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Introduction: Particle Trajectory Reconstruction

▶ Particle trajectory reconstruction (Tracking)
is a clustering problem

▶ Input: Set of points in 3D space (Hits)

▶ Output: Set of sets of points
each set corresponding to a single particle

▶ Total N. of hits ≫ N. of hits in one track
=⇒ very challenging!

▶ Typical algorithm: Kalman Filter (KF)
▶ ,Physics performance is excellent
▶ /Runtime scales badly with Nhits

[1904.06778]
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https://arxiv.org/abs/1904.06778


Introduction: Track Reconstruction Stages

▶ Seed Finding. . . ▶ . . . Track Finding
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Introduction: Kalman Filter, the “classical” approach

▶ Kalman Filtering: finding the “best fit” track
from a seed

▶ Combinatorial Kalman Filtering: Find ≈ all
good track candidates
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Why ML?

Credit: Christian Grefe
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Why ML?

▶ Important tradeoff between track-finding Efficiency, Fake rate, and Resource consumption
▶ Current ATLAS tracking pipeline clearly shows this:

▶ “Loose” track seeding stage to initialize KF-based track finding
▶ With enough starting seeds, KF finds most particles of interest . . .
▶ . . . along with lots of fake tracks . . .
▶ . . . which necessitates an ambiguity resolution stage.

▶ All of this compounds into high resource consumption!
▶ Important: It’s not only a computational issue!

▶ Keeping the combinatorics in control require setting “fiducial cuts” on particles to reconstruct
▶ E.g. pT threshold, Impact parameter ranges, N. of Si hits, . . .

▶ More computationally efficient algorithms are needed!
▶ Better use of constrained resources
▶ Allow widening the space of tracks we attempt to reconstruct

▶ ML solutions are obvious candidates!
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I. Track finding with graph neural networks



What is a graph?

Graph (U), Edges (E), Vertices (V )
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What is a graph neural network (GNN)?

▶ Simplest possible GNN (source: distill.pub)
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https://distill.pub/2021/gnn-intro/


What is a graph neural network (GNN)?

▶ Can model arbitrarily complex relationships . . . ▶ . . . or slightly simpler ones!

