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motivation:
where is the precision frontier?

part 1:
two-loop amplitudes - challenges and solutions

part 1I:
new results for Wγγ, Hbb and ttj



precision at the LHC
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hadron colliders are not the obvious choice for precision studies 
of fundamental interactions but it’s what we have to work with…

[LHC (-2025), HL-LHC (2030-2041)]
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~1-10 %~10-30 %



multiplicity frontier

loop frontier

IR frontier

L O(N),≤1
EOM O(N),≤2

EOM O(N),≤3
EOM O(N),≤4

EOM

1

2

3

4

Table 1. In the Lth row the table gives examples of diagrams contributing to the L-loop contri-
bution to Γ(N)

gg . Subgraphs whose UV-counterterms require the various EOM operators O(N),k
EOM are

highlighted with dashed boxes.

O(N),3
EOM = g2(D.F )a

∑

i+j+k
=N−4

Cabcd
ijk (∂iAb)(∂jAc)(∂kAd) (3.15)

O(N),4
EOM = g3(D.F )a

∑

i+j+k+l
=N−5

Cabcde
ijkl (∂iAb)(∂jAc)(∂kAd)(∂lAe) (3.16)

Let us now discuss the color decomposition of the C-coefficients. While at rank two and

three possible color structures are limited to δab and fabc, color decompositions for operators

of higher rank are in general non-trivial, in particular when keeping the color gauge group

general as we do here. However the fact that we only require counterterms valid up to

certain loop orders imposes strong contstraints and allows us to identify the following color

decompositions:

Cabc
ij = fabcκij (3.17)

Cabcd
ijk = (ff)abcdκ(1)ijk + dabcd4 κ(2)ijk + dabcd

4̂ff
κ(3)ijk (3.18)

Cabcde
ijkl = (fff)abcdeκ(1)ijkl + dabcde4f κ(2)ijkl , (3.19)

where the different color structures are defined as

– 10 –

N3LO splitting functions, analytic 
resummation, SCET, beam functions,

IR subtraction etc.

4

H

H

FIG. 1: Top: example of a triple-real emission amplitude
with a quark-antiquark pair in the final state which con-
tributes to the bare beam function in the leading-color ap-
proximation and therefore has been included in our compu-
tation. Bottom: example of a similar amplitude which is
sub-leading in Nc and therefore is not included in our com-
putation. The box labeled H denotes the hard scattering
process.

where p is the four-momentum of the incoming parton,
p̄ is the complementary collinear direction, s = 2p · p̄,
[dki] = dd�1

ki/((2⇡)d�12k(0)i ) is a single-parton phase-

space element, knR =
nRP
i=1

ki and P
(RnRV nV )
qq denotes the

nV -loop contribution to the collinear splitting functions
that describes the q ! q

⇤ + g1 + ... + gnR process or, if
nR � 2, the q ! q

⇤ + q
0 + q̄

0 + g3 + ...+ gnR process. We
note that the functions B

b,RnRV nV
qq (t, z) scale uniformly

with the transverse virtuality, i.e.

B
b,RnRV nV
qq (t, z) ⇠ t

�1�3✏
B̃

b,RnRV nV
qq (z). (15)

This observation will be important for the discussion be-
low where we describe the computation of the double-
virtual single-real contribution B

b,R1V 2
qq .

The calculation of the triple-real and double-real
single-virtual contributions B

b,R3V 0
qq and B

b,R2V 1
qq was

discussed in Refs. [28, 29], respectively. We will briefly
summarize these discussions here.

Although, as we already said, the collinear splitting
functions in Eq. (14) are universal objects, they are not
available in closed form beyond NNLO. Since, as shown
in Eq. (14), our goal is not only to construct the split-
ting functions, but also to integrate them over the real-
emission phase space, it is important to have an algo-
rithm that allows us to perform both of these tasks in a
concerted way. We achieve this by following the proce-
dure outlined in Ref. [36] that describes how to extract
splitting functions by considering emissions o↵ a single
external line and by employing relevant projection op-
erators. An important ingredient in this construction is
the use of physical gauges for both virtual and real glu-

ons that, unfortunately, complicates the computations
significantly. In Ref. [36] this procedure was used to
explicitly construct all tree-level splitting functions at
NNLO in QCD. Here, we just use this procedure to find
a suitable expression for the collinear splitting functions

P
(RnRV nV )
qq (p, p̄, {ki}) that may involve unintegrated mo-

menta of both real and virtual gluons. Once such a repre-

sentation for P (RnRV nV )
qq (p, p̄, {ki}) is available, we apply

reverse unitarity [38] to map phase-space integrals onto
loop integrals. We then use integration-by-parts tech-
nology [39, 40] to express each particular contribution
to B

bare
qq in terms of master integrals and to derive the

di↵erential equations that these integrals satisfy [41–44].
A detailed discussion of how the master integrals are

computed from the relevant di↵erential equations can be
found in Refs. [28, 29]. Here, we just note that the use
of physical gauges makes their computation much more
di�cult, in that it introduces additional propagator-like
structures that arise from polarization sums of real and
virtual gluons. Unfortunately, this leads to a prolifer-
ation of integrals that need to be calculated. Another
interesting point is that the master integrals, that de-
scribe triple-real emissions, are initially written as linear
combinations of generalized polylogarithms of a complex-
valued variable

x = �1 +
z

2
± i

2

p
z(4� z), (16)

which arises during the rationalization of the di↵erential
equations, see Ref. [29]. Curiously, as we will see from
the final result, the dependence on x disappears once the
complete triple-real emission contribution to the beam
function is constructed.
In principle, one can compute the B

b,R1V 2
qq contribu-

tion to the beam function using a similar approach. This
would require the calculation of the two-loop correction
to the process q ! q

⇤ + g in a physical gauge; such com-
putation is, currently, not available. Fortunately, there
is a way out. The contribution we are interested in can
be extracted from the two-loop amplitude of the process
q(p)q̄(p̄) ! V +g(k1) in the limit when the gluon is emit-
ted along the direction of the incoming quark q. To see
this, consider the Mandelstam variables T = (p � k1)2,
U = (p̄� k1)2 and S = 2p · p̄ that are needed to describe
this process. Then, from the phase-space constraints in
Eq. (14), we find T = �t/z, U = �s(1 � z). Therefore,
we can obtain the required splitting function by studying
the T ! 0 limit of the NNLO QCD contribution to the
amplitude squared for the process q(p)q̄(p̄) ! V + g(k1),
and by extracting the contribution with the appropriate
T

�1�2✏ scaling.2 The calculation of the 0 ! qq̄V g scat-

2
According to Eq. (15), the N

3
LO contributions to the beam func-

tions scale as t�1�3✏
. In case of the double-virtual single-real

term Bb,R1V 2
qq , this scaling is obtained from the t�1�2✏

scal-

ing of the virtual amplitude squared and the t�✏
scaling of the

single-gluon phase space.

N3LO 2￫2, N4LO 2￫1 (gg￫H)

N2LO 2￫3 (pp￫3j pp￫W2j, pp￫ttj,…)



the precision wishlist
latest update LH2021 Huss, Huston, Jones, Pellen [2207.02122] 

process known desired

pp æ H

N3LOHTL

NNLO(t)
QCD

N(1,1)LO(HTL)
QCD¢EW

N4LOHTL (incl.)

NNLO(b,c)
QCD

pp æ H + j

NNLOHTL

NLOQCD

N(1,1)LOQCD¢EW

NNLOHTL ¢ NLOQCD + NLOEW

pp æ H + 2j

NLOHTL ¢ LOQCD

N3LO(VBFú)
QCD (incl.)

NNLO(VBFú)
QCD

NLO(VBF)
EW

NNLOHTL ¢ NLOQCD + NLOEW

N3LO(VBFú)
QCD

NNLO(VBF)
QCD

pp æ H + 3j
NLOHTL

NLO(VBF)
QCD

NLOQCD + NLOEW

pp æ V H
NNLOQCD + NLOEW

NLO(t,b)
ggæHZ

pp æ V H + j
NNLOQCD

NLOQCD + NLOEW
NNLOQCD + NLOEW

pp æ HH N3LOHTL ¢ NLOQCD NLOEW

pp æ HH + 2j

N3LO(VBFú)
QCD (incl.)

