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Introduction

perturbative QCD

perturbative gravity

BCJ

There has been tremendous progress in understanding the relationship between 
perturbative QCD amplitudes and gravity amplitudes.

The BCJ double copy states that Yang-Mills amplitudes can be mapped onto their gravity 
counterparts by applying a simple set of well-defined color-to-kinematics replacement rules

[Bern, Carrasco, Johannson]



Introduction

perturbative QCD

perturbative gravity

BCJ

Vabc
3μνσ (p1, p2, p3) = gf abc [(p1 − p2)σ

ημν +  cyclic ]

V3μα,νβ,σγ (p1, p2, p3) = − iκ [(p1 − p2)γ
ηαβ +  cyclic ] [(p1 − p2)σ

ημν +  cyclic ]

replace  as: f abc

Example: bare 3-point interaction vertex

g → κ
κ2

8π
= G =

1
M2

p
= ℓ2

p

on-shell methods for perturbative gravity calculations [Bohr, Donoghue, Vanhove [1309.0804]]
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Introduction

perturbative QCD

perturbative gravity

high energies QCD at high occupancy 
(high parton densities)

BCJ

Parton cascade  high parton densities→

High occupancy 
system of  particlesN

αsN ∼ 1... Saturation scale 
Qs ∼ A1/3ΛQCD



Introduction

perturbative QCD

perturbative gravity

high energies QCD at high occupancy 
(high parton densities)

BCJ

Parton cascade  high parton densities→

...

Color Glass Condensate
[McLerran, Venugopalan]

Dense close-packed 

classical configuration  

1
QS



Introduction

perturbative QCD

perturbative gravity

high energies QCD at high occupancy 
(high parton densities)

Gravity at high occupancyhigh energies

BCJ

Does a double-copy exist in the high occupancy / strong field regime?


If so, what is its precise structure (does it follow the usual / similar rules of CK duality)?


Given the progress in the QCD side such an identification might have observational implications 
for gravitational radiation produced in high-energy scattering in gravity

[?]



High energy kinematics

s = (p1 + p2)2 t = (p1 − p3)2

Regge kinematics

s ≫ | t | ≫ Λ2
QCD

 amplitude2 → 2
y3 ≫ y4

equivalently strong ordering in rapidity

p3 ∼ p4



 amplitude2 → 2 + N

...

Multi-Regge kinematics

strong ordering in the final state light cone momentum

p = (p+ = |p |e+y, p− = |p |e−y, p)

y0 ≫ y1 ≫ y2 ≫ ⋯ ≫ yN ≫ yN+1  with  ki ≃ k

gives dominant contribution to the inelastic 
 multi-particle production2 → 2 + N

High energy kinematics



QCD in the Regge limit

[Lipatov] 

Gauge invariant kμCμ (q1, q2) = 0

Cμ (q1, q2) ≃ − q1μ + q2μ + p1μ ( p2 ⋅ k
p1 ⋅ p2

−
q2

1

p1 ⋅ k ) − p2μ ( p1 ⋅ k
p1 ⋅ p2

−
q2

2

p2 ⋅ k )



Connection to shockwaves

Eikonal scattering [Akhoury, Saotome]

n Eikonalized 
exchanges

high-energy line
n-point interaction 

with an external field

Replace a fast moving particle in interaction with the rest of an arbitrary Feynman diagram 
by an external source 
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Replace a fast moving particle in interaction with the rest of an arbitrary Feynman diagram 
by an external source 


Lorentz boost

+z direction

The sheet with transverse profile  travels 
in the direction while sitting at 


ρ(x)
x+ x− = 0

Dense close-packed 

classical configuration  

1
QS

Color Glass
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Connection to shockwaves

Model this blob with a gluon shockwave

Replace a fast moving particle in interaction with the rest of an arbitrary Feynman diagram 
by an external source 


Lorentz boost

+z direction

Ja
− = gδ (x−) ρ(x)Ta

The sheet with transverse profile  travels 
in the direction while sitting at 


ρ(x)
x+ x− = 0

Dense close-packed 

classical configuration  

1
QS

Color Glass

Condensate



Gluon shockwave
Gluon shockwave is an exact solution to YM equations with covariantly conserved source

Ja
− = gδ (x−) ρ(x)Ta

shockwave solution takes the form

Field strength vanishes on either sides (  ) but the vacuum is not the samex− > 0, x− < 0

Ai =
i
g

Θ (x−) U∂iU†  where  U = exp (ig2 ρ(x)
□⊥ )



Gluon shockwave scattering

collision of two nuclei at sufficiently high energies can 
be approximated by gluon shockwave collisions
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Gluon shockwave scattering

collision of two nuclei at sufficiently high energies can 
be approximated by gluon shockwave collisions

Radiation in gluon shockwave collision?

