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Provides a suitable framework for describing systems in the hydrodynamic 
regime with well defined thermodynamic parameters (e.g.  ).  

NESO, which characterizes the non-equilibrium state of system.             
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̂ϱ(t) =
1
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exp [−∫ d3x 𝒵̂(x, t)]
𝒬 = Tr( exp[ − ∫ d3x𝒵̂(t,x)])
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1
𝒬

exp [−∫ d3x 𝒵̂(x, t)]

𝒵̂(x, t) = ε∫
t

−∞
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a

αa (x, t1) ̂J0
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̂ϱ(t) + δ ̂ϱ(t)Off-equilibrium contribution in density operator :



Green–Kubo relations
The master formula for the whole of linear response theory comes from the 
first-order  time-dependent perturbation theory in Quantum Mechanics, 

For a system with a time-independent Hamiltonian  and a Heisenberg-picture 
operator  defined with respect to . 

 Adding a time-dependent  leads to a change:              

Ĥ
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δ⟨𝒪̂(t,x)⟩ = − i∫
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−∞
dt′￼⟨[𝒪̂(t,x), δĤ(t′￼,x)]⟩
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a(x, t), 𝒥̂ν
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= − 𝒦μν
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The KMB inner product must satisfy the 
Onsager reciprocal relations. 

                          

                                                  

                         

Orthogonality condition. 

                          

                                                  

uμ𝒦μν
ab = 0

𝒦μν
ab = 𝒦νμ

ba



These two properties helps to decompose      :  

                          

                         

uμ𝒦μν
ab = 0

𝒦μν
ab = 𝒦νμ

ba

𝒦μν
ab

𝒦μν
ab = Δμνκab

κab = κba

Which leads to the expression for diffusion matrix as :   

                          

                         

κab =
1
3

Δμν𝒦μν
ab = −

1
3 ∫ d4x1 (𝒥̂μ

a(x, t), 𝒥̂b μ (x1, t1))

κab =
T
3

lim
ω→0

ρ𝒥̂a𝒥̂b
(ω, 0)

ω



Diffusion in particle/charge basis :    

Each particle (‘a’) carries multiple charges (‘A’):  

                           such that  nA = ∑
a

qaA na ∑
A

μA nA = ∑
a

μa na

 Accordingly, the diffusion current in the conserved charge basis : 

                          

                        
𝒥̂μ

A = ∑
a

qaA 𝒥̂μ
a = 𝒩̂μ

A −
nA

h
Q̂μ

κAB = −
1
3 ∫ d4x1 (𝒥̂μ

A(x, t), 𝒥̂B μ (x1, t1)) = ∑
a,b

qaA qbB κab

L.Gavassino,M.Shokri,P.R.D 108 (2023)



A toy model calculation with two interacting charged scalar fields :    

Lagrangian: 
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g
2

ϕ†ϕ ξ†ξ +
λ1(ϕ†ϕ)2

4
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λ2(ξ†ξ)2
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(μϕ
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Spectral function of diffusion currents and transport coefficients:    

ρ𝒥̂a𝒥̂b
(ω, 0) = ∫

d3p
(2π)3 ∫

dω′￼

π ∑
c

p2([4δabδca−
2
h (naδcb+ nbδca)(2ω′￼+ ω) +

nanb

h2
(2ω′￼+ ω)2]

× ρc(ω′￼, p) ρc(ω′￼+ ω, p)[fc(ω′￼+ ω) − fc(ω′￼)])
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(2ω′￼+ ω)2]
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fa(ω) =

1
eβ(ω−μa) − 1

     here,

     and
h = ϵ + P
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π ∑
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4
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d3p
(2π)3 ∫

dω′￼

π ∑
c

p2([ δabδca −
ω′￼

h (naδcb + nbδca) + nanb( ω′￼

h )2] ρc(ω′￼, p)2 fc(ω′￼)[1 + fc(ω′￼)])
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Quasiparticle approximation with finite thermal width :    

           

ρa(ω, p) ≈
1
2i [ 1

(ω − iΓpa)2 − E2
pa

−
1

(ω + iΓpa)2 − E2
pa

][1 + 𝒪(λ2)]

ρa(k0, k) =
Im(Σa(k0, k))

(k2
0 − k2 − m2

a − Re(Σa(k0, k)))2 + |Im(Σa(k0, k)) |2

Re(Σa(k0, k)) ∼ λ Im(Σa(k0, k)) ∼ λ2

     Where,
Γa k =

Im(Σa(k0, k))
2Ea k



After taking pinching pole approximation, dominating contribution  :    

           

