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Validation through causality

Linearized 2" order hydro
under
background
(I1 =0,7*Y = 0,u* = 0)

causality v

As long as large relaxation time

W.A. Hiscock, L. Lindblom, Annals of Physics 151, 466 (1983).

causality ?

F.S. Bemfica et a/, Phys. Rev. Lett. 126, 222301 (2021).

2"d order dissipative
hydrodynamics in
nonlinear regime

—>Validity of fluid picture and early
thermalization/hydrodynamization? ;



Conditions for nonlinear causality
» Necessary conditions: ~ ~ Sufficient conditions:
0<v2<1 gwé>1)>0
gz <0)<0

: ch teristi locit
Vs Characteriptie veoey {(vcz): third-degree polynomialj

\(under specific situation)

F.S. Bemfica et a/, Phys. Rev. Lett. 126, 222301 (2021). See also Appendix B in T. Hoshino and TH, arXiv:2412.02405[nucl-th]

Fl( ) )H)ﬂuvr ) ).“) = 0

Purpose: Scrutinize validation of hydrodynamic
description from nonlinear causality in 1D expansion
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Model



Equation of motion in 1D expansion

Balance eq.+ BRSSS eq. with boost invariant solutions

R. Baier et a/, JHEP 04, 100 (2008). J.D. Bjorken, Phys. Rev. D 27, 140 (1983).

d
T—e=—e—p(e)+¢

dt
d 4n 47 A
U 2
Tp =P = ¢ ¢ ¢
Tdt ¢ 3T 3T 212
e: energy density n: shear viscosity
p: pressure 7. relaxation time

¢ = % — 33: shear pressure A: 2" order transport coefficient
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Equation of state and transport coefficient
EoS 1: Conformal EoS (default) EoS 2: Lattice EoS (see backup)

A. Bazavov et al, Phys. Rev. D 90, 094503 (2014).

|
p(e) = §€

Transport coefficients (AdS/CFT)

P. Kovtun et a/, Phys. Rev. Lett. 94, 111601 (2005): R. Baier et a/, JHEP 04, 100 (2008).

n 1 T_Z—an AT 1
s 4m' U T T g n 2m




Behavior of solutions

\\ Conformal EoS

2 4

Solid: w. ¢? term in EoM
Dashed: w.o. ¢? term in EoM
6
T/ T

Hydrodynamization

Attractor solution

t

Local equilibrium (¢ = 0)

Acceleration of
hydrodynamization due
to ¢* term in EoM
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Results



Necessary conditions in 1D expansion

] ]
— >0 +p——>0
n=0 T eTp T
¢ 7 n
+p—=———2>0 ——>0
e+p 2T e+p+ @ .
o\ , 4( ¢\ 47 ¢ 2 4n
_ il (N i +p——](1— —p— —>0
(e trog)est3l77) 5 =0 (8 TPT3 A-c)+34 37,
4 4n 4 4n
+ c+=p+=—2=0 1—cd)—s¢p——=0
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Sufficient conditions in 1D expansion

¢ > 0 case
e+p—£—l>0 e + _f Cz—qu+i>0
2 T, P=3)% 73 3T,

4 n 1 3cip?
§(¢+;)+(E+C52)qb+ & US(3+P)(1_C52

2 ¢TPT7 T,
(TE) —3c¢c2¢? =0
o\ , 4 ¢ n (e+p+¢)2(e+p—%+3—2)
e+p—5 cs+§ = o\2
3(€+p—7) 12




Sufficient conditions in 1D expansion

¢ < 0 case
et+p-— ¢—Tl>0 (e+p+q5)c5+4qb+%>0
2 42
é(—qb+n)—(1+1 )qb+ 369 77S(e+p)(1—c52)
3 22 T e+p+¢_‘[_
(TE) —3cip? =0
i(pyn), (oo
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Constraint on inverse Reynolds number

Necessary conditions

nformal EoS —047 < % < 0.23

A acausal e+p
Sufficient conditions

—0.07 < e < 0.07
e+p

Inverse Reynolds humber

2 9|
e+p
< constrained from
nonlinear causality




Dynamical violation of causality

e Local equilibrium state

A\ acausal

Large expansion
rate Og; = 1/7

Violation of causality A

- Limited available initial
proper time

- Necessity of nonequilibrium
description

causal
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Constraint on initial conditions

Conformal EoS

A\ acausal

/~  causal

—~
o
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_|_
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(b) Ty = 0.80 fm

Conformal EoS

A\ acausal

5 10

15

20

€0 (GeV/fm3)
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Constraint from measurement

(a) ey, = 5.0 GeVifm®>  Conformal EoS (b) €47, = 14.0 GeVifm?  Conformal EoS
" Au+Au (200 GeV, top 5%) Pb+Pb (2.76 TeV, top 5%)

A\ acausal A\ acausal
5 10 15 20 | 20 40 60
ep (GeV/fm3) eo (GeV/fm?3)
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Tomin~1 fm, €y max~5 GeV/fm? To min~0.7 fm, ey max~20 GeV/fm?




