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Gravitational wave from Binary BH mergers
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COSMIC CHIRPS
Energy equivalent to
three solar masses was
emitted over a few

tenths of a second.

o Gravitational wave: new window to probe our Universe

< How do we describe this system? = Solve Einstein equation (perturbatively)

<~ Are the theoretical tools we have powerful enough to solve this problem?

Toy model — Schwarzschild BH solution



Solving Einstein Equation

¢ Einstein Equation — Nonlinear PDE, difficult to solve.
Interestingly, there are many known exact solutions in GR

(38 chapters with 701 pages)

¢ Typical textbook technique: Introducing a metric ansatz
compatible with the isometries and boundary conditions.

¢ Ex: Static and spherical symmetric ansatz
ds* = — A(r)dt* + B(r)dr* + C(r)r* (d6* + sin* 6d¢?)

@ Let us assume that we couldn’t solve the EoM exactly.
Then the only thing we can do is to solve perturbatively.

a, das

2 b=t , etc.

A classic book by
Stephani et. al. r rz

aj
A(f") = a0+ +

¢ |sometry = ansatz, or requiring specific properties on a metric

¢ However, most realistic problems do not allow appropriate ansatz — binary BHs



Solving perturbative Einstein Equation

1. Solve Einstein Equation directly (old and brute force approach)

> Green function method
> Perturbative GR is notorious for its complexity

> Leading order correction is the practical limit
[Florides, Synge 61] [Westpfahl, 85]

2. Scattering amplitude Approach (since 2018)
> Modern techniques in QFT/Quantum Gravity

Generalized unitarity Bern, Dixon, Dunbar, Kosower, hep-ph /9403226
On-shell recursion Britto, Cachazo, Feng, Witten, hep-th /0501052

Color-kinematics duality and double copy Bern, Carrasco, Johansson, 0805.3993, 1004.0476

> Issues — convergence, loop integrals, etc

3. Go back to the Einstein equation again ( armed with new techniques)
[Damgaard, KL 24]



Traditional approach



Solving EoM perturbatively

» ¢*theory case: (= - 02+ %+ dy + 0

(— O+ m*)gx) = 1px)°, A< 1

We may expand the solution as a power series in A: ¢ = Z A"
n=0

» EoM at A"-order

(— + m2> ¢, = Z Dk D1 P
k,l,m
k+l+m+1=n

>~ We may solve the equation by using Green'’s function G(x — y) iteratively

(— + m2)¢0 = () «—— plane-wave solution

1= Gx=y(d(»),
/7
¢ = | 3G(x =) (d) ) = J [ 3G(x — Yo(3)2G o — Yo ()

vy Yoy

retarded Green'’s ft




Diagrammatic representation

One may find a simple pattern => Feynman diagram (tree level)

Po

Gx—y)

b= Ga-a0) > b=~
Y

\ ‘

loop(?!) integrals

¢, = | 3GAY) (o))’ (»)

= J 3G(x — Y)po()*G(y — 2)y (2)°

uy d




Feynman Rules and gravity

> Feynman Rules = Building blocks of Feynman diagrams

Propagator X e *Yy =Gkx-y)
Vertex z = (—iﬂ)Jd4x We don’t need to derive EoM!
— plpx
External leg >£U ; €

v

It is extremely complicated to derive EoM of perturbative GR

v

Incorporating the QFT techniques — Feynman diagrams, loop integration...

v

Generalization to the gravity — Feynman diagrams for GR (impossible task)

v

Schwarzschild BH solution with a nontrivial source, “Quantum tree graphs” [Duff 73]



Complexity of Perturbative GR

R For weak field regimes | h | <1 Flat background, no curvature

7

Metric: 8, = 1, + hﬂy <—— Fluctuation, graviton

1 1 [ h?
WY — U v 2yuv _ (3., —o=1——trh+—| — —tr |h?
g = = W+ (W = () V=8 2r+4<2 r ]>+
» Einstein-Hibert action:

1

1 _— 1 o v o v S
SEH — ﬁ/délx —4g [Zgwaugp az/gpa _ 59“ augp 8pgz/a _g,u a,uau In _g]

O(h?) = 4, Oh’) = 13, O(h*) = 35, Oh°) =76 ...

> Feynman rules?! Bottleneck of the quantum gravity.