∼
1

Γpa

κϕϕ =
1
3 ∫

d3p
(2π)3

p2( 1
2Γϕ pE2

ϕ p [(1 −
nϕEϕ p

h )2 fϕ(Eϕ p)(1 + fϕ(Eϕ p)) + (1 +
nϕEϕ p

h )2

× f̄ϕ(Eϕ p)(1 + f̄ϕ(Eϕ p))] +
1

2Γξ pE2
ξ p

(
nξEξ p

h )2

× [fξ(Eξ p)(1 + fξ(Eξ p)) + f̄ξ(Eξ p)(1 + f̄ξ(Eξ p))])



After taking pinching pole approximation, dominating contribution  :    

           

∼
1

Γpa

κϕϕ =
1
3 ∫

d3p
(2π)3

p2( 1
2Γϕ pE2

ϕ p [(1 −
nϕEϕ p

h )2 fϕ(Eϕ p)(1 + fϕ(Eϕ p)) + (1 +
nϕEϕ p

h )2

κξξ = κϕϕ
ϕ↔ξ

× f̄ϕ(Eϕ p)(1 + f̄ϕ(Eϕ p))] +
1

2Γξ pE2
ξ p

(
nξEξ p

h )2

× [fξ(Eξ p)(1 + fξ(Eξ p)) + f̄ξ(Eξ p)(1 + f̄ξ(Eξ p))])



After taking pinching pole approximation, dominating contribution  :    

           

∼
1

Γpa

κϕξ = κξϕ

=
1
3 ∫

d3p
(2π)3

p2( 1
2Γϕ pE2

ϕ p [
nξEϕ p

h (
nϕEϕ p

h
− 1)fϕ(Eϕ p)(1 + fϕ(Eϕ p))

+
nξEϕ p

h (
nϕEϕ p

h
+ 1)f̄ϕ(Eϕ p)(1 + f̄ϕ(Eϕ p))] +

1
2Γξ pE2

ξ p [
nϕEξ p

h (
nξEξ p

h
− 1)

× fξ(Eξ p)(1 + fξ(Eξ p)) +
nϕEξ p

h (
nϕEξ p

h
+ 1)f̄ξ(Eξ p)(1 + f̄ξ(Eξ p))])



Translate the results for elements of the diffusion matrix into the charge basis :    

           κAB = ∑
ab

qaAqbB κab



Translate the results for elements of the diffusion matrix into the charge basis :    

           

κAB =
1
3 ∫

d3p
(2π)3

p2 ∑
a ( 1

2ΓapE2
ap [(qaA−

nAEap

h )(qaB−
nBEap

h )fa(Eap)(1+fa(Eap))]
+

1
2ΓapE2

ap [(qaA +
nAEap

h )(qaB +
nBEap

h )f̄a(Eap)(1 + f̄a(Eap))])

κAB = ∑
ab

qaAqbB κab



Translate the results for elements of the diffusion matrix into the charge basis :    

           

κAB =
1
3 ∫

d3p
(2π)3

p2 ∑
a ( 1

2ΓapE2
ap [(qaA−

nAEap

h )(qaB−
nBEap

h )fa(Eap)(1+fa(Eap))]
+

1
2ΓapE2

ap [(qaA +
nAEap

h )(qaB +
nBEap

h )f̄a(Eap)(1 + f̄a(Eap))])

κAB = ∑
ab

qaAqbB κab

τa =
1

2Γap

Relaxation time :    

           A.Das, H.Mishra, R.Mahapatra, Phys.Rev.D 106 (2022) 1, 014013.



Translate the results for elements of the diffusion matrix into the charge basis 
for bosonic/fermionic system:    

           

κAB =
1
3 ∫

d3p
(2π)3

p2 ∑
a (

τap

2E2
ap [(qaA−

nAEap

h )(qaB−
nBEap

h )fa(Eap)(1±fa(Eap))]
+

τap

E2
ap [(qaA +

nAEap

h )(qaB +
nBEap

h )f̄a(Eap)(1 ± f̄a(Eap))])



Translate the results for elements of the diffusion matrix into the charge basis 
for bosonic/fermionic system:    
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1
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(2π)3
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τap

2E2
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nAEap

h )(qaB−
nBEap
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+

τap

E2
ap [(qaA +

nAEap

h )(qaB +
nBEap

h )f̄a(Eap)(1 ± f̄a(Eap))])

S.Jain,JHEP 1003:101,2010; A.Jaiswal,Phys.Lett.B 751 (2015) 548-552

κT =
h2

T2(∑a μana)2 ∑
A

μAκABμBThermal Conductivity:



Translate the results for elements of the diffusion matrix into the charge basis 
for fermionic system:    

           

