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Overview

Emittance
Phase space

Acceleration
— Cyclotrons
— RF cavities

Phase stability
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Last Time 1
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X '(s) = —xO\/_Sln(\/_S) + x Ocos(\/_s)/

x(s) =

M =< COS(\/?S) Sin\(/\/?ES)) (;C’

—\/Esin(\/Es) cos(VKs)

x(s) = Ay B(s)cos(P(s) + 6)
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x(s) = A/ B(s)cos(Y(s) + 6)

(x)so+c _ (COSAL|J + asinAy LsinAy ) (x)so

x' —ySsinAy cosAp — asinAy) \x'’

a, 5,y are the Twiss parameters
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Emittance

x(s) = Ay B(s)cos(P(s) +6)
AN /

Constants of integration

We can write the constant A as /e and find this constant, emittance,
IS a useful value in describing the beam

emittance = € = constant

From the amplitude of the orbit equation, we can find the maximum
and minimum particle displacement

cos(P(s) +6) = +1 Max displacement x,,,,,, = t+/€B(S)

This sets a limit on the minimum beam aperture a machine can have
to prevent particle loss
-We haven'’t included other effects which influence the beam such

as resonance, space-charge,
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Emittance

We can also express emittance in terms of the Twiss parameters by
eliminating the trigonometric terms in the betatron oscillation

x(s) = JeB(s)cos(Y(s) + 5)
If we multiply x and x’ by ax and Bx':

a(s)x(s) + B(s)x'(s) = —/eB(s)sin(P(s) + &) o /;;-—,3

Squaring and summing the above equations
yields:

€ =y(s)x(s)? + 2a(s)x(s)x'(s) + B(s)x'(s)?

This Courant-Snyder invariant will be constant*
for all locations through the lattice. Represents
the area in phase space, measure of accelerator A =m¢

performance
Shape and orientation of the ellipse will change
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Phase Space

dx_ ,

‘ ds -

X

5 —_—

x' x'
® e
X X

Initial s(0) Final s
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Single Particle to Beam Ellipse

X

® Reference particle

oo Other particles

Slide by C. Biscarri
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Single Particle to Beam Ellipse

x’

4 1 2 3 4
® Reference particle \

oo Other particles Phase space

(No magnetic field from 1 to 4)
Slide by C. Biscatri
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Single Particle to Beam Ellipse

Emittance ~ Area of phase space

Beam will have emittance in each plane
* Horizontal (x, x’)

* Vertical (y,))

e Longitudinal (Time-Energy)

For unaccelerated particles, the area of the
ellipse will remain constant, but the ellipse
orientation and shape will change along s

Particles will not be evenly distributed in
phase space

Slide by C. Biscari
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Beam Size

If you know the emittance and the Twiss parameters at a point in the
accelerator, the beam dimensions ¢, and ¢’, can be obtained

Image from C. Biscari Gaussian
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Adiabatic Damping

According to Liouville’s theorem, the phase space area is constant
If there are only conservative forces acting on the beam

— Magnetic fields of dipoles and quadrupoles are conservative

When there is acceleration, the emittance decreases

proportional to increase in momentum I
o dx _ dp, X
ds dp =
. . . S
We can also define a normalized emittance —
&, = EPY f y are relativistic, not Twiss!

With acceleration, the area in the x — x’ plane is no longer
constant, but in the x — p,. plane will remain constant
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RMS Emittance

If the beam doesn’t have an elliptical or gaussian distribution, a
more general form of the emittance can be defined

€ERMS = \/(Xz)(x'2> — (x - x')*

Here ( ) is the variance

1 n
(x) = E;(Xi — l»{)z

average
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Luminosity

An important performance measure of a collider is the luminosity,
number of particles passing through a cross section per second

For colliding beams[cm-2s1]: ,&Vents per second

ANgyents ‘_/Lpor_oduction cross section

dt

For head on collisions of a bunch of N particles:

number of bunches

particles per bunch—__ j - revolution frequency
L — N nfrev

410, 0y — beam size

For round beams:

_ Nnfre

41el «—— emittance and betatron function

L
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Space Charge

Gaussian distribution:

N _Tr%

e 202
2mlo?