NNLO(VBFú)
QCD

NLO(VBF)
EW

pp æ HHH NNLOHTL

pp æ H + tt̄
NLOQCD + NLOEW

NNLOQCD (o�-diag.)
NNLOQCD

pp æ H + t/t̄ NLOQCD
NNLOQCD

NLOQCD + NLOEW

Table 1: Precision wish list: Higgs boson final states. NxLO(VBFú)
QCD means a calculation using

the structure function approximation. V = W, Z.
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process known desired

pp æ 2 jets
NNLOQCD

NLOQCD + NLOEW
N3LOQCD + NLOEW

pp æ 3 jets NNLOQCD + NLOEW

Table 2: Precision wish list: jet final states.

from this channel considerably more challenging. In Ref. [546], it was shown that the
impact of the new channels on the extraction of yb can be reduced using kinematic
shapes.
In Ref. [54], the two-loop leading colour planar helicity amplitudes for bb̄H pro-
duction in the 5FS were computed. The helicity amplitudes were analytically re-
constructed using finite field methods and the integrals appearing are evaluated
using generalised series expansions [124]. The massless 4-loop QCD corrections to
the bb̄H vertex were studied in Ref. [119], this result is an important step towards
N4LO bb̄ æ H production (in the 5FS) and H æ bb̄ decay.

1.7 Jet final states

An overview of the status of jet final states is given in Table 2.

2j: LH19 status: Di�erential NNLOQCD corrections at leading-colour calculated in the
NNLOJET framework [161]. Predictions using exact colour obtained with the sector-
improved residue subtraction formalism [193] confirming in the case of inclusive-jet
production at 13 TeV and R = 0.7 that the leading-colour approximation is well
justified for phenomenological applications. Complete NLO QCD+EW corrections
available [547].

Completion of the full-colour result using the antenna subtraction method [548] cor-
roborating the small impact of sub-leading colour contributions in inclusive-jet ob-
servables, however, finding larger e�ects in di-jet production for the triple-di�erential
(pT,avg, yú, yboost) setup of the CMS 8 TeV measurement. NNLOQCD corrections to
bottom quark production were computed using the qT -subtraction method [228] in
the four-flavour scheme with massive bottoms.
Important three-loop amplitudes became available that would enter the calculation
of jet production at N3LOQCD: four-quark scattering (qq̄ æ QQ̄) [40] and gluon
scattering [39].
Inclusive jets can be measured in both ATLAS and CMS with 5% uncertainty in
the cross sections (in the precision range), a precision that requires NNLOQCD cross
sections. Global PDF fits require NNLOQCD calculations of double and even triple
di�erential observables, requiring the use of full colour predictions. The measure-
ments extend to jet transverse momenta of the order of 3–5 TeV, necessitating the
precise calculation of EW corrections as well. Eventually, PDFs will be determined
at the N3LOQCD level, requiring the use of N3LOQCD predictions for the input
processes, including inclusive jet production, necessitating the calculation of di-jet
production to this order.

20

process known desired

pp æ V

N3LOQCD

N(1,1)LOQCD¢EW

NLOEW

N3LOQCD + N(1,1)LOQCD¢EW

N2LOEW

pp æ V V Õ NNLOQCD + NLOEW

+ NLOQCD (gg channel)

NLOQCD

(gg channel, w/ massive loops)

N(1,1)LOQCD¢EW

pp æ V + j NNLOQCD + NLOEW hadronic decays

pp æ V + 2j
NLOQCD + NLOEW (QCD component)

NLOQCD + NLOEW (EW component)
NNLOQCD

pp æ V + bb̄ NLOQCD NNLOQCD + NLOEW

pp æ V V Õ + 1j NLOQCD + NLOEW NNLOQCD

pp æ V V Õ + 2j
NLOQCD (QCD component)

NLOQCD + NLOEW (EW component)
Full NLOQCD + NLOEW

pp æ W +W + + 2j Full NLOQCD + NLOEW

pp æ W +W ≠ + 2j NLOQCD + NLOEW (EW component)

pp æ W +Z + 2j NLOQCD + NLOEW (EW component)

pp æ ZZ + 2j Full NLOQCD + NLOEW

pp æ V V ÕV ÕÕ NLOQCD

NLOEW (w/o decays)
NLOQCD + NLOEW

pp æ W ±W +W ≠ NLOQCD + NLOEW

pp æ ““ NNLOQCD + NLOEW N3LOQCD

pp æ “ + j NNLOQCD + NLOEW N3LOQCD

pp æ ““ + j
NNLOQCD + NLOEW

+ NLOQCD (gg channel)

pp æ “““ NNLOQCD NNLOQCD + NLOEW

Table 3: Precision wish list: vector boson final states. V = W, Z and V Õ, V ÕÕ = W, Z, “. Full
leptonic decays are understood if not stated otherwise.
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process known desired

pp æ V

N3LOQCD

N(1,1)LOQCD¢EW

NLOEW

N3LOQCD + N(1,1)LOQCD¢EW

N2LOEW

pp æ V V Õ NNLOQCD + NLOEW

+ NLOQCD (gg channel)

NLOQCD

(gg channel, w/ massive loops)

N(1,1)LOQCD¢EW

pp æ V + j NNLOQCD + NLOEW hadronic decays

pp æ V + 2j
NLOQCD + NLOEW (QCD component)

NLOQCD + NLOEW (EW component)
NNLOQCD

pp æ V + bb̄ NLOQCD NNLOQCD + NLOEW

pp æ V V Õ + 1j NLOQCD + NLOEW NNLOQCD

pp æ V V Õ + 2j
NLOQCD (QCD component)

NLOQCD + NLOEW (EW component)
Full NLOQCD + NLOEW

pp æ W +W + + 2j Full NLOQCD + NLOEW

pp æ W +W ≠ + 2j NLOQCD + NLOEW (EW component)

pp æ W +Z + 2j NLOQCD + NLOEW (EW component)

pp æ ZZ + 2j Full NLOQCD + NLOEW

pp æ V V ÕV ÕÕ NLOQCD

NLOEW (w/o decays)
NLOQCD + NLOEW

pp æ W ±W +W ≠ NLOQCD + NLOEW

pp æ ““ NNLOQCD + NLOEW N3LOQCD

pp æ “ + j NNLOQCD + NLOEW N3LOQCD

pp æ ““ + j
NNLOQCD + NLOEW

+ NLOQCD (gg channel)

pp æ “““ NNLOQCD NNLOQCD + NLOEW

Table 3: Precision wish list: vector boson final states. V = W, Z and V Õ, V ÕÕ = W, Z, “. Full
leptonic decays are understood if not stated otherwise.
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process known desired

pp æ tt̄

NNLOQCD + NLOEW (w/o decays)

NLOQCD + NLOEW (o�-shell e�ects)

NNLOQCD (w/ decays)

N3LOQCD

pp æ tt̄ + j
NLOQCD (o�-shell e�ects)

NLOEW (w/o decays)
NNLOQCD + NLOEW (w/ decays)

pp æ tt̄ + 2j NLOQCD (w/o decays) NLOQCD + NLOEW (w/ decays)

pp æ tt̄ + V Õ NLOQCD + NLOEW (w/o decays) NNLOQCD + NLOEW (w/ decays)

pp æ tt̄ + “ NLOQCD (o�-shell e�ects)

pp æ tt̄ + Z NLOQCD (o�-shell e�ects)

pp æ tt̄ + W NLOQCD + NLOEW (o�-shell e�ects)

pp æ t/t̄
NNLOQCD*(w/ decays)

NLOEW (w/o decays)
NNLOQCD + NLOEW (w/ decays)

pp æ tZj NLOQCD + NLOEW (w/ decays) NNLOQCD + NLOEW (w/o decays)

pp æ tt̄tt̄ Full NLOQCD + NLOEW (w/o decays)
NLOQCD + NLOEW (o�-shell e�ects)

NNLOQCD

Table 4: Precision wish list: top quark final states. NNLOQCD
ú means a calculation using the

structure function approximation. V Õ = W, Z, “.

tt̄: LH19 status: Fully di�erential NNLOQCD computed for on-shell top-quark pair
production [187, 188, 227, 727], also available as fastNLO tables [728]; polarised
two-loop amplitudes known [729]; combination of NNLOQCD and NLOEW correc-
tions performed [730]; also multi-jet merged predictions with NLOEW corrections
available [731]; resummation e�ects up to NNLL computed [732–737]; NNLOQCD
+ NNLL for (boosted) top-quark pair production [738]; top quark decays known at
NNLOQCD [189,252]; Complete set of NNLOQCD corrections to top-pair production
and decay in the NWA for intermediate top quarks and W bosons [739]; W +W ≠bb̄
production with full o�-shell e�ects calculated at NLOQCD [740–743] including lep-
tonic W decays, and in the lepton plus jets channel [744]; full NLOEW corrections for
leptonic final state available [290]; calculations with massive bottom quarks available
at NLOQCD [745,746];
NLOQCD predictions in NWA matched to parton shower [747], and multi-jet merged
for up to 2 jets in SHERPA [748] and HERWIG 7.1 [749]; bb̄4¸ at NLOQCD matched to
a parton shower in the POWHEG framework retaining all o�-shell and non-resonant
contributions [750].