Can be computed from classical YM equation [Kovner, Mclerran, Weigert]

[Krasnitz, Venugopalan]



Gluon shockwave scattering

Lipatov 
vertex

aa
i (k) = −

ig3

k2 + iϵk− ∫
d2q2

(2π)2
Ci(q1, q2)

ρA(q1)
q2

1

ρB(q2)
q2

2
f abcTbTc

Lipatov vertex

Solving classical equations of motion  perturbative solution for the radiation field ⟹



Gluon shockwave scattering
Upshot:

equivalent in the dilute regime

powerful framework for the 
high occupancy regime

pQCD

Shockwave 
formalism



Gluon shockwave scattering
Upshot:

equivalent in the dilute regime

pQCD

Shockwave 
formalism

Efficient access to the dense 
regime: Balitsky-Kovchegov 
evolution equation that lead 
to unitarization the BFKL 
Pomeron via saturation!



Gravity in the high energy regime

RS ≡ G s =
s

M2
p

=
2M
M2

p

κ2

8π
= G =

1
M2

p
= ℓ2

p

Scales and dimensionful constants in the problem:

Newton’s constant Schwarzschild radius

b

Impact parameter

Trans-Planckian scattering regime:

Gs =
4M2

M2
p

≫ 1 ℓp ≪ Rs ≪ b

We organize an expansion in dimensionless ratios: ( Rs

b )
m

(
ℓp

b )
n

Classical corrections quantum gravity corrections

n = 0, m = 0,2,4,...



 Regge amplitude at large impact parameter  eikonalizes 2 → 2 (b ≫ Rs)

[Muzinich, Soldate]

[Kabat, Ortiz]

[Amati, Ciafaloni, Veneziano]

𝒪(Gs) 𝒪(Gs) 𝒪(G2s2)

Gravity in the high energy regime



iℳEik  = 2s∫ d2be−iq⋅b (eiχ(b,s) − 1) χ(b, s) =
κ2s
2 ∫

d2k
(2π)2

1
k2

eib⋅k

eikonal amplitude eikonal phase

 Regge amplitude at large impact parameter  eikonalizes 2 → 2 (b ≫ Rs)

[Muzinich, Soldate]

[Kabat, Ortiz]

[Amati, Ciafaloni, Veneziano]

𝒪(Gs) 𝒪(Gs) 𝒪(G2s2)

Gravity in the high energy regime



At  we have contributions from H diagramsO(R2
s /b2)

Gravitational Lipatov vertex

Γμν (q1, q2) =
1
2

Cμ (q1, q2) Cν (q1, q2) −
1
2

Nμ (q1, q2) Nν (q1, q2)

two copies of 

QCD Lipatov vertex

Nμ (q1, q2) = q2
1q2

2 ( p1μ

p1 ⋅ k
−

p2μ

p2 ⋅ k )

p1

leading correction to the 
eikonal scattering seriesp2

q1

q2

kΓμν

soft photon factors

Required for cancellation of simultaneous overlapping poles

[Amati, Ciafaloni, Veneziano]

Cμ (q1, q2) ≃ − q1μ + q2μ + p1μ ( p2 ⋅ k
p1 ⋅ p2

−
q2

1

p1 ⋅ k ) − p2μ ( p1 ⋅ k
p1 ⋅ p2

−
q2

2

p2 ⋅ k )

Gravity in the high energy regime

[Lipatov] 



Lorentz boost

+z direction

The sheet with transverse profile  travels 
in the direction while sitting at 


ρ(x)
x+ x− = 0

Gravitational shockwave

T−− = μδ (x−) ρ(x)

Analogous connection to gravitational shockwaves obtained by boosting a Schwarzschild 
black hole

μ = lim
γ→∞

mBHγ

[Aichelburg, Sexl]

γ → ∞



Gravitational shockwave
Gravitational shockwave is an exact solution to Einstein equations with covariantly conserved source

T−− = μδ (x−) ρ(x)

shockwave takes the form [Aichelburg, Sexl]

Curvature vanishes on either sides (  ) but the vacuum is not the samex− > 0, x− < 0

gij = δij − y−Θ (y−) [2κ2μ
∂i∂j

□⊥
ρ(y) − κ4μ2y− ( ∂i∂k

□⊥
ρ(y)) (

∂j∂k

□⊥
ρ(y))]

ds2 = 2dy+dy− − gijdyidyj



Gravitational shockwave

[’t Hooft, Dray]

the metric is flat
Rijkl = 0



A color-kinematic double copy relation for shockwaves

There exists (in an appropriate gauge) a double copy relation between gluon and gravitational 
shockwaves

[Akhoury, Saotome]

1
g

Aa
μ = iqμTa δ(x−)

2q0 ∫
d2k⊥

(2π)2
e−ik⊥⋅r⊥

1
k2

⊥

1
κ

gμν = − qμqν
δ(x−)
2q0 ∫

d2k⊥

(2π)2
e−ik⊥⋅r⊥

1
k2

⊥
Ta → iqμ

Does such / similar relationship also exists for radiation produced in shockwave collisions?