# of terms 2 ~ 13*3!= ~ 35%41=840 ~ 76*51=9120

ANNANNNANNANN-
Propagator /fﬁ\ }i j?%:‘



Amplitude approach



AmplitUde apprOaCh since 2018

o lwasaki ('71) noticed that the classical limit, # — 0, of quantum scattering amplitudes
leads to the classical gravity contribution — computed the binding potential between

two BHs by using 2 to 2 scalar amplitude (Lippmann-Schwinger equation)

< Not all diagrams are relevant to the classical results at one-loop

Ll N N

box (II) crossed box (II) triangle (A) inverted triangle (V)

< Loophole: careful with the classical limit # — 0 of massive field theories

2
< See the Klein-Gordon equation for a massive scalar field: [J¢(x) + %¢(x) =0

< Loop order # 71 order, Quantum gravity computation (loop diagrams).

- Recently, this approach has been revived by the development of the amplitude

techniques. [Neill, Rothstein 13, Bjerrum-Bohr, Damgaard, Festuccia, Plante, Vanhove, Cheung, Rothstein, Solon,
Kosower, Maybee, O'Connell *18,...]



Amplitude bootstrapping

< Conventional method for scattering amplitude — Feynman diagrams

< Bootstrapping: Without using Feynman rules or EoM (extremely inefficient)

Double copy and unitarity cut method

< Double Copy: Hidden relation between Yang-Mills theory and gravity
Gravity = (Gauge theory)?

« From gluon amplitudes to graviton amplitudes — without gravity action or Feynman

rules [Bern, Carrasco Johansson 08, 10]

> Unitarity Cut: generalization of the optical theorem

()X
(DO

2

From tree amplitude

, to loop integrand




Perturbative solution from amplitude

o Schwarzschild metric can be calculated by the scattering of a scalar field

1 1
Serr = | dPx\/—8 |- R +—=g"0,p0,¢ — m*¢p*
EFT J X 8[ 162G 28 ,ﬁb P 47]

< The three-point amplitude corresponds to the EM tensor

D2

q £/ 327G
Ms(p1,q) = i/%gl) (Pb Q) = = > ? (TU)W)GM

p1

o Then the solution is given by

dg .- 1
hHD) = — 167G J e (l) class. _

1
Cd-1

"Mv< (l)>c|ass.>



Perturbative solution from amplitude

< Loop integrands can be generated by the unitarity-cut method

M1V (z,ﬂl, cees ?/ﬂl+1’ q)

£p1V1 ..... Pl4+1VI41 (p17p27 ela c e 7el+1) —

(l) 1 [ dd+1f
il (p1:q) = “i[ (27)P 2 Ly it (Plal’zfo-m’---’fo-<1+1>>

[+1 @ﬂypg

Multi-loop integrals are the real challenge!



In this talk

o returning to the solving Einstein equation explicitly
c> Two main ideas

e good variable — By doubling the fields, the perturbative Einstein equation is

drastically simplified. We can hide the ugly infinite expansion.

e off-shell recursion — A new methodology for solving perturbative Einstein Equation
Remarkably, all the “higher-loop integrals” are represented by iterations of one-loop

bubble integrals.

©> For the Schwarzschild BH case, we derived all-order results — first derivation!
e Efficiency — fixed number of terms, recursions and simple loop integrals...
e Universality — binary black holes & rotating black holes, branes etc

o Recently, the similar results are derived from the amplitude point of view
[Mougiakakos, Vanhove "24]



Perturbative GR
and
doubling prescription



Tensor density representation

v ¥

e
e

Two sources of the infinite expansion: g=! and /=g

Field redefinition - tensor density [Landau & Lifshitz book]:

1
O-/’tV: '/—gg/’”/, G/,[I/:—g//llj’

\/__g

EH action (up to total derivative) in terms of the tensor density

1 1 N N
Sen = Jde [ 20"0,07°0,0, = ~0"0,070,0,, + (D = 2)0"0,d0,d ] . 0d=-70"0,0,

Substitute the metric perturbation [Cheung, Remmen 18], [Deser, 70], [Capper, Leibbrandt, Medrano, 73]
(0]
ot =t — kh*", Cuy =N + Z Kn(hn),uv ‘
n=1

Why? There is no v/ —o. The number of 67! is always greater than ¢ due to derivatives.