n(r) =
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Longitudinal Motion

- -

F =q(E + ¥ X B)
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Dipole Bend

So = po
p
qb =~
P
S Bs
9=_0=CI 0
P p

« Bend angle depends on momentum

« Similar to optics where index of refraction
depends on frequency
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Off-momentum particle

 If particle is off from design momentum (which it will be), it will
have a slightly different orbit

« Radius off by x, path length:
ds, = pd6 dsy = (p +x)d6

* Relative difference in path length:

dl ds—dsy x
ds, ds, p

AX(s) = D, (5) 22
« D, is dispersion Po

— Change in closed orbit (position) as function of momentum

Rob Williamson
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Momentum Compaction

 Integrate to get total path length change

s - f gm0

« Momentum compaction, «,, Is the change in closed orbit
length as a function of momentum

IL/L 1 [ Dg(s 1
e = i e — jé ‘,{‘ D)db'.'[] N — Z (Dz); 0;

dp/p L n(sp) C 4

. ‘ -
AL Ap
T=%
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Updating equations of motion

« Qur equations of motion now have an extra term:

" " 14p 0
x"+K(s)x=0 x"+K(s)x=——=—
PPo P
« We can use a sum of solutions to the previous homogenous
equations with an additional term: X = xpom + D(s)6

x(s) = x5 C(s) + x'5 S(s) |[+|6D(s)

x'(s) =xyC'(s) +x'oS'(s) H|6D'(s)

\ \

Previous solutions had this form New term
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Matrix Form

 \We can add this to our matrix

Previous transfer matrix

/

x(s) 11 MMz | d(s) X0
(x'(s)) = (l::m my; d’(5)> (xlo)
o) 0 0 1 o)
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. . . 2
Velocity and Kinetic Energy Particle ___| Rest mass, eV/c_
0.511 x 10°

Electron, e™
B = Z U = ymcz Proton, e™ 938 x 10°
C
, = 1 K = U — mc?
J1 - B2
1.0 1.0
0.8 0.8
0.6 A 0.6 -
s —— electron ©
2 proton K]
0.4 1 N 0.4 -
0.2 0.2 1
—— electron
0.0 0.0 4 proton
0 1 2 3 4 5 o 1 2 3 a5 & 7 s
Energy [MeV] Energy [GeV]
Electrons are relativistic at few MeV, protons at GeV
£& Fermilab
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Electrostatic Fields-DC

0)
« If we set B=0, we can only get static electric fields F — q([—f + {5//[;’)
— Limited energy gain ~60 MeV/q

« 1929 Robert Van de Graaff
— Upto~5MV

o 1932 Cockroft-Walton

— For N number of stages, able to get
N*supply voltage
Il

A two-stage Cockcroft—Walton multiplier
Wikipedia.org
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//upload.wikimedia.org/wikipedia/en/4/4c/Cockcroft_Walton_Voltage_multiplier.png

The Need for AC

From Faraday’s law, a changing magnetic
flux will produce a tangentially directed
electric field

If there were a cylindrical region of changing
magnetic flux, it would produce an E field around
the cylinder

If now there is a B field perpendicular to this E
field, we could have a particle travel around the
circle at radius p

This is the idea behind the Betatron, the first
circular accelerator to operate at a constant orbit
radius

26 K. Badgley | ASP24
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Alvarez Linac - Drift Tube

<l ~— L= — L— = L

L P. Lebrun CERN RF souree ? E. Jensen CERN

Acceleration occurs in the gaps between the drift tubes, length of
tubes grows with velocity

v
. e L =
Synchronism condition: 2 frr

First practical linac (200 MHz, 32 MeV) built by L. Alvarez at Berkeley
In 1946
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Cyclotron F=q(vxB)=

28

Mv?

r

Another method is to accelerate particles in a circular
path between two D shaped pole pieces and apply an
alternating voltage across the gap

_958

Cyclotron frequency: W =

Particles must be isochronous “same time” and
arrive at the gap at the same time to be

accelerated-constant @

o
Py
o*

Top View
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Now add relativity:

% 1
p=— vy= M =yM,

c "R

B must increase as yB, to maintain isochronicity
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Cyclotrons
 If we radially increase B to maintain o 4
%Lﬁ{ \\A{\\