Gravitational shockwave scattering

Solving classical equations of motion  perturbative solution for the radiation field ⟹

h̃(2)
ij (k) =

κ3s
k2 + iϵk− ∫

d2q2

(2π)2
Γij (q1, q2) 1

q2
1

1
q2

2

Gravitational Lipatov vertex

Γμν (q1, q2) =
1
2

Cμ (q1, q2) Cν (q1, q2) −
1
2

Nμ (q1, q2) Nν (q1, q2)

[HR, Venugopalan]



Gravitational shockwave scattering

Solving classical equations of motion  perturbative solution for the radiation field ⟹

h̃(2)
ij (k) =

κ3s
k2 + iϵk− ∫

d2q2

(2π)2
Γij (q1, q2) 1

q2
1

1
q2

2

Gravitational Lipatov vertex

Γμν (q1, q2) =
1
2

Cμ (q1, q2) Cν (q1, q2) −
1
2

Nμ (q1, q2) Nν (q1, q2)

aa
i (k) = −

ig3

k2 + iϵk− ∫
d2q2

(2π)2
Ci(q1, q2)

1
q2

1

1
q2

2
f abcTbTc

Compare this with classical radiation field in gluon shockwave collision

−if abcTbTcCμ(q1, q2) sΓμν(q1, q2)
CK relation

There also exists a 

[HR, Venugopalan]

[HR, Venugopalan]



Propagators in shockwave background
Propagators of various quantum fields in background of gluon and graviton shockwaves 
also satisfy double-copy relations

G̃R (p, p′ ) = G̃0
R(p)(2π)4δ(4) (p − p′ ) + G̃0

R(p)𝒯 (p, p′ ) G̃0
R (p′ )

The dependence on the shockwave is captured by the  function given in terms of 
light-like Wilson line that satisfy a double-copy relation between gauge theory and gravity 
[Melville, Naculich, Schnitzer, White], [HR, Venugopalan]

𝒯(p, p′ )

U(x) = P exp (ig∫ dz−A− (z−, x) ⋅ T) U(x) = P exp ( 1
2 ∫ dz−g−− (z−, x) ⋅ ∂+)

QCD Gravity



Conclusion

These results can be used to compute the spectrum for gravitational bremsstrahlung

dEGW

dωdΩ
=

1
2π2

ω2 ∑
λ

ℳ(λ)
2

ℳ(λ) = k2h̃(2)
ij (k)ε(λ)

ij
[Ciafaloni, Colferai, Veneziano]

[Ciafaloni, Colferai, Coradeschi, Veneziano]

[Gruzinov, Veneziano]

gravitational radiation 

frequency spectrum



Conclusion

These results can be used to compute the spectrum for gravitational bremsstrahlung

dEGW

dωdΩ
=

1
2π2

ω2 ∑
λ

ℳ(λ)
2

ℳ(λ) = k2h̃(2)
ij (k)ε(λ)

ij

Because of the dilute-dilute approximation, this result does not account for multiple re-
scattering effects of the emitted radiation off the dense source

ρL

ρH

h(2)
μν (k)

This calls for a dilute-dense analysis. Double copy ?

[Ciafaloni, Colferai, Veneziano]
[Ciafaloni, Colferai, Coradeschi, Veneziano]

[Gruzinov, Veneziano]

gravitational radiation 

frequency spectrum



Conclusion

Question 2: In QCD, the shockwave formalism immensely facilitated the derivation of the 
Balitsky-Kovchegov RG (that unitarizes the BFKL pomeron) whose fixed point is the CGC. 
Does an analogous RG hold in gravity and can black-hole formation be seen as a fixed point 
of such an RG?

 differential cross-section and radiation spectrum using the shockwave description and 
the BFKL framework
2 → N

[HR, Stasto, Venugopalan] work in progress

More generally: CK duality for amplitudes in shockwave spacetime

Need for non-trivial evolution of sources in the transverse direction for dilute dense analysis 
(Raychaudhuri equation)

Question 1: A sharp prediction for the high-frequency radiation spectrum possibly accessible 
at next generation GWOs



Conclusion

 differential cross-section and radiation spectrum using the shockwave description and 
the BFKL framework
2 → N

[HR, Stasto, Venugopalan] work in progress

More generally: CK duality for amplitudes in shockwave spacetime

Need for non-trivial evolution of sources in the transverse direction for dilute dense analysis 
(Raychaudhuri equation)

Question 1: A sharp prediction for the high-frequency radiation spectrum possibly accessible 
at next generation GWOs

Thank you for your attention

Question 2: In QCD, the shockwave formalism immensely facilitated the derivation of the 
Balitsky-Kovchegov RG (that unitarizes the BFKL pomeron) whose fixed point is the CGC. 
Does an analogous RG hold in gravity and can black-hole formation be seen as a fixed point 
of such an RG?