Provides the simplest form of the perturbative GR [Cho, Kim, Lee, 23]

* general n-th order terms of the EH action and Einstein eq.

e Three minimal building blocks



Doubling prescription

- ldea: do not substitute metric perturbations from the beginning!

o Let us treat the metric (6) and the inverse metric (c~!) on equal footing

[Gomez, Lipinski Jusinskas, Lopez-Arcos, Quintero Velez "22]
< Introduce an auxiliary field &

 Impose a constraint: on-shell value of 6,, = g,

= SUP — 5P
6,0 5ﬂ

< Einstein tensor (density)
CHY — l P9 [0 0 6" + 0 "0 6 vAl _ p(u 0.0 1/)0_|_a |1</1a ~ o|v)
= 20 ,0,0 ,670,6,,0 19 05,0 ,6"70,6),0
1 A n
+o#* " [Zakapaa 18,0+ (D — 2)0,d0 ﬂd]

9. (Maﬁ)] ]

1
+— ldpap"dao*‘” _ daapﬂdpa"”] + oh
>




Field equations - temporal component

o~ Under the static condition and harmonic gauge, the £ component yields

1 g 1
@00 _ " %9, ’olf ( Go00,0" — 5kzaj0kl)] == 00

< The source term is only relevant to the 1st order:

It is sufficient to solve the simplified form for higher-order,

l

& Substituting the expansion of the fields, we derive the field equation for A%

Laplacian . Ahg? — al‘(Xé) + h(g)ajh(??> ?

AR = 5.

4 l

(Xi — YL, = XL hi + 0.hPhY + ajhkkhif) ,

“) ) @@ @ @ @ "t
. 00 __ i vi ) _ (R 7/ 00 ij
n > 5, Fixed form! Ah(n) — ai (X(m Y (n)) al'(X(n—2> Y, (n—2) ajh(n—2>)h<2)

n—1

I 7.00 17,00 I _ 1.kl 11.kl

where X! = Z A0 dn%  and Y =R, o'nk
m=1



Field equations - spatial components

o Spatial components for Einstein eq
i L u ij _ kG i L k(i (il k] (il k] U PY)L
GV = 56 dkdla — O OkOZO' +Z 27 kl_4Z kl+Z lk+W ] 10O
i YA Ky i Y ki Uiy iy gk
where ZY,, = 60 _0/"0,6,,, W"j = aik0k0006j500 : d = G’jaja? :

< Substituting the expansion of the fields, we derive the field equation for hY

) L ) ) | R B
AhY = 8d%d) +26U9,d* —2hY 0, d* +—=W" — —priWIk

3) @ 1) 3) 2) ) o) 3) 9) @ @D

“) 2) 2) 2) 2) 4 “4) “ “

ARV = hklakalhij _ Qhk(iakalhj)l + % <22k(ikj) _ 4z(ilk|kj) + Z(ilklj)k + W(ij)> 4 ...

n—1
j — J k kG ) _ oGkl j) o — 7kl 4~ w@) o ...
n2 5 Ah! = E ad, .4 + 200 d, +Z ) =27 + 2Z(n) Pt 5 W. +
Fixed form! m=1



Harmonic vs de Donder gauge

e

v ¥

If we obtained a solution using amplitude, in what coordinates do we get the result?

—> gauge choice

One of the most straightforward choices is the harmonic or de Donder gauge

1
Y — W MV hP —
gr,=0 or 0 S an’,=0 B ,
for 8w = N + o
harmonic gauge de Donder gauge

Linearized harmonic gauge = de Donder gauge, but not in nonlinear order

However, in the tensor density perturbations, these are equivalent

g}, = 9,(\/=88") = 9,0/ = 91" = 0

> In our perturbation convention,

harmonic gauge = de Donder gauge



Schwarzschild metric in harmonic coordinates

o> The usual form of the Schwarzischild metric

~1
2GM 2GM
ds? = — (1— >dt2+<1— ) dr? + r2dQ?

r r

> In the harmonic coordinates, the metric

r—GMd r+ GM

dr’ + (r+ GM)*dQ, obtainedbyr — r+GM
r+ GM r— GM

o The tensor density ¢/* for this metric (c** = \/—gg""),

0,9;.