The first NNLOQCD computation matched to parton shower using the MINNLOPS
method has been presented in Ref. [751,752] for on-shell top production. The decays
of the top quark are described at tree level retaining spin correlation. Phenomeno-
logical results are also produced by comparing them against experimental data. As
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process known desired

pp æ tt̄

NNLOQCD + NLOEW (w/o decays)

NLOQCD + NLOEW (o�-shell e�ects)

NNLOQCD (w/ decays)

N3LOQCD

pp æ tt̄ + j
NLOQCD (o�-shell e�ects)

NLOEW (w/o decays)
NNLOQCD + NLOEW (w/ decays)

pp æ tt̄ + 2j NLOQCD (w/o decays) NLOQCD + NLOEW (w/ decays)

pp æ tt̄ + V Õ NLOQCD + NLOEW (w/o decays) NNLOQCD + NLOEW (w/ decays)

pp æ tt̄ + “ NLOQCD (o�-shell e�ects)

pp æ tt̄ + Z NLOQCD (o�-shell e�ects)

pp æ tt̄ + W NLOQCD + NLOEW (o�-shell e�ects)

pp æ t/t̄
NNLOQCD*(w/ decays)

NLOEW (w/o decays)
NNLOQCD + NLOEW (w/ decays)

pp æ tZj NLOQCD + NLOEW (w/ decays) NNLOQCD + NLOEW (w/o decays)

pp æ tt̄tt̄ Full NLOQCD + NLOEW (w/o decays)
NLOQCD + NLOEW (o�-shell e�ects)

NNLOQCD

Table 4: Precision wish list: top quark final states. NNLOQCD
ú means a calculation using the

structure function approximation. V Õ = W, Z, “.

tt̄: LH19 status: Fully di�erential NNLOQCD computed for on-shell top-quark pair
production [187, 188, 227, 727], also available as fastNLO tables [728]; polarised
two-loop amplitudes known [729]; combination of NNLOQCD and NLOEW correc-
tions performed [730]; also multi-jet merged predictions with NLOEW corrections
available [731]; resummation e�ects up to NNLL computed [732–737]; NNLOQCD
+ NNLL for (boosted) top-quark pair production [738]; top quark decays known at
NNLOQCD [189,252]; Complete set of NNLOQCD corrections to top-pair production
and decay in the NWA for intermediate top quarks and W bosons [739]; W +W ≠bb̄
production with full o�-shell e�ects calculated at NLOQCD [740–743] including lep-
tonic W decays, and in the lepton plus jets channel [744]; full NLOEW corrections for
leptonic final state available [290]; calculations with massive bottom quarks available
at NLOQCD [745,746];
NLOQCD predictions in NWA matched to parton shower [747], and multi-jet merged
for up to 2 jets in SHERPA [748] and HERWIG 7.1 [749]; bb̄4¸ at NLOQCD matched to
a parton shower in the POWHEG framework retaining all o�-shell and non-resonant
contributions [750].

The first NNLOQCD computation matched to parton shower using the MINNLOPS
method has been presented in Ref. [751,752] for on-shell top production. The decays
of the top quark are described at tree level retaining spin correlation. Phenomeno-
logical results are also produced by comparing them against experimental data. As
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the precision wishlist
latest update LH2021 Huss, Huston, Jones, Pellen [2207.02122] 

process known desired

pp æ H

N3LOHTL

NNLO(t)
QCD

N(1,1)LO(HTL)
QCD¢EW

N4LOHTL (incl.)

NNLO(b,c)
QCD

pp æ H + j

NNLOHTL

NLOQCD

N(1,1)LOQCD¢EW

NNLOHTL ¢ NLOQCD + NLOEW

pp æ H + 2j

NLOHTL ¢ LOQCD

N3LO(VBFú)
QCD (incl.)

NNLO(VBFú)
QCD

NLO(VBF)
EW

NNLOHTL ¢ NLOQCD + NLOEW

N3LO(VBFú)
QCD

NNLO(VBF)
QCD

pp æ H + 3j
NLOHTL

NLO(VBF)
QCD

NLOQCD + NLOEW

pp æ V H
NNLOQCD + NLOEW

NLO(t,b)
ggæHZ

pp æ V H + j
NNLOQCD

NLOQCD + NLOEW
NNLOQCD + NLOEW

pp æ HH N3LOHTL ¢ NLOQCD NLOEW

pp æ HH + 2j

N3LO(VBFú)
QCD (incl.)

NNLO(VBFú)
QCD

NLO(VBF)
EW

pp æ HHH NNLOHTL

pp æ H + tt̄
NLOQCD + NLOEW

NNLOQCD (o�-diag.)
NNLOQCD

pp æ H + t/t̄ NLOQCD
NNLOQCD

NLOQCD + NLOEW

Table 1: Precision wish list: Higgs boson final states. NxLO(VBFú)
QCD means a calculation using

the structure function approximation. V = W, Z.
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process known desired

pp æ 2 jets
NNLOQCD

NLOQCD + NLOEW
N3LOQCD + NLOEW

pp æ 3 jets NNLOQCD + NLOEW

Table 2: Precision wish list: jet final states.

from this channel considerably more challenging. In Ref. [546], it was shown that the
impact of the new channels on the extraction of yb can be reduced using kinematic
shapes.
In Ref. [54], the two-loop leading colour planar helicity amplitudes for bb̄H pro-
duction in the 5FS were computed. The helicity amplitudes were analytically re-
constructed using finite field methods and the integrals appearing are evaluated
using generalised series expansions [124]. The massless 4-loop QCD corrections to
the bb̄H vertex were studied in Ref. [119], this result is an important step towards
N4LO bb̄ æ H production (in the 5FS) and H æ bb̄ decay.

1.7 Jet final states

An overview of the status of jet final states is given in Table 2.

2j: LH19 status: Di�erential NNLOQCD corrections at leading-colour calculated in the
NNLOJET framework [161]. Predictions using exact colour obtained with the sector-
improved residue subtraction formalism [193] confirming in the case of inclusive-jet
production at 13 TeV and R = 0.7 that the leading-colour approximation is well
justified for phenomenological applications. Complete NLO QCD+EW corrections
available [547].

Completion of the full-colour result using the antenna subtraction method [548] cor-
roborating the small impact of sub-leading colour contributions in inclusive-jet ob-
servables, however, finding larger e�ects in di-jet production for the triple-di�erential
(pT,avg, yú, yboost) setup of the CMS 8 TeV measurement. NNLOQCD corrections to
bottom quark production were computed using the qT -subtraction method [228] in
the four-flavour scheme with massive bottoms.
Important three-loop amplitudes became available that would enter the calculation
of jet production at N3LOQCD: four-quark scattering (qq̄ æ QQ̄) [40] and gluon
scattering [39].
Inclusive jets can be measured in both ATLAS and CMS with 5% uncertainty in
the cross sections (in the precision range), a precision that requires NNLOQCD cross
sections. Global PDF fits require NNLOQCD calculations of double and even triple
di�erential observables, requiring the use of full colour predictions. The measure-
ments extend to jet transverse momenta of the order of 3–5 TeV, necessitating the
precise calculation of EW corrections as well. Eventually, PDFs will be determined
at the N3LOQCD level, requiring the use of N3LOQCD predictions for the input
processes, including inclusive jet production, necessitating the calculation of di-jet
production to this order.