Edge block Node block Global block
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�v
<latexit sha1_base64="HCiXjOq04H3f4Ed7vqyiRfd+2dI=">AAAB7XicbVA9SwNBEJ2LXzF+nQo2NotBsAp3NlpYBGwsI5hLIDnj3mYvWbO3e+zuRcKR/2BjoYit/8fOf+Pmo9DEBwOP92aYmRelnGnjed9OYWV1bX2juFna2t7Z3XP3DwItM0VonUguVTPCmnImaN0ww2kzVRQnEaeNaHA98RtDqjST4s6MUhomuCdYzAg2VgraaZ/dDztu2at4U6Bl4s9JuXoUPD0AQK3jfrW7kmQJFYZwrHXL91IT5lgZRjgdl9qZpikmA9yjLUsFTqgO8+m1Y3RqlS6KpbIlDJqqvydynGg9SiLbmWDT14veRPzPa2UmvgxzJtLMUEFmi+KMIyPR5HXUZYoSw0eWYKKYvRWRPlaYGBtQyYbgL768TILziu9V/FubxhXMUIRjOIEz8OECqnADNagDgUd4hld4c6Tz4rw7H7PWgjOfOYQ/cD5/AKnSkKA=</latexit><latexit sha1_base64="/voSHBGyFE5xYPVKPYM/GTIarLQ=">AAAB7XicbVC7SgNBFL3rM8ZXVLCxWQyCVdi10cIiYGMZwWwCyRpmJ7PJmNmZYWY2siz5BxsLRbT0f+z8AP/DyaPQxAMXDufcy733RJJRbTzvy1laXlldWy9sFDe3tnd2S3v7gRapwqSOBROqGSFNGOWkbqhhpCkVQUnESCMaXI39xpAoTQW/NZkkYYJ6nMYUI2OloC379G7YKZW9ijeBu0j8GSlXD4MHmX2/1zqlz3ZX4DQh3GCGtG75njRhjpShmJFRsZ1qIhEeoB5pWcpRQnSYT64duSdW6bqxULa4cSfq74kcJVpnSWQ7E2T6et4bi/95rdTEF2FOuUwN4Xi6KE6Za4Q7ft3tUkWwYZklCCtqb3VxHymEjQ2oaEPw519eJMFZxfcq/o1N4xKmKMARHMMp+HAOVbiGGtQBwz08wjO8OMJ5cl6dt2nrkjObOYA/cD5+AGdXkq0=</latexit><latexit sha1_base64="/voSHBGyFE5xYPVKPYM/GTIarLQ=">AAAB7XicbVC7SgNBFL3rM8ZXVLCxWQyCVdi10cIiYGMZwWwCyRpmJ7PJmNmZYWY2siz5BxsLRbT0f+z8AP/DyaPQxAMXDufcy733RJJRbTzvy1laXlldWy9sFDe3tnd2S3v7gRapwqSOBROqGSFNGOWkbqhhpCkVQUnESCMaXI39xpAoTQW/NZkkYYJ6nMYUI2OloC379G7YKZW9ijeBu0j8GSlXD4MHmX2/1zqlz3ZX4DQh3GCGtG75njRhjpShmJFRsZ1qIhEeoB5pWcpRQnSYT64duSdW6bqxULa4cSfq74kcJVpnSWQ7E2T6et4bi/95rdTEF2FOuUwN4Xi6KE6Za4Q7ft3tUkWwYZklCCtqb3VxHymEjQ2oaEPw519eJMFZxfcq/o1N4xKmKMARHMMp+HAOVbiGGtQBwz08wjO8OMJ5cl6dt2nrkjObOYA/cD5+AGdXkq0=</latexit><latexit sha1_base64="Fc8T4ygtia14k1z/CDji4ezWDqY=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NFhYBG8sI5gOSM+xtNsmavd1jdy4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzokQKi77/7a2tb2xubRd2irt7+weHpaPjhtWpYbzOtNSmFVHLpVC8jgIlbyWG0ziSvBmNbmd+c8yNFVo94CThYUwHSvQFo+ikRicZisdxt1T2K/4cZJUEOSlDjlq39NXpaZbGXCGT1Np24CcYZtSgYJJPi53U8oSyER3wtqOKxtyG2fzaKTl3So/0tXGlkMzV3xMZja2dxJHrjCkO7bI3E//z2in2r8NMqCRFrthiUT+VBDWZvU56wnCGcuIIZUa4WwkbUkMZuoCKLoRg+eVV0risBH4luPfL1Zs8jgKcwhlcQABXUIU7qEEdGDzBM7zCm6e9F+/d+1i0rnn5zAn8gff5A59Hjx0=</latexit>