+ GM)? L GEM2%xiy/
O.,ul/aﬂayz _ (I" ) 62+ <5l]_ X X )

2(r—GM) ' r4
< The corresponding metric perturbations h*

+GM)  4GM  TG*M? M3 ‘M4
h00=—1+ (7‘ ) — + _|_ _|__|_...

r2(r— GM) r r2 r3 ré
G’M?*x'x/

ré

hil =

Coefficients of 1" is fixed by “8"” while /¥ truncates at the second order



Re m a i n ed a m big U ity [Fromholz, Poisson, Will *13

The Schwarzschild metric: It's the coordinates, stupid!]
o Even after the harmonic gauge choice, the form of the metric is not fixed yet

< Solving the de Donder gauge, d, " =0, admits an integration constant C

< The harmonic coordinate solution can allow a new parameter C

AM  TM?* 8M°? 8M*—2CM/3

o0 — 1 _ " . . -5
ol ==l — = +0 (r™)
. C 2CM? § G*M?* C 2G*M?*C xix/
i={1-—- +0(r ) )67+ | - +— + +0(r 0 | —
° < 373 5r3 (r ) > ( 2 3 33 ( ) 2

< If we turn off C, the solution returns to the previous metric expansion.

< The existence of the parameter has recently been observed in the differential

equation.

< How can we interpret this ambiguity in our context?



Source of the Schwarzschild BH

- Consider pure gravity with a matter

1 1
5= [at [2—,@\/——@ + Ejﬂy<x>gﬂv<x>]

where j,, (x) is an external source (density) without metric dependence,
< Relation to the energy-momentum tensor T,
V=81 = Ju
o Schwarzschild BH is not a vacuum solution — point mass source

< Energy-momentum tensor for a point mass traveling on a worldline x(7)

5@ (yo — 1 '
T””(ﬂ:MH b X(T))] A 4,

\/—_g dr dr

< Source of Schwarzschild BH — a static point mass placed at the origin, x = 0

: 3 dx*
Ju(X) =Mvy,5°x),  v'=——=(-10,0,0).
T



Recursion Relation
for perturbative GR solutions



Off-shell Currents 77

o> Off-Shell recursions: recursions for off-shell currents [Berends, Giele '87]

for gluon amplitude at tree-level

o Rank-n Off-shell currents: sum of all (n + 1)-point Feynman diagrams

- Diagrammatic representation

off-shell leg

The off-shell line satisfy the conservation law

d,J7, = 0 without EoM — Ward identity

amputated

1 on-shell legs

9 off-shell line

l

o Off-shell lines can be glued in a specific way (interaction vertices)

Intermediate states are off-shell



Oﬂ:'She” ReCU rSiOn [Berends, Giele '87]

< Recursions: hidden self-similarity — finite number of interaction vertices (patterns)

o~ ldentifying the Hierarchy for off-shell currents: # of on-shell legs

o ¢* theory:

o Efficiency:
* Do not treat individual diagrams

* Recycling calculations - never repeat the same calculations!

o Gravity — infinite number of vertices (No patterns)




Perturbiner expansion (.., s.i..o. s, i 2

< Modern derivation: substituting the perturbiner expansion into the classical EoM

—> connects solutions of EoM and tree-level amplitudes

« The classical field in the quantum effective action formalism — 1-point function in the

presence of the source j#*

n=1 T UYLY2s Y

(0 ‘ TR o]

ijﬁlﬂl ijgﬂn
0>C S

o The field corresponds to a different physical quantity depending on the sources:

N
° ; V_
. Inverse propagator: j.* = Z
i=1 Vi
N

XY

~ikvi = scattering amplitude.

. Plane-wave: j/ = Z e~k — Correlation function.

i=1 )i

o Point-mass source: ;¥ = Mv”v”J
£

e

—ilx

xH

— solutions of EoM. V= = (—1,0,0,0).



Perturbiner expansion for classical solutions

) ) 1 .
Substituting the external sources: puriy) — o v —if),. X
7 J h(x) = Z n:Jy e Jflfz"-b‘;e B
1:€25°° 50y

n=1

o Itis convenient to shift the loop momenta, ¢, - — &,...,

o0 1 o0
Uv _ if)x uv _ it x yuv
fl fz’...’fn ° fl

n=1 n=1

o _ [ 1 JHY
(m|e; . —bp.. 0 E,
£y, L, (n—1)! 1202

o Compare with the amplitude perturbiner — finite # of particles cannot generate the

classical solutions
o — U, —ikgex
h Z Jgj e
P

< We call the number of the loop momenta of an off-shell current as rank.