κAB =
1
3 ∫

d3p
(2π)3

p2 ∑
a (

τap

2E2
ap [(qaA−

nAEap

h )(qaB−
nBEap

h )fa(Eap)(1−fa(Eap))]
+

τap

E2
ap [(qaA +

nAEap

h )(qaB +
nBEap

h )f̄a(Eap)(1 − f̄a(Eap))])

S.Jain,JHEP 1003:101,2010; A.Jaiswal,Phys.Lett.B 751 (2015) 548-552

κT =
h2

T2(∑a μana)2 ∑
A

μAκABμBThermal Conductivity:



Translate the results for elements of the diffusion matrix into the charge basis 
for bosonic/fermionic system:    

           

κAB =
1
3 ∫

d3p
(2π)3

p2 ∑
a (

τap

2E2
ap [(qaA−

nAEap

h )(qaB−
nBEap

h )fa(Eap)(1−fa(Eap))]
+

τap

E2
ap [(qaA +

nAEap

h )(qaB +
nBEap

h )f̄a(Eap)(1 − f̄a(Eap))])

κT

η
=

7Nπ2

9 ( T
∑a μ2

a ) ,

S.Jain,JHEP 1003:101,2010; A.Jaiswal,Phys.Lett.B 751 (2015) 548-552

κT =
h2

T2(∑a μana)2 ∑
A

μAκABμB

for small μ

Thermal Conductivity:

at conformal limit



Translate the results for elements of the diffusion matrix into the charge basis 
for bosonic/fermionic system:    

           

κAB =
1
3 ∫

d3p
(2π)3

p2 ∑
a (

τap

2E2
ap [(qaA−

nAEap

h )(qaB−
nBEap

h )fa(Eap)(1−fa(Eap))]
+

τap

E2
ap [(qaA +

nAEap

h )(qaB +
nBEap

h )f̄a(Eap)(1 − f̄a(Eap))])

S.Jain,JHEP 1003:101,2010; A.Jaiswal,Phys.Lett.B 751 (2015) 548-552

κT =
h2

T2(∑a μana)2 ∑
A

μAκABμB

for large μ

Thermal Conductivity:

κT

η
=

2π2T
3

∑i μ2
i

∑i μ4
i

, at conformal limit



Translate the results for elements of the diffusion matrix into the charge basis 
for bosonic/fermionic system:    

           

κAB =
1
3 ∫

d3p
(2π)3

p2 ∑
a (

τap

2E2
ap [(qaA−

nAEap

h )(qaB−
nBEap

h )fa(Eap)(1−fa(Eap))]
+

τap

E2
ap [(qaA +

nAEap

h )(qaB +
nBEap

h )f̄a(Eap)(1 − f̄a(Eap))])

κT =
h2

T2(∑a μana)2 ∑
A

μAκABμBThermal Conductivity:

κT

η
=

2π2T
3

∑i μ2
i

∑i μ4
i

,

for small μ
κT

η
=

7Nπ2

9 ( T
∑a μ2

a )
for large μ

μa → λμa

The Wiedmann-Franz law



Translate the results for elements of the diffusion matrix into the charge basis 
for bosonic/fermionic system:    

           

κAB =
1
3 ∫

d3p
(2π)3

p2 ∑
a (

τap

2E2
ap [(qaA−

nAEap

h )(qaB−
nBEap

h )fa(Eap)(1−fa(Eap))]
+

τap

E2
ap [(qaA +

nAEap

h )(qaB +
nBEap

h )f̄a(Eap)(1 − f̄a(Eap))])

κT =
h2

T2(∑a μana)2 ∑
A

μAκABμBThermal Conductivity:

κT

η
= C( T

∑a μ2
a )

The Wiedmann-Franz law
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αϕPlot of the scaled diffusion coefficients as a function of 
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Such expressions are rather general and can be used for estimating the 
diffusion coefficients using nonperturbative methods like lattice QCD or 
using any effective models of strong interactions like Nambu--Jona-Lasinio 
(NJL) model, quasi particle models , or sigma models coupled to quarks.
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diffusion coefficients using nonperturbative methods like lattice QCD or 
using any effective models of strong interactions like Nambu--Jona-Lasinio 
(NJL) model, quasi particle models , or sigma models coupled to quarks.

In the context of neutron stars, it will be interesting to investigate 
the effects of diffusion on the oscillation of neutron stars as a 
result of an internal instability or an external perturbation.
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Such expressions are rather general and can be used for estimating the 
diffusion coefficients using nonperturbative methods like lattice QCD or 
using any effective models of strong interactions like Nambu--Jona-Lasinio 
(NJL) model, quasi particle models , or sigma models coupled to quarks.