Isochronicity, we destroy the weak

R U INNw L,
focusing, limited for protons to about )y 77 %/

~12 MeV

valley

A AN
« L.H. Thomas proposed a separate ’Z//// Y 7
L.H. Th proposed a separated %Z{/J//////////

sector cyclotron which allowed the
radial field to increase, and gained O
focusing between the sectors
% N
%

e,

2% Fermilab
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Cyclotrons

* Another issue arises if you don’t have

enough energy gain per turn, the turns
can overlap

T
1188

gy,

1 1 I
i
1180 7@3 1184

)
&,
2
["2]
g .
£ == Simulation with OPAL ORNL-LR—DWG 74595R
(A.Adelman, Y.J.Bi et al) 7
AXIS
=— Measurement ‘
loss at septum ——
. gives current limit
0F INJECTED
PSI Iois

1 1 L 1 1 1
4380 4390 4400 4410 4420 4430 4440
Radius (mm)

* To overcome this, in 1963 F.M.
Russell proposed a “beehive” ,
separated orbit cyclotron (never built) — -scceenmonswes

[ ION PATH
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Resonant Cavity-Pillbox

Another setup would be to have an oscillating field in
a region(or multiple regions) only when the particles
are passing through

We also only want to produce an electric field in E,,
the direction of particle motion, and a magnetic field
Bg

Maxwells’ equations reduce to:

10 1 0E, 0E, 0By
c2 Ot or Ot

1
Take the derivative w.r.t r 0%E, 10E, 1 0%E,
+ N -

plug in to eliminate By or? r or % ot
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Resonant Cavity

0°E, . 10E, _ 1 0°E,
adr2 r or c? 0t?

A solution with frequency w will have the form:

. E' ,w\2
E, = E(r)e'? E”+—+(—) E=0
T C
This has the form of Bessel’s equation of zero order, with know
solutions:

E(r) = Eolo (=)

The surface of the pillbox is conducting, so at r=R, E=0 and the lowest

frequency mode will be:
f For a reasonable R ~30 cm, the frequency

2
—— R = 2.405 will be in the 400 MHz range- RF range
C
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Cyclotrons

 D. W. Kerst proposed increasing the
focusing by increasing the angle the
particles make with the sectors

— TRIUMF, Texas A&M, Michigan State, PSI

— Problem is it creates an odd shape gap to
put an accelerating structure

« TRITRON, was able to fully separate orbits
through a combination of edge focusing,
iIndividual gradient windings along each
sector

— RF cavities were superconducting
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Synchrotron

“Particles should be constrained to move in a circle of constant radius thus enabling
the use of an annular ring of magnetic field...which would be varied in such a way that
the radius of curvature remains constant as the particle gains energy through
successive accelerations by an alternating electric field applied between coaxial
hollow electrodes.” - Mark Oliphant

* B increases synchronously with
rising E
« Cauvity has field oscillating with

frRE = Nfrew
« Synchronous particle

« Energy gain per turn:

AE = ~qVsing; Be

frev = 2R

Talk on Light Sources and Applications Monday 9:30
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RF Cavity

There is a limit to the effective longitudinal length of the cavity

— If too long, the particle would be in the cavity when the field
flipped and would decelerate the particle

The change in energy of a particle crossing a gap is given by:

max voltage
to+T q / /particle’s initial velocity
0
AE = j —— cos(wt) vdt
to g N ,
RF frequency, not revolution w
gap length

The transit time T through the cavity must satisfy:

to+T
g = f vdt
t

0
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Quality Factor

« The quality factor, Q, is a figure of merit for a cavity

— The higher the Q the better
— High quality EM resonators: Typical Q,> 10%°

* Q Is aratio of the total stored energy to power lost Ring for ~1 year
wlU
P
* Q is a measure of the power loss in the walls of the cavity due to
current flowing through resistive walls

* The power loss can be reduced by

— Shaping the pillbox surface
— Making the walls out of O

superconducting material —
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A single cavity is good, but multiple cavities much better!