Pocket formulae of minimum initial time
and maximum energy density

— 1 2
E, == GeV/fm*)
Glauber estimation — — Measurement of
of transverse area ’ transverse energy
1 4

Tomin ~ 1.6 E,% (fm)  egmax ~ 0.63 E3 (GeV/fm?3)

(*Conformal EoS with N; = 3 case)

18



Summary

We scrutinized the initial conditions in 1D expansion from
nonlinear causality.

* Nonlinear causality constrains the inverse Reynolds number

Re 1 < 0.23 From necessary conditions
Re 1 < 0.07 From sufficient conditions

* Available regions of initial conditions from nonlinear causality
* No hope for hydrodynamization
- Need nonequilibrium description
 Insufficient to start from local equilibrium at early time
« Existence of minimum time and maximum energy density
with a help of Bjorken energy density
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Results with lattice EoS

(a) ey7y = 5.0 GeV/fm? (b) €47, = 14.0 GeV/fm?

10 15 20 25 20 40 60
ep (GeV/fm?3) ep (GeV/fm?)
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Causality violation in transverse plane
1] 4

7=1.16 fm/c T=2.02 fm/c T=2.92 fm/c 7=13.81 fm/c =471 fm/c

: - Acausal
o TRENTO + free-streaming + iEBE-VISHNU : Ca u Sa I

7=0.40 fm/c T=1.40 fm/c T=2.40 fm/c 7=13.40 fm/c T=4.40 fm/c

0 Violations predominate in the
early stage and/or the edge
T=10.80 fm/c T=1.80 fm/c T=2.80 fm/c 7=3.80 fm/c 7=14.80 fm/c reg io n .

-

IP-Glasma + free-streaming KeMPgST + MUSIC

=080 fmic T=1.80 fm/c T=12.80 fm/c 7=3.80 fm/c 7=4.80 fm/c TO demonstrate this in a much

simpler system, e.g., boost-
10 |Plasma + effetive kinc theory KﬂﬂST + 5|c ) . ] - ] i nva ri a nt Syste m

C. Plumberg et al/, Phys. Rev. C 105, L061901 (2022). 22



Characteristic velocity

Hydro eqgs. as quasi-linear PDE Characteristic egs.
A (P)V, ¥ =F(¥Y
(F)Vq (‘¥) T» det(A%¢,) =0, &% = VED(x)

W = (e, ul, I, w4, it 2t 3k)

- d(x) = t
Normal vector of characteristic surface t(ux) COMIS
—> (Light-like or) space-like vector
a
E¥=bu®+a% &-&=b*+a-a<0 $

. 4 SNEE
Characteristic velocity N
0<k(=-b?/a-a)<1, 0<k=v(<1

W.A. Hiscock and T.S. Olson, Phys. Lett. A 141, 125 (1989); F.S. Bemfica et a/, Phys. Rev. Lett. 126, 222301 (2021).




Is hydrodynamic description
valid after all?

1.0, |

Hydrodynamic

Relaxation time solution

- Is fluid dynamics far from
equilibrium justified?

- Are (almost) any initial
conditions acceptable?

~ Purpose ~N

Scrutiny of validation of
hydrodynamic description

M.P. Heller and M. Spalinski, Phys. Rev. Lett. 115, 072501 (2015). \from )
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Conformal fluids in Bjorken expansion

Balance eq. (Landau frame) and EoS

J,T* =0, TH =eutu’ —P(g" —uru’) + nt, P=c¢e/3
Constitutive eq. (BRSSS eq. with relevant terms in Bjorken expansion
4 A
TnDn““’) + TV = 2nVityY) — §T7TQ7TI“W + n—;nwpnwp

R. Baier et a/, JHEP 0804, 100 (2008).

Boost invariant flow u#* = (coshn,, 0,0, sinh 1)

J.D. Bjorken, Phys. Rev. D 27, 140 (1983).
_ 33

d __ 4 .1 A DR O p=m"—m
iz 3t T¢' e ¢ = ¢ 37’ »PL=§—¢

*lgnore ¢* term for the moment by putting A, =0 25




Variable transformation
“Conformal time”: w = 1T

Equilibri . . 3 1ldw
quilibrium measure”: f = ST
4 df 2 2 32 3 A
mefa+4Cnf W—?Cm f—G, +4CT,T—§W—O
C
Transport coefficients: n = (s, 75 = %
\ M.P. Heller and M. Spalinski, Phys. Rev. Lett. 115, 072501 (2015). )