In the context of neutron stars, it will be interesting to investigate 
the effects of diffusion on the oscillation of neutron stars as a 
result of an internal instability or an external perturbation.

 Further, in the context of off central heavy-ion collisions, where strong 
electromagnetic fields can be produced, the effect of strong 
electromagnetic field in the diffusion of different charges could also be 
interesting and relevant
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        Future Works
Such expressions are rather general and can be used for estimating the 
diffusion coefficients using nonperturbative methods like lattice QCD or 
using any effective models of strong interactions like Nambu--Jona-Lasinio 
(NJL) model, quasi particle models , or sigma models coupled to quarks.

In the context of neutron stars, it will be interesting to investigate 
the effects of diffusion on the oscillation of neutron stars as a 
result of an internal instability or an external perturbation.

Thank you

 Further, in the context of off central heavy-ion collisions, where strong 
electromagnetic fields can be produced, the effect of strong 
electromagnetic field in the diffusion of different charges could also be 
interesting and relevant.



𝒵̂(x, t) = ε∫
t

−∞
dt1 eε(t1 − t)[βν (x, t1) ̂T0ν (x, t1) − ∑

a

αa (x, t1) ̂J0
a (x, t1)]

∂μ
̂T μν = 0, ∂μ

̂J μ
a = 0

̂ϱ(t) =
1
𝒬

exp[𝒜̂ − ℬ̂]
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𝒵̂(x, t) = ε∫
t

−∞
dt1 eε(t1 − t)[βν (x, t1) ̂T0ν (x, t1) − ∑

a

αa (x, t1) ̂J0
a (x, t1)]

∂μ
̂T μν = 0, ∂μ

̂J μ
a = 0

̂ϱ(t) =
1
𝒬

exp[𝒜̂ − ℬ̂]

𝒜̂ = ∫ d3x[βν(x, t) ̂T0ν(x, t) − ∑
a

αa(x, t) ̂J0
a(x, t)]



𝒵̂(x, t) = ε∫
t

−∞
dt1 eε(t1 − t)[βν (x, t1) ̂T0ν (x, t1) − ∑

a

αa (x, t1) ̂J0
a (x, t1)]

∂μ
̂T μν = 0, ∂μ

̂J μ
a = 0

̂ϱ(t) =
1
𝒬

exp[𝒜̂ − ℬ̂]

ℬ̂ = ∫ d3x∫
t

−∞
dt1eε(t1 − t) 𝒞̂(x, t1)

𝒞̂(x, t1) = ̂Tμν (x, t1) ∂μβν (x, t1) − ∑
a

̂Jμ
a (x, t1) ∂μαa (x, t1)

⟨𝒪̂(t,x)⟩ = Tr( ̂ϱ(t)𝒪̂(t,x))



Casting  in terms of Linear gradient force term: 𝒞̂(t, x)

𝒞̂(x, t1) = ̂Tμν (x, t1) ∂μβν (x, t1) − ∑
a

̂Jμ
a (x, t1) ∂μαa (x, t1)



Casting  in terms of Linear gradient force term: 𝒞̂(t, x)

𝒞̂(x, t1) = ̂Tμν (x, t1) ∂μβν (x, t1) − ∑
a

̂Jμ
a (x, t1) ∂μαa (x, t1)

̂Tμν = ̂ϵuμuν − ̂PΔμν + 𝒬̂μuν + 𝒬̂νuμ + 𝒯̂μν

̂Jμ
a = ̂nauμ + 𝒩̂μ

a



Casting  in terms of Linear gradient force term: 𝒞̂(t, x)

𝒞̂(x, t1) = ̂Tμν (x, t1) ∂μβν (x, t1) − ∑
a

̂Jμ
a (x, t1) ∂μαa (x, t1)

̂Tμν = ̂ϵuμuν − ̂PΔμν + 𝒬̂μuν + 𝒬̂νuμ + 𝒯̂μν

̂Jμ
a = ̂nauμ + 𝒩̂μ

a
⟨ ̂ϵ(t,x)⟩ = ϵ(t,x)

⟨ ̂na(t,x)⟩ = na(t,x)



Casting  in terms of Linear source/force term: 𝒞̂(t, x) / δĤ(t)

δĤ(t) = − ∫ d3x 𝒪̂(t,x) ℱ̂(t,x)

δ⟨𝒪̂(t,x)⟩ = − i∫
t

−∞
dt′￼d3x′￼⟨[𝒪̂(t,x), 𝒪̂(t′￼,x)]⟩ℱ̂(t′￼,x)



Casting  in terms of Linear source/force term: 𝒞̂(t, x) / δĤ(t)

δĤ(t) = − ∫ d3x 𝒪̂(t,x) ℱ̂(t,x)