⇢e!v
<latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit>

�e
<latexit sha1_base64="gRKFy+QFytmwqWy0cvo5FmmPz8I=">AAAB7XicbVA9SwNBEJ3zM8avqGBjsxgEq3Bno4VFwMYygrkEkjPubeaSNXu3x+6eEo78BxsLRWz9P3b+GzcfhSY+GHi8N8PMvDAVXBvX/XaWlldW19YLG8XNre2d3dLevq9lphjWmRRSNUOqUfAE64Ybgc1UIY1DgY1wcDX2G4+oNJfJrRmmGMS0l/CIM2qs5LfTPr/DTqnsVtwJyCLxZqRcPfSf7gGg1il9tbuSZTEmhgmqdctzUxPkVBnOBI6K7UxjStmA9rBlaUJj1EE+uXZETqzSJZFUthJDJurviZzGWg/j0HbG1PT1vDcW//NamYkugpwnaWYwYdNFUSaIkWT8OulyhcyIoSWUKW5vJaxPFWXGBlS0IXjzLy8S/6ziuRXvxqZxCVMU4AiO4RQ8OIcqXEMN6sDgAZ7hFd4c6bw4787HtHXJmc0cwB84nz+QDpCP</latexit><latexit sha1_base64="74MJShuZzxGyM2nLY3EY87InuhI=">AAAB7XicbVC7SgNBFJ2NrxhfUcHGZjAIVmHXRguLgI1lBLMJJGuYndxNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kikKDJjxRrZBo4ExAwzDDoSUVkDjk0AyHl2O/eQ9Ks0TcmExCEJO+YBGjxFjJ78gBu4VuueJW3QnwIvFmpFI78B9k9v1e75Y/O72EpjEIQznRuu250gQ5UYZRDqNSJ9UgCR2SPrQtFSQGHeSTa0f42Co9HCXKljB4ov6eyEmsdRaHtjMmZqDnvbH4n9dOTXQe5EzI1ICg00VRyrFJ8Ph13GMKqOGZJYQqZm/FdEAUocYGVLIhePMvLxL/tOq5Ve/apnGBpiiiQ3SETpCHzlANXaE6aiCK7tAjekYvTuI8Oa/O27S14Mxm9tEfOB8/TZOSnA==</latexit><latexit sha1_base64="74MJShuZzxGyM2nLY3EY87InuhI=">AAAB7XicbVC7SgNBFJ2NrxhfUcHGZjAIVmHXRguLgI1lBLMJJGuYndxNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kikKDJjxRrZBo4ExAwzDDoSUVkDjk0AyHl2O/eQ9Ks0TcmExCEJO+YBGjxFjJ78gBu4VuueJW3QnwIvFmpFI78B9k9v1e75Y/O72EpjEIQznRuu250gQ5UYZRDqNSJ9UgCR2SPrQtFSQGHeSTa0f42Co9HCXKljB4ov6eyEmsdRaHtjMmZqDnvbH4n9dOTXQe5EzI1ICg00VRyrFJ8Ph13GMKqOGZJYQqZm/FdEAUocYGVLIhePMvLxL/tOq5Ve/apnGBpiiiQ3SETpCHzlANXaE6aiCK7tAjekYvTuI8Oa/O27S14Mxm9tEfOB8/TZOSnA==</latexit><latexit sha1_base64="pLq6KB/1S9uyUeWp/G4byg43mK0=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stLAI2FhGMB+QnGFvM5es2ds9dveEEPIfbCwUsfX/2Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wtr6xuVXcLu3s7u0flA+PmkZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWjm5nfekJtuJL3dpximNCB5DFn1Dqp2U2H/AF75Ypf9ecgqyTISQVy1Hvlr25fsSxBaZmgxnQCP7XhhGrLmcBpqZsZTCkb0QF2HJU0QRNO5tdOyZlT+iRW2pW0ZK7+npjQxJhxErnOhNqhWfZm4n9eJ7PxVTjhMs0sSrZYFGeCWEVmr5M+18isGDtCmebuVsKGVFNmXUAlF0Kw/PIqaV5UA78a3PmV2nUeRxFO4BTOIYBLqMEt1KEBDB7hGV7hzVPei/fufSxaC14+cwx/4H3+AIWDjww=</latexit>

E
<latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit><latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit><latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit><latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit>

V
<latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit>

source: [1806.01261]
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”Message passing”

▶ Graph neural networks model relationships between adjacent nodes
▶ Stacking (or iterating) many Gn → Gn+1 blocks allows information to diffuse through network