20

process known desired

pp æ V

N3LOQCD

N(1,1)LOQCD¢EW

NLOEW

N3LOQCD + N(1,1)LOQCD¢EW

N2LOEW

pp æ V V Õ NNLOQCD + NLOEW

+ NLOQCD (gg channel)

NLOQCD

(gg channel, w/ massive loops)

N(1,1)LOQCD¢EW

pp æ V + j NNLOQCD + NLOEW hadronic decays

pp æ V + 2j
NLOQCD + NLOEW (QCD component)

NLOQCD + NLOEW (EW component)
NNLOQCD

pp æ V + bb̄ NLOQCD NNLOQCD + NLOEW

pp æ V V Õ + 1j NLOQCD + NLOEW NNLOQCD

pp æ V V Õ + 2j
NLOQCD (QCD component)

NLOQCD + NLOEW (EW component)
Full NLOQCD + NLOEW

pp æ W +W + + 2j Full NLOQCD + NLOEW

pp æ W +W ≠ + 2j NLOQCD + NLOEW (EW component)

pp æ W +Z + 2j NLOQCD + NLOEW (EW component)

pp æ ZZ + 2j Full NLOQCD + NLOEW

pp æ V V ÕV ÕÕ NLOQCD

NLOEW (w/o decays)
NLOQCD + NLOEW

pp æ W ±W +W ≠ NLOQCD + NLOEW

pp æ ““ NNLOQCD + NLOEW N3LOQCD

pp æ “ + j NNLOQCD + NLOEW N3LOQCD

pp æ ““ + j
NNLOQCD + NLOEW

+ NLOQCD (gg channel)

pp æ “““ NNLOQCD NNLOQCD + NLOEW

Table 3: Precision wish list: vector boson final states. V = W, Z and V Õ, V ÕÕ = W, Z, “. Full
leptonic decays are understood if not stated otherwise.
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process known desired

pp æ V

N3LOQCD

N(1,1)LOQCD¢EW

NLOEW

N3LOQCD + N(1,1)LOQCD¢EW

N2LOEW

pp æ V V Õ NNLOQCD + NLOEW

+ NLOQCD (gg channel)

NLOQCD

(gg channel, w/ massive loops)

N(1,1)LOQCD¢EW

pp æ V + j NNLOQCD + NLOEW hadronic decays

pp æ V + 2j
NLOQCD + NLOEW (QCD component)

NLOQCD + NLOEW (EW component)
NNLOQCD

pp æ V + bb̄ NLOQCD NNLOQCD + NLOEW

pp æ V V Õ + 1j NLOQCD + NLOEW NNLOQCD

pp æ V V Õ + 2j
NLOQCD (QCD component)

NLOQCD + NLOEW (EW component)
Full NLOQCD + NLOEW

pp æ W +W + + 2j Full NLOQCD + NLOEW

pp æ W +W ≠ + 2j NLOQCD + NLOEW (EW component)

pp æ W +Z + 2j NLOQCD + NLOEW (EW component)

pp æ ZZ + 2j Full NLOQCD + NLOEW

pp æ V V ÕV ÕÕ NLOQCD

NLOEW (w/o decays)
NLOQCD + NLOEW

pp æ W ±W +W ≠ NLOQCD + NLOEW

pp æ ““ NNLOQCD + NLOEW N3LOQCD

pp æ “ + j NNLOQCD + NLOEW N3LOQCD

pp æ ““ + j
NNLOQCD + NLOEW

+ NLOQCD (gg channel)

pp æ “““ NNLOQCD NNLOQCD + NLOEW

Table 3: Precision wish list: vector boson final states. V = W, Z and V Õ, V ÕÕ = W, Z, “. Full
leptonic decays are understood if not stated otherwise.
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process known desired

pp æ tt̄

NNLOQCD + NLOEW (w/o decays)

NLOQCD + NLOEW (o�-shell e�ects)

NNLOQCD (w/ decays)

N3LOQCD

pp æ tt̄ + j
NLOQCD (o�-shell e�ects)

NLOEW (w/o decays)
NNLOQCD + NLOEW (w/ decays)

pp æ tt̄ + 2j NLOQCD (w/o decays) NLOQCD + NLOEW (w/ decays)

pp æ tt̄ + V Õ NLOQCD + NLOEW (w/o decays) NNLOQCD + NLOEW (w/ decays)

pp æ tt̄ + “ NLOQCD (o�-shell e�ects)

pp æ tt̄ + Z NLOQCD (o�-shell e�ects)

pp æ tt̄ + W NLOQCD + NLOEW (o�-shell e�ects)

pp æ t/t̄
NNLOQCD*(w/ decays)

NLOEW (w/o decays)
NNLOQCD + NLOEW (w/ decays)

pp æ tZj NLOQCD + NLOEW (w/ decays) NNLOQCD + NLOEW (w/o decays)

pp æ tt̄tt̄ Full NLOQCD + NLOEW (w/o decays)
NLOQCD + NLOEW (o�-shell e�ects)

NNLOQCD

Table 4: Precision wish list: top quark final states. NNLOQCD
ú means a calculation using the

structure function approximation. V Õ = W, Z, “.

tt̄: LH19 status: Fully di�erential NNLOQCD computed for on-shell top-quark pair
production [187, 188, 227, 727], also available as fastNLO tables [728]; polarised
two-loop amplitudes known [729]; combination of NNLOQCD and NLOEW correc-
tions performed [730]; also multi-jet merged predictions with NLOEW corrections
available [731]; resummation e�ects up to NNLL computed [732–737]; NNLOQCD
+ NNLL for (boosted) top-quark pair production [738]; top quark decays known at
NNLOQCD [189,252]; Complete set of NNLOQCD corrections to top-pair production
and decay in the NWA for intermediate top quarks and W bosons [739]; W +W ≠bb̄
production with full o�-shell e�ects calculated at NLOQCD [740–743] including lep-
tonic W decays, and in the lepton plus jets channel [744]; full NLOEW corrections for
leptonic final state available [290]; calculations with massive bottom quarks available
at NLOQCD [745,746];
NLOQCD predictions in NWA matched to parton shower [747], and multi-jet merged
for up to 2 jets in SHERPA [748] and HERWIG 7.1 [749]; bb̄4¸ at NLOQCD matched to
a parton shower in the POWHEG framework retaining all o�-shell and non-resonant
contributions [750].

The first NNLOQCD computation matched to parton shower using the MINNLOPS
method has been presented in Ref. [751,752] for on-shell top production. The decays
of the top quark are described at tree level retaining spin correlation. Phenomeno-
logical results are also produced by comparing them against experimental data. As
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process known desired

pp æ tt̄

NNLOQCD + NLOEW (w/o decays)

NLOQCD + NLOEW (o�-shell e�ects)

NNLOQCD (w/ decays)

N3LOQCD

pp æ tt̄ + j
NLOQCD (o�-shell e�ects)

NLOEW (w/o decays)
NNLOQCD + NLOEW (w/ decays)

pp æ tt̄ + 2j NLOQCD (w/o decays) NLOQCD + NLOEW (w/ decays)

pp æ tt̄ + V Õ NLOQCD + NLOEW (w/o decays) NNLOQCD + NLOEW (w/ decays)

pp æ tt̄ + “ NLOQCD (o�-shell e�ects)

pp æ tt̄ + Z NLOQCD (o�-shell e�ects)

pp æ tt̄ + W NLOQCD + NLOEW (o�-shell e�ects)

pp æ t/t̄
NNLOQCD*(w/ decays)

NLOEW (w/o decays)
NNLOQCD + NLOEW (w/ decays)

pp æ tZj NLOQCD + NLOEW (w/ decays) NNLOQCD + NLOEW (w/o decays)

pp æ tt̄tt̄ Full NLOQCD + NLOEW (w/o decays)
NLOQCD + NLOEW (o�-shell e�ects)

NNLOQCD

Table 4: Precision wish list: top quark final states. NNLOQCD
ú means a calculation using the

structure function approximation. V Õ = W, Z, “.

tt̄: LH19 status: Fully di�erential NNLOQCD computed for on-shell top-quark pair
production [187, 188, 227, 727], also available as fastNLO tables [728]; polarised
two-loop amplitudes known [729]; combination of NNLOQCD and NLOEW correc-
tions performed [730]; also multi-jet merged predictions with NLOEW corrections
available [731]; resummation e�ects up to NNLL computed [732–737]; NNLOQCD
+ NNLL for (boosted) top-quark pair production [738]; top quark decays known at
NNLOQCD [189,252]; Complete set of NNLOQCD corrections to top-pair production
and decay in the NWA for intermediate top quarks and W bosons [739]; W +W ≠bb̄
production with full o�-shell e�ects calculated at NLOQCD [740–743] including lep-
tonic W decays, and in the lepton plus jets channel [744]; full NLOEW corrections for
leptonic final state available [290]; calculations with massive bottom quarks available
at NLOQCD [745,746];
NLOQCD predictions in NWA matched to parton shower [747], and multi-jet merged
for up to 2 jets in SHERPA [748] and HERWIG 7.1 [749]; bb̄4¸ at NLOQCD matched to
a parton shower in the POWHEG framework retaining all o�-shell and non-resonant
contributions [750].

