el Q4 (3)06 — 1) = (— a4 ...)5(15 T



Boundary conditions on integration variables

¢'(t+) = ¢4, C*(t+) =0, Cu(t) =0,

—00 < NH(t1) < 400 Lagrange multipliers at the boundaries are
integrated over

Quantum Dirac constraints for the path integral

- )
DgDCDC —2 ( - - ) —0
/ g 6N#(t_|_) full path integral integrand
@ H.Leutwyler (1964)
A.B. (1980)

Hartle-Hawking (1983)

. h O
H,lq,—— |U(q,¢) =0
g(qiaq) (¢,4")



Boundary value problem for the saddle point configuration:

05191 _
oge(t)
x"(g9,9) =0, t— <t<ty, > g=9(tlq4,q-)
q(t+) = q+

Hamilton-Jacobi function --- on-shell action ~ S(g,q¢") = S[g(t]q+,9-)]

Det Q}
One-loop prefactor  P(qy,q-) = le/z
(Det Fop )™= g=g(t|a4.0-)
H ' i v 525 [g]
essian of the action Epo=Sup— XFcuwXl, Sgp = s
g-og

v =20 = ()



Specification of functional determinants:

§InDet F, = GY§F, 5InDet Ql = Q1 VoQ!!
Mixsld Dirichlet-Neumann Dirichlet problem
problem
-1
Foa(d/dt) G (4, ¢') = 85(t — t'), Q,M(d/dt) QP (t,t) = 85 (t — 1),
GP(ty,t) =0, QP (e, )y =0
d
o %\ ab A
(g ) 6" (k1) = 0
@ A.B.,Nucl. Phys. B 520 (1998) 533
1/2
(Dot gy = const | LS 0 ) cugeconors e
el cuy gauge and ghost operators
—1/2 . .
Det Q4 = const ( det JI! det J}/*) Poop=tvi, g = A
| Det Q! detFy,, 1Y/2
Analogue of Pauli-Van Vleck —
relation for gauge theories ( Det Fab )1/2 g=¢(t]qa.q-) J J det Cuy
— +, _



All this i1s really not working!

A
Uiy =
cgé”bx’ = 5§5a5(xa x)o(x',x") — (ax + bx')
3 b 1 .
[ U |~ 3(0) = oo

+ other UV divergences

We need other 4D covariant formalism to be able to regularize
and renormalize the theory --- path integral method

Let us begin with minisuperspace applications in which this problem does not at all arise



Quantum cosmology: initial conditions for cosmological
inflation

Spatially homogeneous
(minisuperspace) metric

ds® = —N2dt? 4+ a°(t)o pdz® dz®

qiu Pi, NH H,(L = a’(t)a p(t)7 N(t)a HJ_(G,,]?)

1 p° 20 2\2 (1722
Hi(a,p) = ———=|-——+ (127°M5)“a(Ha* — 1
_L( ap) 2471‘2M123 4 ( P) ( )
5 A
H“ = —  Hubble constant in terms of the cosmological constant

Minisuperspace Wheeler-DeWitt equation

d2
[— —5 - (1272 M3)2 a?(H?4d? - 1)] ¥(a) =0
A V(a) a
Stationary Schroedinger equation in the potential
V(a) at the energy level E=0
classically forbidden classically allowed - Underbarrier tunneling via a bounce solution

>

>
a




Action of underbarrier bounce --- euclideanized gravitational action

in ADM parametrization

M?3 _V
I[g5 =——P/d4af:gl/2(R—2A) = —i5[g ]‘
[Q,W] 2 Euclidean metric M NS inE
guv — gfy . N — iNE Euclidean
AN spacetime

2172 Food

] = _47r ]MP< 0 Negative Euclidean | |
K H2 action / no tunneling, really:
k \ “birth from nothing”

4D Euclidean hemisphere

ds® = dr? + a%('r) dQé)

T=m7/2H +it
(1) = isin(H ) Analytic continuation to Lorentzian 1
ap\T7) = T), signature de Sitter geometry: a,L(t) = E COSh(Ht)
. ) 47T2M2
Hartle-Hawking no-boundary wavefunction U ~ e—I —exp | + p