Here the rank is equivalent to the powers of coupling G

h = Z G"nly  and RV = J JH eitx
4

Wl
n=0



Off-shell currents for 6

> perturbative expansions of 6,,,
U — 1V v ~ 7
o'’ =nt — ", =My + 1y

o~ Then h satisfies 6,07 =06, => W =h"+ 1 h",

n—1

B> =ht"+ 2 RY hl™  solving recursively
m=1

> We also introduce the off-shell currents for hf”)“

(n) mle

il,uz/ — J eif-xj,uv
£
< The current expressions for the constraints

n—1
juv _ Juv jup 4%
J mlp J (n)lp + Z [ J(n—m)|p—fj<m)|f
m=1 12



Structure of the recursion

o Substituting the perturbiner expansion into the EoMs
[ o o [ ipxs
hl” —J e g, and  hY —J eI,
¢ £
- Perturbative Einstein eq

hy(xX)hy(x)+-h,(x) = [

ity X i = | it
e’ J 160206, Jnm—[ e ! [ =ty 216, e,
2 brlsint, ¢ ¢

1 29f3""l’ﬂn

J ([ Jl|—f12...nfz|f2> e, e,
lael, £,

3y
One-loop bubble integral <

/
116,652, ,
[ J ]1|—f13,,,nj3|f3 ]4|f4"'Jn|fn
l4yel, ?;5

o Fourier integrals <= loop integrals: number of loops = number of fields - 1

> Integral Factorization — iterative structure of loop integrals.

> This implies that only bubble integrals are required



Deriving and Solving the recursions



Recursions and currents at rank 1

< Rank-1 EoM — Poisson equation

AhlY = = 2jH = — 2Mv”v”[ elk-x
k

<~ Substituting the perturbiner expansion /! = [ Jfo‘”e"'f'x, we obtain the initial condition
£

of the off-shell recursion relation

kM 162GM
T = V= 7V
4 4
Or equivalently
162GM . y
Jggt,: 2P ; ]3§|f=0’ Jie =0

& Since we are assuming an asymptotically flat metric, JV cannot be a plane wave.

- After the Fourier transformation, we have the Newton potential — consistent with the

metric expansion

4GM l. y
hg? = . h8> =0 h<{> =0



Recursions and currents at rank 2

< The corresponding recursion is

K

5 7
00 _ 2 00 700
](2)|—t’1 — |£1 |2 )., _Z | le - gfIZ | fz] ](1)|—t’12‘](1)|£2 ’
o< 258 86T w0 0o |
@)= |f1 |2 Je | 4 8 (DI=212" (DA
o 1-loop bubble integrals
16xGM)* ( 1 5 7 147°G*M?
T Arrr FR R R
14 | e, 2 MEZvY 1
i (162GM)? [ | 2£\¢) +2¢5¢) — sU¢tes . o 1 | _ | 2z . 5
Q-6 2 2 2 2 N S 4]
814 76 | 16517 €12 | €1, | i 14 | 1

- The Fourier transformation gives the correct perturbed metric

|



Recursions and currents at rank 3

©> Rank-3 recursion

1€, |* % =_(GM)3[f{Xi +K{J £l Jo  gi ]
4

3= 3)-7 127 DI=212" 1%,
2

g 1 .
+ 2896 d" + —WY

17°03) o) 3)

2 7ij (i D _ Rl pk gk
|£1 | '](3)|—f1 _ J [8d(zl)f12d(l)f2 2h(Z)KZd(I)It"z
2

2

n—1
] _ ] 700 00 ] _ I Tkl kl
X(n)l—ﬁ _ ‘ Lﬂ2 Z J(n—m)l—ﬁz‘](m)lfz ? Y(ﬂ)l—t’l — J KZ‘](”—Z)I—f’lzJ(Z)Ifz >
fz m=1 fz

< Again, we need only 1-loop bubble integrals.

Scaleless integral
vanishes in dim. Reg.

3 5ij
yd+1 <%) , Ji =~ J 167:251 0
5301716

o In dimensional regularization
(GM )’
1417

00 _
Al-¢

< The only place where divergences arise!

o other regularization scheme — it does not vanish, and the solution should be modified!

< This explains the ambiguity, C factor



Recursions and currents at rank 4

o> Rank-4 EoMs

@ @

3
00 _ 700 Ni7,00 _ 7.kl jig, kI 7,00 007,1j 00,1 kk1,ij
Ahgy =0, ( Z MmO Py — )0 ha)ajh(l) h<2> T ajh(Z) h(z) T ajh h > ’

m=1

@ 2 2 @ 2) “4) “) ) 4

ARV = hklakalhij _ 2hk(iakalhj)l + % <2Zk(ikj) _ 4z(i|k|kj) + Z(ilklj)k + W(lf))

@@ @@ 2 2 ) 2) 2 2 °

—— WY R+ 4dl &7+ 0,hMonY — o,nkio hY — 2nY 0,d¥
2

< The recursion requires only the one-loop bubble integrals — 3-loop integral in the

diagrammatic approach
< The solution of the corresponding recursion

JO , = (GMY2 17214 | (£-2),

G 4]

J9 =0

D=2



All-order Currents

o From n > 5 cases, the forms of the EoM/Recursion are fixed.