δ⟨𝒪̂(t,x)⟩ = − i∫
t

−∞
dt′￼d3x′￼⟨[𝒪̂(t,x), 𝒪̂(t′￼,x)]⟩ℱ̂(t′￼,x)

ℛ(t − t′￼,x − x′￼)



Casting  in terms of Linear source/force term: δĤ(t)

δ⟨𝒪̂(t,x)⟩ = − i∫
t

−∞
dt′￼d3x′￼ℛ(t − t′￼,x − x′￼) ℱ̂(t′￼,x)

δ⟨ ̂𝒪a(t,x)⟩ = − i∫
t

−∞
dt′￼d3x′￼ℛab(t − t′￼,x − x′￼) ℱ̂b(t′￼,x)



Casting  in terms of Linear source/force term: δĤ(t)

δ⟨𝒪̂(t,x)⟩ = − i∫
t

−∞
dt′￼d3x′￼ℛ(t − t′￼,x − x′￼) ℱ̂(t′￼,x)

δ⟨ ̂𝒪a(t,x)⟩ = − i∫
t

−∞
dt′￼d3x′￼ℛab(t − t′￼,x − x′￼) ℱ̂b(t′￼,x)

δ ⟨𝒪̂μ1μ2...μn(x, t)⟩ = ∫ d4x1 (𝒪̂μ1μ2...μn(x, t), 𝒞̂ (x1, t1))



The master formula for the whole of linear response theory comes from the 
first-order  time-dependent perturbation theory in Quantum Mechanics, 

For a system with a time-independent Hamiltonian  and a Heisenberg-picture 
operator  defined with respect to . 

 Adding a time-dependent  leads to a change:              

Ĥ
𝒪̂(t, x) Ĥ

δĤ(t) 𝒪̂(t, x) + δ𝒪̂(t, x)

δ⟨𝒪̂(t,x)⟩ = − i∫
t

−∞
dt′￼⟨[𝒪̂(t,x), δĤ(t′￼,x)]⟩



Thermodynamical + fluid dynamical relations needs to use:         

With a proper definition of the Temperature and chemical potential 

                           S(t) = ∫ d3x s(t, x) = − ln( ̂ϱ(t))

Extensivity + First law of thermodynamics 

                           

                          

T(t, x)s(t, x) = ϵ(t, x) + P(t, x) − ∑
a

μa(t, x) na(t, x)

T(t, x)Ds(t, x) = Dϵ(t, x) − ∑
a

μa(t, x) Dna(t, x) Where,  D = uμ∂μ



Thermodynamical + fluid dynamical relations needs to use:         

With a proper definition of the Temperature and chemical potential 

                           S(t) = ∫ d3x s(t, x) = − ln( ̂ϱ(t))

Extensivity + First law of thermodynamics 

                           

                          

T(t, x)s(t, x) = ϵ(t, x) + P(t, x) − ∑
a

μa(t, x) na(t, x)

T(t, x)Ds(t, x) = Dϵ(t, x) − ∑
a

μa(t, x) Dna(t, x) Where,  D = uμ∂μ

Conservation Equation at zeroth order 

                           

                         

TDϵ = − (ϵ + P) θ , Duα =
1

ϵ + P
∇αP , Dna = − na θ

Where,   ∇μ = Δν
μ∂ν , Δμν = gμν − uμuν, θ = ∂μuμ



The master formula for the whole of linear response theory comes from the 
first-order  time-dependent perturbation theory in Quantum Mechanics, 

For a system with a time-independent Hamiltonian  and a Heisenberg-picture 
operator  defined with respect to . 

 Adding a time-dependent  leads to a change:              

Ĥ
𝒪̂(t, x) Ĥ

δĤ(t) 𝒪̂(t, x) + δ𝒪̂(t, x)

δ⟨𝒪̂(t,x)⟩ = − i∫
t

−∞
dt′￼⟨[𝒪̂(t,x), δĤ(t′￼,x)]⟩

δ ⟨𝒪̂μ1μ2...μn(x, t)⟩ = ∫ d3x1 ∫
t

−∞
dt1 eε(t1 − t) (𝒪̂μ1μ2...μn(x, t), 𝒞̂ (x1, t1))

Kubo-Mori-Bogoliubov 
(KMB) inner product 



Substituting these equations       

One can write  at first order in gradient 

                           

𝒞̂(t, x)

𝒞̂ = − β θ ̂P* + β 𝒯̂μνσμν − ∑
a

𝒥̂μ
a ∇μαa

̂P* = ̂P − γ ̂ϵ − ∑
a

δa ̂na σμν ≡
1
2 [Δα

μΔβ
ν + Δα

νΔβ
μ − (2/3)ΔαβΔμν]∇αuβ



Substituting these equations       

One can write  at first order in gradient 

                           