Often multicell cavities are grouped together and run from a
single source
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Other Cavity Shapes

M. Seidel PSI

38 K. Badgley | ASP24

J. Holzbauer Fermilab

Photo: Ryan Postel, Fermilab
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R. Leuxe CERN
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Superconducting Cavities

« Fermi has a large superconducting ,“"ﬂ e

cavity research group f\\
GC-‘ 10"} -

* Working to improve Q through
— doping (Nitrogen) . O K

— efficient Meissner expulsion T S S S S S
_ - _ _ 0 5 10 15 20 25 30 35 40
— coating cavities with superconducting E._(MV/m)
Nb,-Sn
3 https://td.fnal.gov/srf-rd/
. 30 With Continued
£
2 %ﬁ
= 20
g eb@l"’/o,fe(’/
9 10
(“ —
§ G Data
w I Metastable Limit Prediction
% 02 o04 06 08 1
TEM cross sectional image of a Nb;Sn layer on (Trrc)2

a niobium substrate
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Voltage in RF Cavity

» A cyclotron or synchrotron is designed so the reference particle hits the
RF wave at a desired phase ¢,

Vrr(t) = Vsin(wgpt + @)

« A synchronous particle would return to the same location on the voltage
curve after one period (revolution)

VRF
A

| E———

:,36_-_-

P, + 20
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Frequency change with changing momentum

: C
* Revolution frequency change: frev = be
2TR
df dp dR
f b R
[ Change in orbit length
Change in velocity
* In terms of momentum compaction % — acA_p
p

B

y2

df dp A_p_<1 )A_p
“Jp
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Transition Energy
* Relative change in revolution frequency:

df (1 )Ap Ap
e

f o \y? 7

n is the slip factor N = )2

Transition energy whenn =0 Yer = Ja.

apg
B

Below transition, frequency is dominated by — term

— Particles behave ~non-relativistically

.. AL )
Above transition, — term dominates

— Particles behave relativistically

42 K. Badgley | ASP24
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Phase stability below transition, n >0

« Particles with higher energy hitting the RF wave eatrlier in its ramp up
cycle and receiving a smaller energy gain.

« The slower particles hit the RF wave after the reference particle where the
RF wave has risen higher and thus receive a larger energy gain.

* By the next RF cavity, or on the next RF cycle, the particles have been
adjusted toward the timing of the reference particle, and oscillate about its
timing.

:
('ps (8 + 21
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Below Transition

« Red particle revolution equals RF frequency

« Blue patrticle is later in time, sees a higher voltage, gains
more energy, less late to the next cycle
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Subsequent turns

45 K. Badgley | ASP24

2% Fermilab



Subsequent turns

46 K. Badgley | ASP24

2% Fermilab



Subsequent turns
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Subsequent turns
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Subsequent turns
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Subsequent turns
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Subsequent turns
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Subsequent turns
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Synchrotron Oscillation

* The blue particle has made one oscillation around the red
particle.

* This motion is similar to a pendulum with the RF forming a
potential well

« This stable region is called the RF bucket

* For particles below transition, we sat on the rising edge of the
sine wave

« For particles above transition, we shift to the falling edge of
the sine wave
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Above Transition , n <0

| I

[ I \ (1):(:) f.f

o, O +27 !
\U
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Above Transition

« Higher momentum particle has a lower f than the
synchronous particle
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Phase w.r.t.

RF voltage

Slides by E. Wildner

56
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Synchronous
particle

RF Bucket
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So many other topics!

« We have just barely touched on the basics of accelerators

63

and equations of motion with simple assumptions (perfect
magnetic fields, alignment, ...)

Hopefully you gained a sense of the various research topics
and areas in accelerators (Material science, beam dynamics,

)

The really exiting stuff is in the details, some of which will be
covered later this week

If you have any questions about these lectures or Fermilab,
please reach out

Kbadgley@fnal.gov
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This is a second order differential inhomogeneous differential equation,
S0 the solution is

X(S) = X,C(s) +x;S(s) +ad(s)
X'(S) = X,C'(s) + x;S'(s) + d'(s)

Where d(s) is the solution particular solution of the differential equation

d"+ Kd = 1
W | h. . . p
e solve this piecewise, 1
for K constant and find K>0: d(s)= —K(l— COS \/KS)
0
d'(s) = sin VK s
px/_
K<0: d(s)=-—- [L-cosh VKs)
oK
1 .
d’(s) = sinh VK s
/K
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Transition crossing

— maximum frequency
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Figure 1: Revolution frequency .v. particle momentum

https://intranet.cells.es/Intranet/Labs/Elec/chap6.pdf
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