The first NNLOQCD computation matched to parton shower using the MINNLOPS
method has been presented in Ref. [751,752] for on-shell top production. The decays
of the top quark are described at tree level retaining spin correlation. Phenomeno-
logical results are also produced by comparing them against experimental data. As

28

see Bayu’s talk

fully differential 
predicitons essential 

LHC analyses



part 1:
two-loop amplitudes - challenges and solutions



bare amplitudes

finite remainders

rational functions integrals/special functions

universal IR/UV poles
[Catani (1998)][Becher, Neubert (2009)]

[Magnea, Gardi (2009)]

A(L),4�2✏ =
X

i

ci(✏, {p})Fi(✏, {p})

<latexit sha1_base64="JGf+71aU88ysDe197HUVuToKfOc="></latexit>

F (L) = A(L),4�2✏ �
LX

k=1

I(k),4�2✏A(L�k),4�2✏

<latexit sha1_base64="OrhKTZEB7PUasrP1fDniUAEfgv4="></latexit>



‘standard’ approach

Feynman diagrams

Tensor integrals

Master integrals

ε-expansion to MPLs
(multiple polylogarithms)

computer algebra (FORM)

integration-by-parts identities

integration via DEQs, Mellin-Barnes,  
direct integration (Hyperint),…

very large intermediate expressions
poor scaling with loops/legs



momentum twistors
rational kinematics

numerical unitarity
all-in-one cuts to master integrals

syzygy relations
optimising systems of IBP identities

recursion relations
reusing common blocks to evaluate diagrams efficiently

on-shell methods
hidden simplicity and underlying geometry

integrand reduction
algebraic reduction  

new computational toolbox

finite fields
exact numerics - truncated over e.g. prime numbers

automated numerical algorithms @ one-loop  
now standard in MC event generators
[Integrals: QCDloop, OneLoop…]
[Amplitudes: OpenLoops, HelacNLO,…]



finite field arithmetic
not a new idea - used in many computer algebra systems

framework for amplitude
computations: FINITEFLOW [Peraro (2019)]

NB: multiplicative inverse

solving IBP systems: e.g. FINRED [von Manteuffel],

KIRA+FIREFLY [Maierhoefer, Usovitsch, Uwer, Klappert, Lange]

extremely efficient solutions 
to large linear algebra systems



rational functions

A(L),4�2✏ =
X

i

ci(✏, {p})Fi(✏, {p})

<latexit sha1_base64="JGf+71aU88ysDe197HUVuToKfOc="></latexit>

multiple numerical (mod prime) evaluations can used to 
reconstruct complete analytic information 

Newton (polynomial) and Thiele (rational) 
interpolation 

Rational external kinematics: e.g. 
Momentum Twistors (Hodges)

Trivial parallelisation of 
sample points



finite fields for amplitudes
useful features:

• reconstruct exact results using chinese remainder theorem
• extremely efficient solutions to large linear systems
• reconstruct rational functions using Newton/Thiele interpolation
• modular approach in FiniteFlow allows us to link different algorithms 

and avoid large intermediate steps

QGRAF + FORM/MATHEMATICA + rational 
phase-space

(Momentum Twistors)

colour ordered
helicity amplitudes

complete reduction 
setup implemented in 

FINITEFLOW

linear relations, univariate apart,
analytic reconstruction

M (2)({p}, ✏) =
X

i

ci({p}, ✏)Fi({p}, ✏)

<latexit sha1_base64="4IFPcdeLQSuFMjD0S6UJhafLlhw="></latexit>

M (2)({p}, ✏) =
X

i

di({p}, ✏)MIi({p}, ✏)
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F (2)({p}) =
X
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IBPs

IR/UV sub + expansion to 
function basis IBPs generated with 

help from LITERED/
FINITEFLOW

pre-processing



analytic reconstruction over finite fields
new developments have allowed major 

breakthrougths in amplitude computations

pp ￫ γγγ, 3j, Hbb, W+2j, Wγj , γγ+j, γ+2j

Agarwal, Buccioni, Devoto, Gambuti, von Manteuffel, Tancredi, Abreu, De Laurentis, 
Dormans, Febres Cordero, Ita, Kraus, Klinkert, Page, Pascual, Ruf, Sotnikov, SB, Brønnum-
Hansen, Chicherin, Gehrmann, Hartanto, Henn, Krys, Marcoli, Moodie, Peraro, Zoia,…

refined sampling get reduce the number of points 
needed to fully reconstruct analytic behaviour

Q-linear relations, factor matching, partial fractioning,… 
further reading: de Laurentis, Page [2203.04269], Liu [2306.12262], Chawdhry [2312.03672] 



integrals/special functions

A(L),4�2✏ =
X

i

ci(✏, {p})Fi(✏, {p})

<latexit sha1_base64="JGf+71aU88ysDe197HUVuToKfOc="></latexit>

many ways to evaluate Feynman integrals:

Sector decomposition (numerical)  [Binoth, Heinrich….]
Differential equations                    [Kotikov, Gehrmann, Remiddi, Henn…]
Mellin-Barnes                               [Smirnov, Tausk,Czakon,Kosower,…]
Direct parametric integration         [Panzer, Borinsky…]

feyntrop
Hyperintsecdec,Fiesta 

mbtools, ambre

what type of functions? MPLs, elliptic or beyond



canonical form differential equations (DEQs)
[Henn (2013)]

Mi
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Aij
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d = 4� 2✏
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integral basis usually called ‘master integrals’ (MIs)

matrix depends on kinematic invariants

@xMi = ✏Aij(x)Mj

<latexit sha1_base64="iUOOqb3oXUbBP0AXFJNcygh/hSA="></latexit>

if it is (relatively) easy to define a special 
function basis from iterated integrals dA =

X

i

d log(Wi)
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alphabet  Wi

<latexit sha1_base64="rLnUedVeQntrF2Yr3wrm8FNB6N0=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpodXjvVLZrbgzkFXi5aQMOeq90k83jFkaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm3Skj6sbIlDZmpfycyGmk9jgLbGVEz1MveVPzP66Smf+1nXCapQcnmi/qpICYm079JyBUyI8aWUKa4vZWwIVWUGZvOwhZtnxpiOCnaZLzlHFZJ87LiVSvV+2q5dpNnVIBTOIML8OAKanAHdWgAgwG8wCu8Oc/Ou/PhfM5b15x85gQW4Hz9AhEIlpc=</latexit>

e.g. 1M pentagon functions: Abreu, Chicherin, Ita, 
Page, Sotnikov, Tschernow, Zoia [2306.15431]

Analytic forms for DEQ matrices, A can be 
obtained via IBP reduction over finite fields

automated approaches to 
find canonical bases (Fuchsia, 
epsilon, initial, dlog…) often 

not sufficient to handle 
complicated kinematics

https://arxiv.org/abs/2306.15431


optimized IBP systems
Even with finite field technology, IBP 

systems are computationally intensive 
using the Laporta algorithm

syzygy relations can be used 
to generate compact systems 
free of dotted propagators

automated tool: NeatIBP [Wu et al. 2305.08783 ]

Gluza, Kadja, Kosower (2011), Ita (2015), Larsen, Zhang (2015),…
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which we denote by gj , j = 1, . . . , 11 � k. We can then
define variables z1, . . . , z11 as follows,

zi !
Z

Di 1  i  k

gi�k k + 1  i  m,
(4)

with m = 11 for n � 5. It can be shown that, for an ar-
bitrary two-loop diagram, the transformation {¯̀i, µij} ⌘
{z1, . . . , z11} is invertible, with a polynomial inverse (pro-
vided the gj are chosen to take the form 1

2 (`i + Kj)2,
rather than linear dot products of the `i), and has a con-
stant Jacobian. The integral (3) can then be written as,

I(2)n?5 =
2D�6

⇡5�(D � 5)J

Y 11X

i=1

dzi F (z)
D�7

2
P (z)

z1 · · · zk
, (5)

where F (z) denotes the kernel (µ11µ22 � µ2
12) expressed

in the new variables, in which it is polynomial. Note that
all denominator factors in Eq. (5) are linear in the zi.