m = 0
<latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit>

m = 1
<latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="41wuc+jmacSzA8ipzMzk3JQ30Cs=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFUybnQjCG5cVrS10A4lk95pQ5PMkGSEMvQR3LhQxLdy59uY/iy09UDg45yE3HviTArrKP0OShubW9s75d3KXnX/4LB2VG3bNDccWzyVqenEzKIUGltOOImdzCBTscSneHw7y5+e0ViR6kc3yTBSbKhFIjhz3npQ12G/VqcNOhdZh3AJdViq2a999QYpzxVqxyWzthvSzEUFM05widNKL7eYMT5mQ+x61EyhjYr5qFNy5p0BSVLjj3Zk7v5+UTBl7UTF/qZibmRXs5n5X9bNXXIVFUJnuUPNFx8luSQuJbO9yUAY5E5OPDBuhJ+V8BEzjDvfTsWXEK6uvA7ti0ZIG+E9hTKcwCmcQwiXcAN30IQWcBjCC7zBeyCD1+BjUVcpWPZ2DH8UfP4Arc6MHg==</latexit><latexit sha1_base64="41wuc+jmacSzA8ipzMzk3JQ30Cs=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFUybnQjCG5cVrS10A4lk95pQ5PMkGSEMvQR3LhQxLdy59uY/iy09UDg45yE3HviTArrKP0OShubW9s75d3KXnX/4LB2VG3bNDccWzyVqenEzKIUGltOOImdzCBTscSneHw7y5+e0ViR6kc3yTBSbKhFIjhz3npQ12G/VqcNOhdZh3AJdViq2a999QYpzxVqxyWzthvSzEUFM05widNKL7eYMT5mQ+x61EyhjYr5qFNy5p0BSVLjj3Zk7v5+UTBl7UTF/qZibmRXs5n5X9bNXXIVFUJnuUPNFx8luSQuJbO9yUAY5E5OPDBuhJ+V8BEzjDvfTsWXEK6uvA7ti0ZIG+E9hTKcwCmcQwiXcAN30IQWcBjCC7zBeyCD1+BjUVcpWPZ2DH8UfP4Arc6MHg==</latexit><latexit sha1_base64="c5O5JuZLnHr2YYnYcAr/a2hwAn0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoOQKtzZaCMEbCwjmg9IjrC3mSRLdveO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmRYngxvr+t1fY2Nza3inulvb2Dw6PyscnLROnmmGTxSLWnYgaFFxh03IrsJNopDIS2I4mt3O//YTa8Fg92mmCoaQjxYecUeukB3kT9MsVv+YvQNZJkJMK5Gj0y1+9QcxSicoyQY3pBn5iw4xqy5nAWamXGkwom9ARdh1VVKIJs8WpM3LhlAEZxtqVsmSh/p7IqDRmKiPXKakdm1VvLv7ndVM7vA4zrpLUomLLRcNUEBuT+d9kwDUyK6aOUKa5u5WwMdWUWZdOyYUQrL68TlqXtcCvBfd+pV7N4yjCGZxDFQK4gjrcQQOawGAEz/AKb57wXrx372PZWvDymVP4A+/zB74jjVU=</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit>

m = 2
<latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit>

m = 3
<latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit>

m = 0
<latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit><latexit sha1_base64="ic6WezPV7TWar890N1QnpVOPjNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ7PJkJnZZaZXCCGf4MWDIl79Im/+jZNkDxotaCiquunuilIpLPr+l1dYW9/Y3Cpul3Z29/YPyodHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDP324/cWJHoB5ykPFR0qEUsGEUn3atrv1+u+DV/AfKXBDmpQI5Gv/zZGyQsU1wjk9TabuCnGE6pQcEkn5V6meUpZWM65F1HNVXchtPFqTNy5pQBiRPjSiNZqD8nplRZO1GR61QUR3bVm4v/ed0M46twKnSaIddsuSjOJMGEzP8mA2E4QzlxhDIj3K2EjaihDF06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NWT3rP35r0vWwtePnMMv+B9fAO9341Y</latexit>