< In the harmonic gauge, the Landau-Lifshitz variables are extremely simple
(r+GM)> 4GM 1G*M* 8G’M® 8G*M*

h00=—1+ = + + + + .-
r2(r — GM) r r2 r3 r4
2Ag2 i
i — G“M~*x'x’
r4 .

< One can read off the currents arbitrary order in G from the Fourier transformation

w0  AGM)2PriT PR

Jhe = ,
(1€ I‘[%] |£|D_1
D 1
00 __ 20D—2_D D2
Teie =TGM)"2°*n T[22 ppy
8(GM)"n=T[2sn] 1
00 __ 5
% oT[L1eiei T [P52] 6%
L/ A 2, LoD-3| _ 2 5

< One can show the followings by using the induction



Arbitrary rank n > 5 — J%

o We can show that the off-shell currents at an arbitrary order n by induction.

o The corresponding recursion: J%, = &l _ L]

mle (@l |’
i

n fl ] ]
gl = (GM)? —( - X+ Y(zn)l_ﬁ),

@n)|-2| 2 |2 @n)|-#,
even I
A . . . g
21 — 2n_ "1 _ Y/ j _ 2i 00 ij
g@n)l—fl = (GM) | ~ |2 ( X(Zn—2)|—z,”12 +7Y 2n-2)|-#]5 4 12‘] (2n—2)|—f12>‘] Qe
1 2
%[1] - (GM)2n+1 Lﬂi Xi
Qn+l)|-#; |f |2 Qn+1)|-#) °
1
odd it C . - )
— n+l__ 1 Y P ij
%(2n+1)|—f1 = (GM) % |2 J < X(Zn—1)|—t’12 leJ(Zn—l)l—fu)J(Wz'
1 2

o Performing the bubble integrals and substituting, we have

8(GM)'n=2P~ (2 —n] 4
JOO — ,
2n) [[n] | £ |D—2n
o 8(GM)¥'a=2P~-IP[2=2221]

Qn+l) —

I'[n+ %] |2 |P~2-1



Arbitrary rank n > 5 — JY

< The EoM for the spatial components

—m)~" (m)

n—1
] o . I D
j — J ko 7k j) _ o7Glkl j) 4 — 7Glkl)
ARl = Y 4d;, d, +2070d" + Z,1 ) = 270D+ —Z(H0, +
m=1

_ ( YN % ZG lW<i|l|> il

n-2)kl (n—=2) (n—2) N (n—2) 2)

<> Divide the EoM into 3 sectors: d-sector, W-sector and Z-sector

o Interestingly, these three sectors vanish individually (induction).

o This implies JY =10, as we expected

m|e

2

)
()



Comments on
Quantum Generalization



Quantum Perturbiner Method . .

<~ Quantum off-shell currents: sum of all (n + 1)-point all-loop Feynman diagrams

off-shell leg
Inverse two-point function

) iK(—k) iK(—k)
(Di vf, — Gc(_ki ...i,k,',"',ki) -
1 n 1 n 1 n h h

All loops

amputated
9 L on-shell legs

> Fields in quantum effective action formalism — 1pt function with the external source j, = j(x)

oW|j - "
Py = .[]]=Zl J G (X, Y15 Y270 V) Jy oy,

npyl
6‘]x h n: Y15Y2:" "5 Yn

n=1

N N
< Choice of the external source for amplitude j, = Z J nyie‘iki‘x = Z K(—k))e=k~
i=1 Y i=1

N
c.f. for other choice of source for n-pt correlation function j, = Z etk

i=1
o Quantum perturbiner expansion: ¢, = Z D e ko
4 Substituting into the “quantum” EoM?