For n  4 external legs, the loop momenta have com-
ponents which can be integrated out before the trans-
formation (4) is applied. For example, when n = 4,
we can define a four-dimensional vector @ such that
pi · @ = 0, i = 1, . . . , 4. The loop momenta can then
be decomposed in projections orthogonal and parallel to

@: `i = `
[3]
i + ✏i@. Defining

!ij ! µij +
(`i · @)(`j · @)

@2
, i, j = 1, 2 , (6)

integrating out the components `i · @ in Eq. (3) yields,

I(2)4 =
2D�5

⇡4�(D � 4)

Y �

0
d!11

Y �

0
d!22

Y 1
�11�22

�
1
�11�22

d!12

⇥ (!11!22 � !2
12)

D�6
2

Y
d3`

[3]
1 d3`

[3]
2

P (`1, `2)

D1 · · ·Dk
. (7)

In this case, there are 9 � k irreducible scalar products,
which we label as gi, i = 1, . . . , 9 � k. We define new
variables as in Eq. (4), with m = 9. Again, the map

{¯̀[3]i , µij} ⌘ {z1, . . . , z9} has a constant Jacobian J and
a polynomial inverse. Hence, the integral in Eq. (7) can
be rewritten in the simple form,

I(2)4 =
2D�5

⇡4�(D � 4)J

Y 9X

i=1

dzi F (z)
D�6

2
P (z)

z1 · · · zk
. (8)

For the following discussion, we may drop the prefactors
in front of the integral signs in Eqs. (5) and (8).

The virtue of the representations (5) and (8) is that
they make manifest the e↵ect of cutting propagators
D�1

i ⌘ ↵(Di), a tool we will employ shortly in our study
of IBP reductions. For a given c-fold cut (0  c  k),
let Scut, Suncut and SISP denote the sets of indices la-
belling cut propagators, uncut propagators and ISPs,
respectively. (Cf. the labelling of propagators, e.g., in

Fig. 1.) Scut thus contains c elements. Moreover, we
let m denote the total number of zj variables, and set
Suncut = {r1, . . . , rk�c} and SISP = {rk�c+1, . . . , rm�c}.
Then, by cutting the propagators, z�1

i ⌘ ↵(zi), i 2 Scut,
the integrals (5) and (8) reduce to,

I(2)cut =

Y
dzr1 · · · dzrm�cP (z)

zr1 · · · zrk�c

F (z)
D�h

2

����
zi=0 ,pi8Scut

, (9)

where h is a constant which depends on the number of
external legs: h = 6 for n = 4 and h = 7 for n � 5.
We now turn to IBP relations. An IBP relation (1)

concerning integrals with m integration variables corre-
sponds to a total derivative or, equivalently, an exact
di↵erential form of degree m. We can likewise consider a
c-fold cut of an IBP relation, in which the propagators of
Scut are put on shell in all terms (and integrals which do
not contain all these propagators are set to zero). Such
(m� c)-fold cut IBP relations correspond to exact di↵er-
ential forms of degree m � c. In both cases, we can find
such di↵erential forms in a systematic way. For example,
the generic exact form, which matches the form of the
integrand in Eq. (9), is,

0=

Y
d

�m�c(

i=1

(�1)i+1ariF (z)
D�h

2

zr1 · · · zrk�c

dzr1^· · · �dzri · · ·^dzrm�c

✓

(10)

where the ai’s are polynomials in {zr1 , . . . , zrm�c}. (Simi-
lar di↵erential form ansätze for four-dimensional IBPs on
cuts were considered in ref. [22].) Expanding Eq. (10),
we get an IBP relation,

0 =

Y �m�c(

i=1

d�ari
�zri

+
D � h

2F
ari

�F

�zri

◆
�

k�c(

i=1

ari
zri

✓

⇥ F (z)
D�h

2

zr1 · · · zrk�c

dzr1 ^ · · · ^ dzrm�c . (11)

Note that, in general, the second term in the sum gives
an integral in (D � 2) dimensions, while the third term
generates integrals with doubled propagators. To get an
IBP relation in D dimensions with single-power propaga-
tors, we require that the poles 1/F and 1/zri in the sum
cancel,

bF +
m�c(

i=1

ari
�F

�zri
= 0 (12)

ari + brizri = 0 , i = 1, . . . , k � c , (13)

where ari , b and bri must be polynomials in zj . Equations
of this kind are known in algebraic geometry as syzygy
equations. They were previously considered in the con-
text of IBP relations in Refs. [12, 23]. However, whereas
the computations of those references involve syzygies of
module elements (i.e., systems of polynomial equations),
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here only syzygies of polynomials are required. As the
latter are much more e�cient to compute, our method
simplifies the generation of IBPs. To see that only syzy-
gies of polynomials are involved here, note that the last
(k � c) equations in Eq. (13) are trivial since they are
solved by ari = �brizri . We therefore only have one
syzygy equation to solve,

bF �
k�cZ

i=1

brizri
`F

`zri
+

m�cZ

j=k�c+1

arj
`F

`zrj
= 0 (14)

for m � c + 1 polynomials bri , ari and b. We solve
Eq. (14) by the computational algebraic geometry soft-
ware Macaulay2 [24] or Singular [25]. The corresponding
IBP relation is then obtained by plugging the solutions
of the syzygy equations into Eq. (11).

In our approach, we can generate IBP identities either
directly, without applying cuts, or generate them on var-
ious cuts and then merge the results to complete IBPs.

In practice, we start by applying our method numer-
ically, with rational or finite-field coe�cients, to deter-
mine the set of master integrals. (Similar ideas for find-
ing a basis of integrals have appeared in Ref. [26], using
random prime numbers for the external invariants and
spacetime dimension, and in Ref. [27], using finite-field
elements.) Then we proceed analytically and find the
IBP reductions on a specific set of cuts, the latter dic-
tated by the set of master integrals, as explained in the
next section. Finally, we merge the cut results to get
complete IBP reductions.

Besides the systematic approach using syzygies, we
also remark that simple ansätze such as

0 =

Y
d

X
⇡m�k�2 ! dF ! dz1 · · · ! dzk

F
D�h

2

z1 · · · zk

�
,

0 =

Y
d

X
⇡m�k�1 ! dz1 · · · ! dzk

F
D�h+2

2

z1 · · · zk

�
, (15)

easily generate a large portion (but not all) of the IBP
relations without doubled propagators in D dimensions.
Here ⇡l stands for an arbitrary polynomial-valued l-form.

EXAMPLE

To demonstrate the method, we consider the example
of a double-box integral with all legs and propagators
massless, illustrated in Fig. 1. For this integral we have
k = 7, and the inverse propagators can be written as,

D1 = @21, D2 = (@1 � p1)
2, D3 = (@1 � p1 � p2)

2

D4 = (@2 � p3 � p4)
2, D5 = (@2 � p4)

2, D6 = @22

D7 = (@1 + @2)
2 . (16)

As mentioned above Eq. (4), the generic integral of this
topology will have numerator insertions which are mono-
mials in two distinct ISPs. The ISPs may be chosen as,

D8 = (@1 + p4)
2/2, D9 = (@2 + p1)

2/2 . (17)

Our aim is now to show how the IBP reductions of
a generic integral with the propagators in Eq. (16)
can be obtained. We start by parametrizing the four-
dimensional part of the loop momenta in terms of van
Neerven-Vermaseren’s parametrization [28],

xi = @1 · pi, x4 = @1 · ⇡
yi = @2 · pi, y4 = @2 · ⇡ , (18)

where i = 1, 2, 3. Next, we introduce variables ✏11,✏22

and ✏12 (cf. Eq. (6)), and integrate out x4 and y4. We
then re-parametrize the loop momenta as,

Di = zi, i = 1, . . . , 9 . (19)

The map {xi, yi,✏jk}  zi has a constant Jacobian and
a polynomial inverse.
We will use the following notation for the integrals,

G[n1, . . . , n9] �
Y 9�

i=1

dzi F (z)
D�6

2 zn1
1 · · · zn9

9 . (20)

Now, to find the IBP reductions of these integrals, the
first step is to find the set of master integrals. This is
done by solving the syzygy equation (14) without cuts
using numerical external kinematics (with rational or
finite-field coe�cients), then inserting all solutions into
the right-hand side of Eq. (11), and finally row reducing.
In the case at hand, we find the following set of master
integrals (after modding out by symmetries)

I1 � G[�1,�1,�1,�1,�1,�1,�1, 0, 0]
I2 � G[�1,�1,�1,�1,�1,�1,�1, 1, 0]
I3 � G[0,�1,�1, 0,�1,�1,�1, 0, 0]
I4 � G[0,�1, 0,�1, 0,�1,�1, 0, 0]
I5 � G[�1, 0,�1,�1, 0,�1, 0, 0, 0]
I6 � G[0,�1, 0, 0,�1, 0,�1, 0, 0]
I7 � G[�1, 0, 0,�1, 0, 0,�1, 0, 0]
I8 � G[�1,�1,�1, 0,�1, 0,�1, 0, 0] .