H2



Chaotic inflation --- effective cosmological and
Hubble constants are generated by the inflaton
scalar field potential

V(¢)
A=3H2 %5 = 3H?(¢)

Probability of inflation:
471'2M§,
H2(¢)

2 (A2
2471 MP
= exp — 00, V(p)—0

V()
S

Point of nucleation of the Lorentzian Most probable at the minimum
spacetime from the Euclidean one of inflaton potential H,;— 0

-- insufficient amount of inflation

PO) = W) P| ) = (exp [

Why the Hartle-Hawking wavefunction is called no-boundary ?



Euclidean quantum gravity path integral for no-boundary wavefunction
(Hartle-Hawking)

_ 4
Epno—I)Ofum,dcmr'y[3’%90] — /D[A’g,gﬁ] e Iml[79:¢]

VAN

Euclidean metric and matter
regular on M, includes all
gauge fixing details

3g(OM)=3v, p(OM)=¢p

. | Mg
Euclidean action I y[ guw, ¢] = —713 / d*z gM?(R — 2A) + Smatter[ 9w ¢ ]
M

. T=0M
Semiclassically:
3 Ipm[*90,90] M

EI’no—boundary[ v, @] = e "ML I0P0
CINE I N
90 | 5as Vs 0|5y =P \

Saddle point — T

solution subject I

to boundary data no initial Cauchy

boundary, just
regularity




The alternative --- microcanonical density matrix of the Universe

“ 1 A.B., Phys. Rev. Lett.
P = 7 Z wy| (P, wy=1 99, 071301 (2007)

W) ——

sum over “everything” that satisfies .
the Wheeler-DeWitt equation HN ‘!p> =0

Motivation:

A simplest analogy in unconstrained system with a conserved Hamiltonian H 1sthe
microcanonical density matrix with a fixed energy E

p~6(H—E)

Spatially closed cosmology does not have freely specifiable constants of motion. The only
conserved quantities are the Hamiltonian and momentum constraints Hﬂ, all having a particular
value --- zero.

An ultimate equipartition in the full set of states of the theory --- “Sum over Everything”. Creation
of the Universe from Everything is conceptually more appealing than creation from Nothing,
because the democracy of the microcanonical equipartition better fits the principle of Occam
razor, preferring to drop redundant assumptions, than the selection of a concrete state.



This is the projector onto the subspace of quantum gravitational constraints

Partition function b= Hé(HM), Z = Trpnys | [6(Hp)
1 p

Z
g [[6(BD|d)=Ula,d), a= Yap®)
I

TrphysU = /dq M+ U(q+,q-) ’q&:q

Faddeev-Popov gauge-fixing
factors (missing at £-L)

|
I 1

Z=/dqﬂt+/D[q,p]DN( T1 Mt) exp[iS[q,p,N]]

q(t+)=q b >t>t-
/ Dlq,p] DN ( 11 Mt) exp [zS[q p,N]}
periodic all t
- / D[ gy, ¢] eSlom-?]
J inner product measure is absorbed
periodic T into path imtegral measure
Lorentzian and covariant in No need for inner product and its measure — path

relativistic gauge integral takes care of it automatically!



Absence of periodic Lorentzian histories

&

rotation of integration contours over fields (or time)

& ==

0\

/ D[ guv,®] e~ Sl gur 2]

periodic

Euclideanization
of the theory:

Euclideanization of the metric

and its gravitational action
can be attained by the
transition

N — —N
1S — —SEuclidean =

—1I

Euclidean path integral and its saddle points




Hartle-Hawking state as a vacuum member of the microcanonical
ensemble:

Pmixed A
= Pmixed(¢; 4)

pinching a tubular spacetime

///’\\\\?\\\ 5 = /////,;\\\\ -

; U T SoNe=
Yra)(PHH] fo P o .
_ N <& |Yyp) =%Yuu(q)
=ppu(e,q)
N N /

/
D*uD* D*

density matrix representation of a pure Hartle-Hawking state



Transition to statistical sums

y=%
sl x s3
”’ /l 2:2’

thermal
instantons

Hartle-Hawking
(vacuum) instanton



Inflationary model driven by the trace anomaly of Weyl invariant
fields --- CFT driven cosmology