Dyson-Schwinger equation

< Quantum analogous of classical EoM: Dyson-Schwinger equation
o~ total functional derivative within a functional integration

0 = [g(p ﬁie%S[(pJ] _ J9¢ o5lg,J] o7 519.]]
Y og, s

X

0S[¢p,0 h o
< Denote the classical EoM as Flol = v ], F <——> Z[j1+j.Z[j1=0

o i O]y
s Identity: ¢~ #"L/! o enWlil = (px+ﬁi
i Ojy L Ofy
- Quantization < deformation of a field to an operator
P
A nos
o Q=@ +——
i 0J,
DS equation for phi-4 theory:
A Ah S 1 8%
Kx, + — 3=___ X+h2_ X.
J Iy b 70 =y e

y

< Strategy: Treat the functional derivatives of ¢, as new independent field variables



Descendant fields .2

< Descendant fields: higher point functions with external sources, multiple off-shell legs

oy = O _ OWI]
? n : X = . . — . . . 0 Tt
Yo S s 018,00,

op,  5°WIj]
O O0j,

Ist 1y, =

. Derive the perturbiner expansion for the descendant fields

l//x,y — [

P
zero mode ——

/ _ / ip-(x—y)+iq-(x—z2) , —ikpx
Wiy = Z J \Pp,qlg’e €
P DP9

\Pplgeip.(x—y) + Z J \Pplgeip-(x—y)e—ikgyx ,
P D

\I'p|12~-n .

wy,y = Iim l//y,z n 1
7=y 2

l

A, Ah A
¢ = | Diyly— ?g”y - E?quwy,y +h ;Wy,y,y
; . .

o DS equation for ¢*- theory:

< Need equations for y, , and y; , .
- Derive the descendant equations by acting functional derivatives on the DS eq.

> However, new additional descendant fields arise! — continues forever...



Descendant equations i« 22

0
< Derive the descendant equations: acting — on the DS eq,.

O
A 5 A p
'¢a: z — Dwz S my¢y¢y,z + 1h— Dwy (qbywy,y,z + ",by,zwy,y)
2 2 Jy
/way‘py,y Y,z

a:,z,w - / 2¢y'¢'y wwy z T ¢2¢y,z,w)
Y
+ 'Lh / Dwy ’l,by w¢y,y, + ¢y¢y Y,2,w + /l*b:,y,Z,’w/l'by’y + Q,by,z'lp;/,y,w)

2 /11
h Q/Dwy?’by,y,y,z,w'
vy

< However, new descendant fields arise ¢ and y”

o> How to truncate them?



h expansion and recursions

< Up to now, all the equations are exact
o~ N expansion
e A < (" AN
Py = 2 (7) (D)En), l//x,y — 2 <7> l//g@y), l//x,y,z — 2 <_> l//x(,’;,)z
n=0 n=0 n=0 !

< We can truncate the new descendant fields because these are from higher 7i-order terms

o 1-loop DS equations and tree-level descendant equation

A 2
(D — (1) 0 1 0),,.(0
Ps _J D, []y _5<(¢y( )> # + o, )l/jy(y)>]

y

0) A 0) 2 0)

Yz = sz — EJ ny <¢y > Yy.z
y

< Substitute the perturbiner expansion into the DS equation
o) = _ 4 l Z dOPOPD 4 Z POp©)
P~ 5 2 e RS e " pl%
(ko)™ +m2 \ @=guzus P=GUR P

A 1
0 —_Z2 O)HOPO)
P =3 > OOV
g=cuaus (P —ka)” +m




Steps of deriving the recursions

Write down the EoM

Constructing the Dyson-Schwinger equation from the EoM by the deformation
Substituting the perturbiner expansion

h-expansion and truncate the higher 7 order terms

Deriving the off-shell recursion relation

Solve them!

Derived the quantum off-shell recursions for
phi-4 theory
Pure Yang-Mills theory

Einstein-scalar theory (binary BH system)



Generalization to
Binary black holes



Life cycle of Binary Black Hole Mergers

Inspiral Merger Ringdown

‘ o e

gl

Waveform

.

|

I |

)

-

Post — Newtonian Numerical Perturbation

Theory Relativity Theory from1610.03567

> Inspiral phase — perturbative gravity, weak field region

> Merger phase — Numerical Relativity, strong field region

> Ringdown phase — BH perturbation theory. stabilizing to a new black hole



Demanding analytic computations

Why do we need the perturbative GR and inspiral phase?

Numerical relativity - expensive calculation, takes a long time. It cannot cover the

entire parameter space!

Template bank for the 4th operation in LIGO: ~ 1.8 X 10° templates for searching level

Requires analytic results!