𝒞̂(t, x)

𝒞̂ = − β θ ̂P* + β 𝒯̂μνσμν − ∑
a

𝒥̂μ
a ∇μαa

𝒥̂μ
a = 𝒩̂μ

a −
na

h
𝒬̂μ

A.Harutyunyan, A.Sedrakian, D. Rischke, Annals Phys. 
438(2022) 168755



Substituting these equations       

One can write  at first order in gradient 

                           

𝒞̂(t, x)

𝒞̂ = − β θ ̂P* + β 𝒯̂μνσμν − ∑
a

𝒥̂μ
a ∇μαa

Dissipative correction to hydro variables: 

                          

                         

δ ⟨𝒪̂μ1μ2...μn(x, t)⟩ = ∫ d3x1 ∫
t

−∞
dt1 eε(t1 − t) (𝒪̂μ1μ2...μn(x, t), 𝒞̂ (x1, t1))



Substituting these equations       

One can write  at first order in gradient 

                           

𝒞̂(t, x)

𝒞̂ = − β θ ̂P* + β 𝒯̂μνσμν − ∑
a

𝒥̂μ
a ∇μαa

Dissipative correction to hydro variables: 

                          

                         
⟨𝒥̂μ

a(x, t)⟩ = ∫ d4x1 (𝒥̂μ
a(x, t), 𝒞̂ (x1, t1))



Substituting these equations       

One can write  at first order in gradient 

                           

𝒞̂(t, x)

𝒞̂ = − β θ ̂P* + β 𝒯̂μνσμν − ∑
a

𝒥̂μ
a ∇μαa

Dissipative correction to hydro variables: 

                          

                         
⟨𝒥̂μ

a(x, t)⟩ = ∫ d4x1 (𝒥̂μ
a(x, t), 𝒞̂ (x1, t1))

⟨𝒥̂μ
a(x, t)⟩ = − ∑

b
∫ d4x1 (𝒥̂μ

a(x, t), 𝒥̂ν
b (x1, t1))∇ναb



Dissipative correction to hydro variables at first order : 

                          

                         ⟨𝒥̂μ
a(x, t)⟩ = ∫ d4x1 (𝒥̂μ

a(x, t), 𝒞̂ (x1, t1))

⟨𝒥̂μ
a(x, t)⟩ = − ∑

b
∫ d4x1 (𝒥̂μ

a(x, t), 𝒥̂ν
b (x1, t1))∇ναb

𝒦μν
ab



Dissipative correction to hydro variables at first order : 

                          

                         ⟨𝒥̂μ
a(x, t)⟩ = ∫ d4x1 (𝒥̂μ

a(x, t), 𝒞̂ (x1, t1))

⟨𝒥̂μ
a(x, t)⟩ = − ∑

b
∫ d4x1 (𝒥̂μ

a(x, t), 𝒥̂ν
b (x1, t1))∇ναb

uμ𝒬̂μ = uμ𝒩̂a μ = 0

uμ𝒦μν
ab = 0

κab =
T
3

lim
ω→0

ρ𝒥̂a𝒥̂b
(ω, 0)

ω



The computation of the dissipative diffusion coefficients boils down to the evaluation of 
the KMB product :    

KMB for two Hermitian operator can be represented as : 

                            (𝒪̂a(x, t), 𝒪̂b (x1, t1)) = −
1
β ∫

t1

−∞
dt′￼GR

𝒪̂a𝒪̂b
(x − x1, t − t′￼)

 For the diffusion current - current response function : 

                    
κab =

T
3

∂
∂ω

Im(GR
𝒥̂μ

a,𝒥̂μ b)(0, ω)
ω→0

.

κAB =
T
3

∂
∂ω

Im(GR
𝒥̂μ

A,𝒥̂μ B)(0, ω)
ω→0

= ∑
ab

qaAqbB κab



The computation of the dissipative diffusion coefficients boils down to the evaluation of 
the KMB product :    

KMB for two Hermitian operator can be represented as : 

                            (𝒪̂a(x, t), 𝒪̂b (x1, t1)) = −
1
β ∫

t1

−∞
dt′￼GR

𝒪̂a𝒪̂b
(x − x1, t − t′￼)

X.Huang, A.Sedrakian, D.Rischke, Ann. Phys. (NY) 326, 3075(2011)



The computation of the dissipative diffusion coefficients boils down to the evaluation of 
the KMB product :    

KMB for two Hermitian operator can be represented as : 

                            (𝒪̂a(x, t), 𝒪̂b (x1, t1)) = −
1
β ∫

t1

−∞
dt′￼GR

𝒪̂a𝒪̂b
(x − x1, t − t′￼)