M2 A -- primordial
— P 4 . 1/2
Slguw, @] = — 5 /d z g% (R - 2A) + Scrrlguw, P] cosmological constant

ﬂ Omission of graviton loops

M2
Serrlow] = ==L [ d* g /2(R = 24) + Toprlgw)

e_FCFT[Q/w] — /Dgpe_SCFT[Q/w@]

Recovery of Iopr from the conformal anomaly on a static Einstein Universe (anomaly,
Casimir energy and free energy contributions)

erpr 1 10 2
Gauss —Bonnet
term

B = Zﬁs Ng, Ng — # of spin s fields, Bs — spin-dependent coefficients
S

Weyl

B -- critically important parameter (overall coefficient of Gauss-Bonnet term in
conformal anomaly)



Effective Friedmann equation for dSeffla, N |

saddle points of the path integral: SN (7)
1 a® e
a? a2 3M§: (8) ’ Effective Friedmann equation
M2

Mj%(s) = Tp(l + \/1 — ﬁ E), Effective Planck mass

— M2A 1 W Energy density = A+ radiation of CFT
e = MpA+ —5— —_ _ : ) :

272q4 —~enw — 1 particles -- sum over field oscillators with

frequencies (eigenvalues of Laplacian on $°)

dr N . .
— Inverse temperature in units of
St a conformal time period on s!

U

Existence of the quasi-thermal stage preceding the inflation




Saddle point solutions --- set of periodic (thermal) garland-type instantons

with oscillating scale factor ( ST X S3) and the vacuum Hartle-Hawking
instantons ( S%)

identified identified

1- fold, k=1 k- folded garland, k=1,2,3,... S4

does not contribute: ruled
out by infinite positive
Euclidean action (effect of
conformal anomaly)

UV bounded cosmological constant range:

1272 12

Am@'n <AL Ama:z: =5 P




Initial thermal state with the primordial temperature Tprim of matter

Standard inflation scenario versus Density matrix scenario

Vacuum, Inflation, hot Thermal state, Inflation, T =0,
absolute zero big-bang primordial hot big-bang
temperature — relic radiation temperature Tprim — relic radiation




“SOME LIKE IT HOT” (SLIH) scenario

lournal of Cosmology and Astroparticle Physics
An IOP and SISSA journal

Cosmological landscape from nothing:
some like it hot
A O Barvinsky! and A Yu Kamenshchik®?

Known inflation paradigm retracted the BB concept by replacing it with the initial
vacuum state.

“SOME LIKE IT HOT” (SLIH) scenario recovers a new incarnation of Hot Big Bang
-- it incorporates effectively thermal state at the onset of the cosmological
evolution.

So how does SLIH scenario matches with inflation?



Selection of inflaton potential maxima as initial conditions for inflation

- d 5. oV oV oV i
Critical feature: —a3p=a3~—— = ¢dra®— =0 = —— > "otentialextremum
dr 8q3 8¢ 8¢ inside” instanton
A § \‘\\‘ A
V() & V()
&‘b \\\1
S
4_ -
_—/
. >
classically forbidden classically allowed (overbarrier)
(underbarrier) oscillation --- ruled out because of

oscillation necessity of underbarrier oscillations



Predictions of microcanonical cosmological initial conditions:

CFT driven cosmology: suppression of no-boundary instantons; quasi-thermal stage
preceding inflation and UV bounded range of its energy scale

New type of hill-top inflation, 4 — V(¢) — selection of inflaton potential V(¢) maxima

Mechanism of hill-top potential: origin of non-minimal Higgs inflation and R? gravity

Conformal higher spin fields (CHS): solution of hierarchy problem -- origin of the
Universe is the subplanckian phenomenon; justification of semiclassical expansion and

1/N-expansion

Thermally corrected CMB spectrum: observable signature of the primordial thermal
epoch



THANK YQOU!
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