Note 1: In ideal hydrodynamics, w « t2/3 from T o« 771/3
Note 2: Different normalization employed for f
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line

ive

Attractor and repuls

—I 4] Y W % W&
eI 4l Yy ® W% §

Ty 4l Y ® & %

B 4] Y W & %
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Square of characteristic velocity
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Acausality of the first order relativistic
dissipative equations

The “first” order theories (a.la. Eckart/Landau-Lifshitz)

- Entropy current with the first order terms in dissipative
currents (s* = squ* + q*/T)

Dispersion relation against linear perturbation
[

~\

. N
.g. W= — k?
kE g.) Transverse mode (k L v): w L y:

J

Diffusive - Infinite characteristic speed > Acausal!
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Causality in non-linear regime?

Causality of second order hydrodynamics under
static background in linear perturbation
=0, T = 0, uh =0

bulk pressure  shear stress  four velocity
See, e.g., W.A. Hiscock, L. Lindblom, Annals of Physics 151, 466 (1983).

- Effects of transport coefficients in modern second order
constitutive eqgs. ?

- Need to go beyond linear regime to capture full non-
linearity of relativistic dissipative hydrodynamic equation

30



Conditions for non-linear causality

»

Quasi-linear PDE
A% (P)V, W = F

Characteristic eqs.
det(A%¢,) =0, &* = VeD(x)

/" The system is causal if* I o) = 0
Condition 1: The roots of characteristic t
equations &° = £9(&Y) are real. £

Condition 2: The normal vector £¢ of a
characteristic surface is space-like (or light-like)
\_SO that the surface ®(x) = const. is time-like. Y,

X

C=pu®*+a% E-E=b’+a-a<0, 0<k(=-b%/a-a)<1

*There exists a mathematically
A rigorous definition of causality. F.S. Bemfica et a/, Phys. Rev. Lett. 126, 222301 (2021). 31



Derivation of equilibrium measure in
conformal + boost invariant flow

f=t—— r\ConformaIity e oc T4

_3(,, 1dT\ _3( 1de

—z( “m) —z( ”4?%) Bjorken

=§[1+Ti(_e+P—¢)] equation
2 4e T

3 3 4 3¢
—E+§<—§€+¢) =1+§
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Necessary conditions in DNMR

1
(277 + Anl’[) - ErnnlAll =0

L 2n+ A+ A +A,) >0
2T, 17 An 47, ¢ L

+ P, 411 jl@ 4+ 1D AL > 0
e S ZTn- T’ 111 41_ 3 =

T

1 T
e+&+H+Aa—Zan+@MD—j?Ow+Ad
T Vs

- ! 1 + S ll + A A
—(277 + Annl'l) + ﬂAd + — [277 + Anl’[“ + (65nn _ Tnn)Ad] + C I1I1 il d

+(e+P+MM+A;)c?2>0
27y 2T, 6T, T, ( S d) S

1 T 1 + 0!l + AgzA
e+Ps+H+Ad__(277+/1nnn)_ﬂ/\d——[2U+/1nnl_[+(657m—’[nn)/\d]—{ = i d

—(e+P.+MI+A;)c2>0
2t 2T, 6T, T (e s d)Cs

F.S. Bemfica et a/, Phys. Rev. Lett. 126, 222301 (2021). 33



Sufficient conditions in DNMR

Tan < 60,

1 T
(e+ P +11—|A]) —=— 2n + AglD) _?Ag >0

2T, -
Al’[n Trn
(277+/111'HH)_T1TT[|A1| >0 E-}_CSZ_lZTn =0

12677.’7‘[ — Tnn (Al'ln + Csz _Tnn )(A3 + |A1|)2

127, 2y 127,
o L an 4 Aty — 2z |
27T, n 7ell 27T, 1
1 + Sl — Apie A
6—[27]+A,THH+(TM—66M)IA1I]+( T = A | 1|+(e+PS+H—|A1|)c5220
U Tn
1267T7T_T7T7T AHn 2 Tnr 2
1 + S+ A r = o (20 4 2 — T ) (a, + [y )
?[4n+2/1nnn+(36m)A3]+C T ]+ Agc + 0 - —— < (e+PA+M(1—c?)
n n e+ P+ 11— |Ar] — 5— (27 + AgnlD) — 5ZE A,
2T, 2T, )
T
2 |5=— (21 + AgID) + 5ZEA
| + Sl — A lA e+P+M+A)(e+P+T+A [z T A 2 3]
L Lty 4 200 — (36,5 + gl ] + SO T AnnlAal a2 5 8 et s 28 PR i

3T, r 3(e+ P+ 11— |A]) e+ P+ 11— |A]
F.S. Bemfica et a/, Phys. Rev. Lett. 126, 222301 (2021). 34
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