Where, 

GR
𝒪̂a𝒪̂b

(x − x1, t − t′￼) = − iθ(t − t′￼)⟨[𝒪̂a(x, t), 𝒪̂b (x1, t′￼)]⟩
l

X.Huang, A.Sedrakian, D.Rischke, Ann. Phys. (NY) 326, 3075(2011)



The computation of the dissipative diffusion coefficients boils down to the evaluation of 
the KMB product :    

KMB for two Hermitian operator can be represented as : 

                            (𝒪̂a(x, t), 𝒪̂b (x1, t1)) = −
1
β ∫

t1

−∞
dt′￼GR

𝒪̂a𝒪̂b
(x − x1, t − t′￼)

 Relation between response function and retarded Green’s function : 

                     I[𝒪̂a𝒪̂b] = lim
ϵ→0 ∫ d3x1 ∫

t

−∞
dt′￼e−ϵ(t−t′￼) (𝒪̂a(x, t), 𝒪̂b (x1, t′￼))

= − T lim
ω→0

lim
k→0

∂ωIm(GR
𝒪̂a𝒪̂b

(k, ω))
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dp0
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 Retarded Green’s function          Spectral function : 

                          

                        

= ∫
∞

−∞

dp0

π

ρ𝒪̂a𝒪̂b
(P)

p0 − ω − i0+

GR
𝒪̂a𝒪̂b

(ω, k) = − i∫
∞

0
dt∫ d3x eiωt−ik⋅x⟨θ(t)[𝒪̂a(x, t), 𝒪̂†

b (0,0)] ⟩
l

Im(GR
𝒪̂a𝒪̂b

(ω, k)) = ρ𝒪̂a𝒪̂b
(ω, k)

Sokhotski-Plemeij theorem 
1

Δ ± i0+
= P(

1
Δ

) ∓ iπδ(Δ)

M.Laine, A.Vuorinen 
Lect. Notes Phys. 925 

(2016) pp.1-281
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Finite temperature and chemical potential :    

Fields in Euclidean space : 
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P

ei(pn+iμa)τ−ip⋅x ϕ†
a(τ, x) = ∑∫

P

e−i(pn+iμa)τ−ip⋅x
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Finite temperature and chemical potential :    

Fields in Euclidean space : 

                    and ϕa(τ, x) = ∑∫
P

ei(pn+iμa)τ−ip⋅x ϕ†
a(τ, x) = ∑∫

P

e−i(pn+iμa)τ−ip⋅x

The two-point Eucledian correlation function can be written as : 

                          

                        

GE
a,b(X) = ⟨ϕa(X) ϕ†

b (0)⟩E

= δab ∫
∞

−∞

dk0

π
ρa(k0, k)

k0 − i[kn − iμa]     For free propagator,

ρ f
a(k0, k) =

k0

|k0 |
πδ(k2

0 − E2
a k)



Finite temperature and chemical potential :    

Fields in Euclidean space : 

                    and ϕa(τ, x) = ∑∫
P

ei(pn+iμa)τ−ip⋅x ϕ†
a(τ, x) = ∑∫

P

e−i(pn+iμa)τ−ip⋅x

The two-point Eucledian correlation function can be written as : 

                          

                        

GE
a,b(X) = ⟨ϕa(X) ϕ†

b (0)⟩E

= δab ∫
∞

−∞

dk0

π
ρa(k0, k)

k0 − i[kn − iμa]

ρa(k0, k) =
Im(Σa(k0, k))

(k2
0 − k2 − m2

a − Re(Σa(k0, k)))2 + |Im(Σa(k0, k)) |2

S.Jeon, 
Phys.Rev. D52 

(1995) 3591-3642     With interaction, RSF :



Finite temperature and chemical potential :    

Fields in Euclidean space : 

                    and ϕa(τ, x) = ∑∫
P

ei(pn+iμa)τ−ip⋅x ϕ†
a(τ, x) = ∑∫

P

e−i(pn+iμa)τ−ip⋅x

The two-point Eucledian correlation function can be written as : 

                          

                        

GE
a,b(X) = ⟨ϕa(X) ϕ†

b (0)⟩E

= δab ∫
∞

−∞

dk0

π
ρa(k0, k)

k0 − i[kn − iμa]

ρa(k0, k) ≡
1
2i [GE

a,a(i(kn − iμ) → k0 + i0+, k) − GE
a,a(i(kn − iμ) → k0 − i0+, k)]



Field theory with finite temperature and chemical potential :    

                
The two-point Eucledian correlation function can be written as : 

                          

                        