(21)

Having obtained the set of master integrals, we proceed
to find the IBP reductions analytically. This step is done
most e�ciently by determining the reductions on a set of
cuts and then combining the results to find the complete
reductions. To decide on the minimal set of cuts required,
we consider the subset of master integrals with the prop-
erty that their graphs cannot be obtained by adding in-
ternal lines to the graph of some other master integral.
In the case at hand, this subset is {I4, I5, I6, I7}, shown
in Fig. 1. Hence, we only need to consider the four cuts
{2, 5, 7}, {1, 4, 7}, {2, 4, 6, 7} and {1, 3, 4, 6} to find the
complete IBP reductions.

https://arxiv.org/abs/2305.08783


even with all the new ideas, putting everything 
together is a real challenge…

but no longer a proof of concept

beyond leading colour, the number of 
permutations of each family can be very 

large

internal masses are important for 
phenomenology but present serious technical 

problems

memory and CPU usuage can still be large - 
need to build stable code framework



part 1I:
new results for Wγγ, Hbb and ttj



pp￫Wγγ finite remainders

SB, Hartanto, Wu, Zhang, Zoia [2409.08146]



pp￫Wγγ finite remainders

2 Structure of the Wωω amplitude

We consider the production of a W boson in association with two photons at the LHC (Wωω),
with decay of the W boson to a leptonic pair. Without any loss of generality we focus on the
production of a W

+. The amplitude for W
→
ωω can then be obtained from the one for W

+
ωω

through appropriate permutations and parity conjugations, as explained below. There is only one
partonic channel, initiated by a quark (d) and an anti-quark (ū). We assign momenta pi and helicity
states hi as

0 → ū(p1, h1) + d(p2, h2) + ω(p3, h3) + ω(p4, h4) + εω(p5, h5) + ϑ
+
(p6, h6) . (2.1)

All the external momenta are taken to be outgoing and satisfy the on-shell massless conditions,

6∑

i=1

pi = 0 , p
2
i = 0 ↑ i = 1, . . . , 6 . (2.2)

We work in dimensional regularisation and present our results in the ’t Hooft-Veltman (tHV) scheme,
with d = 4↓ 2ϖ space-time dimensions and four-dimensional external momenta. The fact that the
external momenta are four-dimensional implies a further constraint on the kinematics, which can
be expressed as the vanishing of the Gram determinant of the five independent external momenta
(see Appendix B). This reduces the number of independent kinematic variables from 9 to 8.

In order to achieve a minimal and rational parametrisation of the kinematics, we employ a
momentum-twistor parametrisation [79, 80]. In particular, we make use of the parametrisation
proposed in Ref. [48]. We denote the six-particle momentum-twistor variables by ϱz = (z1, . . . , z8),
and report their definition in Appendix A. We emphasise that, in addition to providing a minimal
parametrisation of the kinematics, momentum-twistor variables also allow us to express the spinor-
helicity variables as rational functions.

2.1 Amplitude decomposition

We construct the partial amplitude A
(L)
6 for W+

(→ εωϑ
+
)ωω production by stripping o! the colour

and loop factors as well as the coupling constants from the full amplitude M
(L)
6 as

M
(L)
6 (1ū, 2d, 3ε , 4ε , 5ϑ , 6ω̄) = e

2
g
2
W

[
(4ς)

ϖ
e
→ϖεE

φs

4ς

]L
↼

ī1
i2

A
(L)
6 (1ū, 2d, 3ε , 4ε , 5ϑ , 6ω̄) . (2.3)

Here, e is the electric charge, gW is the weak coupling constant, ϖ is the dimensional regularisation
parameter (ϖ = (4 ↓ d)/2), and ↼

ī1
i2

is the colour factor. The final state photons can be emitted
either by the initial state quarks, by the W boson or by the charged lepton. We can therefore
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decompose the partial amplitude according to the source of photon radiation, as follows:

A
(L)
6 =

[
Q

2
uA

(L)
6,uu +QuQdA

(L)
6,ud +Q

2
dA

(L)
6,dd +

( nf∑

q=1

Q
2
q

)
A

(L)
6,q

]
P (s56)

+

[
QuQωA

(L)
6,uω1 +QdQωA

(L)
6,dω1

]
P (s356) +

[
QuQωA

(L)
6,uω2 +QdQωA

(L)
6,dω2

]
P (s456)

+

[
QuQwA

(L)
6,uw1 +QdQwA

(L)
6,dw1

]
P (s356)P (s56)

+

[
QuQwA

(L)
6,uw2 +QdQwA

(L)
6,dw2

]
P (s456)P (s56)

+QωQwA
(L)
6,ωw1P (s356)P (s3456) +QωQwA

(L)
6,ωw2P (s456)P (s3456)

+Q
2
wA

(L)
6,ww1P (s56)P (s356)P (s3456) +Q

2
wA

(L)
6,ww2P (s56)P (s456)P (s3456)

+Q
2
ωA

(L)
6,ωωP (s3456) +A

(L)
6,wwεεP (s56)P (s3456) ,

(2.4)

where
P (s) =

1

s→ µ
2
W

(2.5)

is the denominator factor of W -boson propagator, si...k are the Mandelstam invariants,

si...k = (pi + · · ·+ pk)
2
, (2.6)

Qi is the fractional electric charge of the i-th particle, µW is the mass of W boson and nf is the
number of light quarks. In Fig. 1 we show representative tree-level Feynman diagrams for each
sub-amplitude appearing in Eq. (2.4). The sub-amplitude where both photons are attached to the
internal quark loop, A

(L)
6,q , vanishes at tree level and one loop, and starts to contribute only at

the two-loop level. We also note that the A
(2)
6,q amplitude contains two-loop non-planar Feynman

diagrams in the leading colour limit. Furthermore, the sub-amplitudes A
(L)
6,i in Eq. (2.4) are not

separately gauge invariant in the electroweak sector except for A
(L)
6,q .

The loop-level sub-amplitudes can be further decomposed according to the number of colours (Nc)
and closed light quark loops (nf ), as

A
(1)
6,i =

(
Nc →

1

Nc

)
A

(1),Nc

6,i , (2.7)

A
(2)
6,i = N

2
cA

(2),N2
c

6,i →
(
A

(2),N2
c

6,i +A
(2),1/N2

c
6,i

)
+

1

N2
c

A
(2),1/N2

c
6,i +

(
Nc →

1

Nc

)
nfA

(2),Ncnf

6,i , (2.8)

A
(2)
6,q =

(
Nc →

1

Nc

)
A

(2),Nc

6,q . (2.9)

Here, A(L)
6,i are the sub-amplitudes appearing in Eq. (2.4) where neither of the photons are coupled

to the closed quark loop. In the leading colour approximation, the one- and two-loop amplitude
decompositions become

A
(1),lc
6,i = NcA

(1),Nc

6,i , (2.10)

A
(2),lc
6,i = N

2
cA

(2),N2
c

6,i +NcnfA
(2),Ncnf

6,i , (2.11)

A
(2),lc
6,q = NcA

(2),Nc

6,q . (2.12)
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colour structure is relatively simple, flavour structure more involved
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1ū

2d
5ν

6#̄

4γ

3γ

A(0)

6,uw1
A(0)

6,dw1

1ū
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1ū

2d

3γ 4γ

6#̄

5ν

Figure 1: Representative tree-level Feynman diagrams for the sub-amplitudes appearing in
Eq. (2.4). A

(L)
6,q starts to contribute only at the two loop level.