Post-Minkowskian

log(Tmin/Gme)




Kinematics

< In the inspiral phase, we may treat the spinless BHs as point particles

- Considering two body motions (massive point particles)

U — VH nyu — H — hHH H
Xi(@) = X* (@) + Z G'xt (x) a=12 Xt (@) = b+l

n=1

popH /
my, Vl ; bl ° >

Xl,(n)(z')

............. //l ﬂ
.............. < o Ny, V2,b2

< We will consider the conservative potential — leading order

< Goal: Compute the momentum kick order by order in G, AP{‘2 = [ er’i‘ 2(T)



Action/EoM for two point masses

< Change the notation:
g =,/—gg", ¢, =——8,

o> Action:

Jd“xj””(x)%ggm,(x)

Sla, 7] =S +
18, /] = Sgulgl N

167G
The external source/Energy momentum tensor
dX!(7) dX;(7) 54

dr dr

2
j*(x) = 8nG Z ma"df (x” — Xg(f))
a=1

- Einstein equation:

1 1 1
5,8 = d"x g, |- + —| " — =g
g 167Z'G" g/,w|: \/_—g<] 2g .] gp6>:|

o Geodesic equation:

a1 _ .1 1 1 o
ngXa =Eap ﬁgm/ x—>XaXaXa




Perturbiner expansion

o> The n-th order metric fluctuations h(ﬂg is a function of coordinates x¥, as well as the

impact parameter b, implicitly
h'uy(X) h’W(X bl’ bz)

< Perturbiner expansion (x = x* — b¥, a =1,2, ¢, arethe Fourier dual of x)

. 1l1-x 1o -
n=1: hi)(Ta)= _/e - 1J(l)l[él, O] +/g e 2J(1)|[0 £2]
1 2

. pv _ 14121 tlo-xo TH tl1-x1+ily-xo TUV
n>1: ha(za) —/1Z Jrlits 0 +/e J >|[062]+/£ , Sl 2]
1 2 1,42

1. P _":el'Xa,l,(O) Y —1€2- X 2,(0)
n=1: X ,(1) / Xa (1)|[£1,O] + Xa,(1)|[0,£2]e )

. P _ e~ W1 Xa,1,(0) e~ W2 Xa,2,(0)
n>1: Xp (7 _/e Xa ,(n)|[€1,0]€ +/ Xa \(m)][0,£2]

1

M —'l:£1'Xa’l’(O)_iEZ'Xa,2,(O)
* 010 Xa ()| [€1,£2] € ’
1,2
7 N N7 N ¥ H
X a,[3,(0) = bq bﬂ+vaT'



1PM — initial condition

< EoM for the metric is given by the Poisson equation

< Substituting the perturbiner expansion, we obtain the initial condition of the recursion

 16zmo (v - )

Uy 737

)=
162m.6 (vy - £

JH = ( 2 2) vy

(D1[0.2] 3 2

< The trajectories of the particles

41:71- A [~ 9 -
le,(1)|[0,£2] = T2ty - ,Ul)zm25(v2 - £3) _(52 cv1) (4yvh — 207) + €5 (2v° — 1)_ ,

4 A - i
Xowlie,0) = AQ .v2)2m15("’1 -£1) _(51 ~v2) (4yvf — 205) + 47 (29" — 1)_ -

. , )
<~ Momentum kick APa’(l) = ma[ dTXa,(l)(T)

AP(*;) = 47tGm1m2(2y2 — 1)

0 [ S(Vl ¢ fz)S(Vz ¢ fz) eilfﬂz'b

2



2PM order

o> The derivation is the same

< The momentum kick after one-loop integration (triangle integral)

p
APl,(2)

2 2 2 P P — € . 2 p
_m™mime [, 2, 4(2y% — 1)*(yv] —v5) |dme™7E i (57 1) P
2 /eé(e v1)0(6- v2) [ (v2 — 1)3/2 ¢ 4|2 T €] €

2 2 2 ( ~yayP p —~vg € : 2 p
mmam3 [ : 4(29% —1)%(yvg —of) [dme ™" | 3im (57" —1) €7
: /. e
+ TG | B oi ”2)[ (- 1) [ A/

o We partially checked that the loop integration is also factorized as in Schwarzschild's

case — It would be a game changer!



Summary and future directions

» Established a new computational framework for perturbative GR

> defined a “good” variable — tensor density & doubled metric
> derived a recursion relation in a remarkably simple form — no infinite expansion
> Showed the integral factorization occurs — only bubble integrals arise

> Derived Schwarzschild BH solution all order in Newton constant
» Applications
> Extension to binary black holes — two moving point masses

> Kerr BH — massive higher spin or worldline SUSY

> Finding interesting unknown solutions — physically intuitive setup.



Thank you!