m = 1
<latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="41wuc+jmacSzA8ipzMzk3JQ30Cs=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFUybnQjCG5cVrS10A4lk95pQ5PMkGSEMvQR3LhQxLdy59uY/iy09UDg45yE3HviTArrKP0OShubW9s75d3KXnX/4LB2VG3bNDccWzyVqenEzKIUGltOOImdzCBTscSneHw7y5+e0ViR6kc3yTBSbKhFIjhz3npQ12G/VqcNOhdZh3AJdViq2a999QYpzxVqxyWzthvSzEUFM05widNKL7eYMT5mQ+x61EyhjYr5qFNy5p0BSVLjj3Zk7v5+UTBl7UTF/qZibmRXs5n5X9bNXXIVFUJnuUPNFx8luSQuJbO9yUAY5E5OPDBuhJ+V8BEzjDvfTsWXEK6uvA7ti0ZIG+E9hTKcwCmcQwiXcAN30IQWcBjCC7zBeyCD1+BjUVcpWPZ2DH8UfP4Arc6MHg==</latexit><latexit sha1_base64="41wuc+jmacSzA8ipzMzk3JQ30Cs=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFUybnQjCG5cVrS10A4lk95pQ5PMkGSEMvQR3LhQxLdy59uY/iy09UDg45yE3HviTArrKP0OShubW9s75d3KXnX/4LB2VG3bNDccWzyVqenEzKIUGltOOImdzCBTscSneHw7y5+e0ViR6kc3yTBSbKhFIjhz3npQ12G/VqcNOhdZh3AJdViq2a999QYpzxVqxyWzthvSzEUFM05widNKL7eYMT5mQ+x61EyhjYr5qFNy5p0BSVLjj3Zk7v5+UTBl7UTF/qZibmRXs5n5X9bNXXIVFUJnuUPNFx8luSQuJbO9yUAY5E5OPDBuhJ+V8BEzjDvfTsWXEK6uvA7ti0ZIG+E9hTKcwCmcQwiXcAN30IQWcBjCC7zBeyCD1+BjUVcpWPZ2DH8UfP4Arc6MHg==</latexit><latexit sha1_base64="c5O5JuZLnHr2YYnYcAr/a2hwAn0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoOQKtzZaCMEbCwjmg9IjrC3mSRLdveO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmRYngxvr+t1fY2Nza3inulvb2Dw6PyscnLROnmmGTxSLWnYgaFFxh03IrsJNopDIS2I4mt3O//YTa8Fg92mmCoaQjxYecUeukB3kT9MsVv+YvQNZJkJMK5Gj0y1+9QcxSicoyQY3pBn5iw4xqy5nAWamXGkwom9ARdh1VVKIJs8WpM3LhlAEZxtqVsmSh/p7IqDRmKiPXKakdm1VvLv7ndVM7vA4zrpLUomLLRcNUEBuT+d9kwDUyK6aOUKa5u5WwMdWUWZdOyYUQrL68TlqXtcCvBfd+pV7N4yjCGZxDFQK4gjrcQQOawGAEz/AKb57wXrx372PZWvDymVP4A+/zB74jjVU=</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit><latexit sha1_base64="Zv5ybfKo/H8QvXQaOWqQVyOFtg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQS9CwIvHiOYByRJmJ73JkJnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+Z++xG14Yl6sJMUQ0mHisecUeuke3kd9MsVv+YvQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC5OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+CqccpVmFhVbLoozQWxC5n+TAdfIrJg4Qpnm7lbCRlRTZl06JRdCsPryX9I6rwV+Lbi7qNSreRxFOIFTqEIAl1CHW2hAExgM4Qle4NUT3rP35r0vWwtePnMMv+B9fAO/Y41Z</latexit>

m = 2
<latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit><latexit sha1_base64="oVNcNejQAmVb9Nn6VIeeV7f50ls=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktgl6EghePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwsbm1vVPcLe3tHxwelY9P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk9u533li2vBYPdppwgJJRopHnBLrpAd5Ux+UK17NWwCvEz8nFcjRHJS/+sOYppIpSwUxpud7iQ0yoi2ngs1K/dSwhNAJGbGeo4pIZoJsceoMXzhliKNYu1IWL9TfExmRxkxl6DolsWOz6s3F/7xeaqPrIOMqSS1TdLkoSgW2MZ7/jYdcM2rF1BFCNXe3YjommlDr0im5EPzVl9dJu17zvZp/f1lpVPM4inAG51AFH66gAXfQhBZQGMEzvMIbEugFvaOPZWsB5TOn8Afo8wfA541a</latexit>

m = 3
<latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit><latexit sha1_base64="+jOsYdJ9SNJymWDVPaXJffNRSPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvQU9lVQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8ueiXK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfuoUnzllgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqPrIOMqSS1TdLEoSgW2MZ79jQdcM2rFxBFCNXe3YjoimlDr0im5EPzll1dJ67zmezX//rJSr+ZxFOEETqEKPlxBHe6gAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w/Ca41b</latexit>

source: [1806.01261]

11 / 30

https://arxiv.org/pdf/1806.01261


Graphs for particle tracks

credit: Heberth Torres, CTD23

▶ GNN4ITk: R&D project within ATLAS tracking group
▶ Vertices: 3-D “space-points” (aka “Hits”)
▶ Edges: Probability that any two space-points are originating from same particle
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https://indico.cern.ch/event/1252748/timetable/?view=standard#18-physics-performance-of-the


GNN-based tracking pipeline
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▶ As in “classical” case, pipeline has multiple steps
1. Need intelligent graph-building stage: too many hits to enumerate all possible connections!
2. GNN does the edge-scoring task
3. Create actual tracks with simple graph-walking algorithm
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Step 1: Graph construction

▶ First approach: The Module Map
▶ In a nutshell:

▶ Using a simulated sample, enumerate triplets of hits from single particles
▶ If triplet pass certain kinematic requirements: record connection between modules
▶ When constructing the graph: only allow connections found in module map

credit: Minh-Tuan Pham

▶ Approach is “brute-force”-like, but only need to create the map once!
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https://indico.fnal.gov/event/61746/contributions/280532/


Step 1: Graph construction

▶ Second approach: Metric Learning
▶ Metric space ≡ Set with a definition of distance between its elements
▶ E.g. euclidian space, (aka “physical” space)
▶ Can train ML model to learn new metrics by minimizing a suitable distance definition

(1) Original Space (2) Metric Space (3) Metric Space (4) Final Metric Space

Metric

Learning

Metric

Learning

Metric

Learning

credit: [1805.05510]

▶ Application to graph construction: Only allow edges if distance in learned space is small

credit: Heberth Torres, CTD23

▶ Can metric learning be used to perform the track finding stage itself? More on that later!
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https://arxiv.org/abs/1805.05510
https://indico.cern.ch/event/1252748/timetable/?view=standard#18-physics-performance-of-the


Step 1: Graph construction: Module map vs metric learning

▶ Metric learning underperforms at higher pT

▶ Higher pT =⇒ straighter tracks

▶ . . .Metric gets harder to learn?
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▶ GNN4ITk currently use module map approach

▶ It could also be a statistics issue:
exponentially less tracks at high pT!
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Step 2: Edge labeling

credit: Charline Rougier, CTD22

▶ Interaction network paper
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https://indico.cern.ch/event/1103637/contributions/4821831/
https://arxiv.org/abs/1612.00222


Step 3: Graph segmentation

▶ Form tracks in 2 steps:
1. Find connections with loose cut
2. Find paths with tighter cut

credit: Charline Rougier, CTD22
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https://indico.cern.ch/event/1103637/contributions/4821831/


Putting it all together: Tracking efficiency
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▶ Performance approaching that of Kalman Filter-based pipeline

▶ But still falls a few percent short: why?
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A word on strip space-points

credit: Heberth Torres, CTD23

▶ Strip space-points are created from stereo-pair of 1-D measurements:
Precision is less than for pixel space-points!
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https://indico.cern.ch/event/1252748/timetable/?view=standard#18-physics-performance-of-the


Putting it all together: Track content
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▶ Part of the answer: missing strip
measurements?

▶ Behavior aligns well with the η plot as well!

▶ Currently under investigation
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Hybrid models?

credit: Benjamin Huth, CTD23

▶ Project within ACTS to combine GNN & KF pipelines

▶ Sill in early WIP status!
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https://indico.cern.ch/event/1252748/contributions/5521546/


II. Track finding with metric learning



Tracking with metric learning: Object Condensation

credit: Kilian Lieret, CHEP23
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https://indico.jlab.org/event/459/contributions/11741/


Tracking with metric learning: Object Condensation

▶ More formally:

credit: Daniel Murnane, CTD23

▶ Technical details: [2002.03605]
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https://indico.cern.ch/event/1252748/timetable/?view=standard#47-track-finding-and-fitting-w
https://arxiv.org/pdf/2002.03605


Tracking with metric learning: Object Condensation Tracking Pipeline

credit: Kilian Lieret, CHEP23

▶ Instead of Metric learning for graph building to be passed to GNN . . .
=⇒ Build graph with GNN then implement metric learning!
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https://indico.jlab.org/event/459/contributions/11741/


Hybrid models? Approximate Nearest Neighbor Search

▶ Learn a suitable metric space

▶ Segment it in different regions, in O(logNhits)

▶ Quickly lookup union of regions being
approximately closest to a query point

▶ Perform “classical” track finding in each region

source

27 / 30

https://erikbern.com/2015/10/01/nearest-neighbors-and-vector-models-part-2-how-to-search-in-high-dimensional-spaces.html


Approximate Nearest Neighbor Search: Divide-and-conquer

▶ This is much easier. . .

▶ . . . Than this!

▶ Allows “easy” parallelisation over regions!
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Conclusion

▶ Today we’ve seen:
▶ Elements of “classical” tracking pipelines
▶ Why is there intense R&D to replace or ameliorate them
▶ The GNN approach
▶ The metric learning approach
▶ And hybrid methods!

▶ This is just a small fraction of the landscape!

▶ Tracking is a great playground for ML due to non-standard nature of the problem
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Merci!