GE
𝒪̂a,𝒪̂b

(X) = ⟨𝒪̂a(X) 𝒪̂b(0)⟩E

= δab ∫
∞

−∞

dk0

π
ρa(k0, k)
k0 − ikn

ρ𝒪̂a,𝒪̂b
(k0, k) ≡

1
2i [GE

𝒪̂a,𝒪̂b
(ikn → k0 + i0+, k) − GE

𝒪̂a,𝒪̂b
(ikn → k0 − i0+, k)]

M.Laine, A.Vuorinen 
Lect. Notes Phys. 925 

(2016) pp.1-281



One needs to perform Wick rotation  :    

             

(t → − iτ)

𝒬̂E
i = ̂Tτi = i∑

a
(∂τϕ†

a∂iϕa + ∂iϕ†
a∂τϕa) , 𝒩̂E

a i = − i(∂iϕ†
aϕa − ϕ†

a∂iϕa)
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a∂iϕa + ∂iϕ†
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a i = − i(∂iϕ†
aϕa − ϕ†

a∂iϕa)
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nb
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GE
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(X) = ⟨𝒩̂i(X) 𝒩̂j(0)⟩E

−
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GE
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(X) = ⟨𝒬̂i(X) 𝒬̂j(0)⟩E
,

GE
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GE
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−
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h ⟨𝒬̂i(X)𝒩̂b j(0)⟩l +
nanb

h2 ⟨𝒬̂i(X)𝒬̂j(0)⟩l]

ρ𝒥̂a𝒥̂b
(k0, k) ≡

1
2i [GE

𝒥̂a𝒥̂b
(ikn → k0 + i0+, k) − GE

𝒥̂a𝒥̂b
(ikn → k0 − i0+, k)]



Spectral function of diffusion currents and transport coefficients:    

            ρ𝒥a𝒥b
(ω, l) = δabρ𝒩a𝒩a

(ω, l) −
nb

h
ρ𝒩a𝒬(ω, l) −

na

h
ρ𝒩b𝒬(ω, l) +

nanb

h2
ρ𝒬𝒬(ω, l) ,

ρ𝒥̂a𝒥̂b
(ω, 0) = ∫

d3p
(2π)3 ∫

dω′￼

π ∑
c

p2([4δabδca−
2
h (naδcb+ nbδca)(2ω′￼+ ω) +

nanb

h2
(2ω′￼+ ω)2]

× ρc(ω′￼, p) ρc(ω′￼+ ω, p)[fc(ω′￼+ ω) − fc(ω′￼)])
fa(ω) =

1
eβ(ω−μa) − 1

     Where,



Spectral function of diffusion currents and transport coefficients:    

            ρ𝒥a𝒥b
(ω, l) = δabρ𝒩a𝒩a

(ω, l) −
nb

h
ρ𝒩a𝒬(ω, l) −

na

h
ρ𝒩b𝒬(ω, l) +

nanb

h2
ρ𝒬𝒬(ω, l) ,

ρ𝒥̂a𝒥̂b
(ω, 0) = ∫

d3p
(2π)3 ∫

dω′￼

π ∑
c

p2([4δabδca−
2
h (naδcb+ nbδca)(2ω′￼+ ω) +

nanb

h2
(2ω′￼+ ω)2]

× ρc(ω′￼, p) ρc(ω′￼+ ω, p)[fc(ω′￼+ ω) − fc(ω′￼)])
κab =

T
3

lim
ω→0

ρ𝒥̂a𝒥̂b
(ω, 0)

ω
=

4
3 ∫

d3p
(2π)3 ∫

dω′￼

π ∑
c

p2([ δabδca −
ω′￼

h (naδcb + nbδca) + nanb( ω′￼

h )2]
× ρc(ω′￼, p)2 fc(ω′￼)[1 + fc(ω′￼)])



Translate the results for elements of the diffusion matrix into the charge basis 
for bosonic/fermionic system:    

           

κAB =
1
3 ∫

d3p
(2π)3

p2 ∑
a (

τap

2E2
ap [(qaA−

nAEap

h )(qaB−
nBEap

h )fa(Eap)(1±fa(Eap))]
+

τap

E2
ap [(qaA +

nAEap

h )(qaB +
nBEap

h )f̄a(Eap)(1 ± f̄a(Eap))])
κT

η
=

π2T
18∑a μ2

a [1 +
90

T2π2 ∑
i

μ2
i (2Nc − 1)]

S.Jain,JHEP 1003:101,2010; A.Jaiswal,Phys.Lett.B 751 (2015) 548-552

κT

η
=

2π2

3
T

∑i μ2
i

∑i μ4
i

for small μ

for large μ
κT

η
=

π2T
18∑a μ2

a