In our helicity-amplitude computation, the V–A coupling of the W boson to fermions selects a
subset of helicity configurations contributing to the amplitude. They are

A
(L)
6 (1

+
ū , 2

→
d , 3

+
ω , 4

+
ω , 5

→
ε , 6

+
ϑ̄
) ,

A
(L)
6 (1

+
ū , 2

→
d , 3

+
ω , 4

→
ω , 5

→
ε , 6

+
ϑ̄
) ,

A
(L)
6 (1

+
ū , 2

→
d , 3

→
ω , 4

+
ω , 5

→
ε , 6

+
ϑ̄
) ,

A
(L)
6 (1

+
ū , 2

→
d , 3

→
ω , 4

→
ω , 5

→
ε , 6

+
ϑ̄
) .

(2.13)

We define the complex-conjugated process, W→
(→ ω̄ϑε

→
)ϑϑ production, as

0 → d̄(p1, h1) + u(p2, h2) + ϑ(p3, h3) + ϑ(p4, h4) + ε
→
(p5, h5) + ω̄ϑ(p6, h6) . (2.14)

The W
→
ϑϑ helicity amplitudes can be obtained from the W

+
ϑϑ ones by exchanging the momenta
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tree-level diagrams 
representing the various sub-

amplitude contributions
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Figure 2: Sample two-loop Feynman diagrams contributing to the W
+
ωω independent sub-

amplitude currents A
(2)µ
5,uu, A(2)µ

5,ud, A
(2)µ
5,q , A(2)µ

4,u and A
(2)µ
3 .

3.2 Analytic computation framework

We now describe our framework to compute the helicity amplitudes for Wωω production, combining
Feynman diagrams, IBP reduction, and numerical evaluation over finite fields. The computation of
the contracted helicity amplitudes Ã

(L)
5,uu/ud;i, Ã

(L)
4,u;i and Ã

(L)
3;i defined in Eq. (3.15) starts with the

generation of Feynman diagrams, for which we use Qgraf [86]. After identifying the set of distinct
denominator structures of the Feynman integrals appearing in the amplitude, the numerator of
the loop amplitude is written in terms of scalar products of loop and external momenta (ki · kj ,
ki · pj , pi · pj). Having the loop-momentum dependent numerator written in this form allows us to
express the loop amplitude as a linear combination of scalar Feynman integrals, that will further be
reduced to a set of master integral. To achieve such a representation, we follow a strategy that has
been used in several previous two-loop five- and four-point amplitude computations [41, 43, 48, 87–
89], where we first construct the helicity-dependent loop numerator. This object is obtained by
first specifying the helicity states of the external quarks and photons, which, in the spinor-helicity
formalism, results in the appearance of spinor strings which contain loop momenta (e.g. →i|k̄1|j] and
→i|k̄1k̄2|j↑), where k̄i is the four dimensional component of the loop momentum ki. Such objects
are cast into a form where the loop-momentum dependence only enters as a scalar product by
expanding the loop momenta using a four-dimensional spanning basis ε

µ
j , k̄µi =

∑4
j=1 aijε

µ
j , and

solving for the coe!cients aij , which are functions of ki · kj , ki · pj and pi · pj . In addition, the
extra dimensional component of the loop momentum (k̃i) can appear only as k̃i · k̃j , which can also
be written in terms of ki · kj , ki · pj and pi · pj . We express all scalar products and spinor-helicity
contractions of the external momenta as rational functions of the five-particle momentum-twistor
variables ϑx = (x1, . . . , x6) of Ref. [48]. We repeat their definition in Appendix A for the convenience
of the readers. The processing of loop-momentum dependent helicity numerators is done using a
collection of Mathematica and Form [90] scripts, also with the help of Spinney package [91].
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# of external particles independent contracted helicity amplitudes

5 Ã
(L)+→++
5,uu;i , Ã

(L)+→+→
5,uu;i , Ã

(L)+→→+
5,uu;i , Ã

(L)+→→→
5,uu;i ,

Ã
(L)+→++
5,ud;i , Ã

(L)+→+→
5,ud;i ,

Ã
(L)+→++
5,q;i , Ã

(L)+→+→
5,q;i

4 Ã
(L)+→+
4,u;i

3 Ã
(L)+→
3;i

Table 1: Independent helicity configurations for the five-, four- and three-particle amplitudes.

A
(L)µ
3 =

4∑

i=1

!
(L)
3;i w

µ
i , (3.11)

where {ui}, {vi} and {wi} are the spanning bases for the five-, four- and three-particle amplitudes
respectively, given by

u
µ
1 = p

µ
1 , u

µ
2 = p

µ
2 , u

µ
3 = p

µ
3 , u

µ
4 = p

µ
4 , (3.12)

v
µ
1 = p

µ
1 , v

µ
2 = p

µ
2 , v

µ
3 = p

µ
3 , v

µ
4 =

→2|3|1]→1|ωµ|2]↑ →1|3|2]→2|ωµ|1]
2s12

,

(3.13)

w
µ
1 = p

µ
1 , w

µ
2 = p

µ
2 , w

µ
3 =

→1|ωµ|2]”+ →2|ωµ|1]”→1

2
, w

µ
4 =

→1|ωµ|2]”↑ →2|ωµ|1]”→1

2
, (3.14)

where ” is an arbitrary phase factor which gives the two terms of w
µ
3 and w

µ
4 the same helicity

scaling. In practice, ” cancels out in the hard functions and we can thus set it to 1. The five-, four-
and three-particle form factors are then obtained from the contracted sub-amplitudes

Ã
(L)
5,uu/ud;i = uiµ A

(L)µ
5,uu/ud;i , Ã

(L)
4,u;i = viµ A

(L)µ
4,u;i , Ã

(L)
3;i = wiµ A

(L)µ
3;i , (3.15)

and the Gram matrices

(#5)ij = ui · uj , (#4)ij = vi · vj , (#3)ij = wi · wj , (3.16)

as

!
(L)
uu/ud;i =

∑

j

(
#

→1
5

)
ij
Ã

(L)
5,uu/ud;j , (3.17)

!
(L)
u;i =

∑

j

(
#

→1
4

)
ij
Ã

(L)
4,u;j , (3.18)

!
(L)
3;i =

∑

j

(
#

→1
3

)
ij
Ã

(L)
3;j . (3.19)

We then compute the contracted helicity amplitude, obtained by specifying the helicity state of
the external quarks and photons (if they appear in the W production amplitude) in the contracted
sub-amplitude Ã(L). In Table 1 we present the independent helicity configurations for five-, four- and
three-particle contracted sub-amplitudes. Moreover, we show sample two-loop Feynman diagrams
for the independent five-, four- and three-particle contracted helicity amplitudes in Figure 2.
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of the quark-anti quark pair as well as of the lepton-neutrino pair, followed by parity conjugation:

A
(L)
6 (1

+
d̄
, 2

→
u , 3

h3
ω , 4

h4
ω , 5

→
ε , 6

+
ϑ̄ ) = A

(L)
6 (2

+
ū , 1

→
d , 3

→h3
ω , 4

→h4
ω , 6

→
ϑ , 5

+
ε̄
)

∣∣∣
↑ij↓↔[ji]

. (2.15)

2.2 Finite remainder

We construct the finite remainders F
(L)
6,i by subtracting the ultraviolet (UV) and infrared (IR)

singularities from the bare loop sub-amplitudes A
(L)
6,i ,

F
(L)
6,i = lim

ϖ↗0

[
A

(L)
6,i → P(L)

6,i

]
. (2.16)

The pole terms P(L)
6,i are built up of the UV counter-terms (where the ωs is renormalised in the MS

scheme) and known universal IR poles [81–84],

P(1)
6,i = 2 I1(ε)A

(0)
6,i , (2.17)

P(2)
6,i = 4 I2(ε)A

(0)
6,i + 2

(
I1(ε) +

ϑ0

ε

)
A

(1)
6,i , (2.18)

where I1(ε) and I2(ε) are the ‘Catani operators’, given by [85]

I1(ε) = →N(ε)

2

(
Nc

2
→ 1

2Nc

)[
2

ε2
+

3

ε

](
→s23 + i0

+

µR

)→ϖ

, (2.19)

I2(ε) = →1

2
I1(ε)

[
I1(ε)→

ϑ0

ε

]
+

N(ε)

N(2ε)

[
ϑ0

ε
+K

]
I1(2ε) +H

(2)
(ε) , (2.20)

where 0
+ is a positive infinitesimal, with

H
(2)

(ε) =
N(ε)

2

(
N

2
c → 1

) [7ϖ3
4

+
409

864
→ 11ϱ

2

96
+

1

N2
c

(
3ϖ3

2
+

3

32
→ ϱ

2

8

)

+
nf

Nc

(
ϱ
2

48
→ 25

216

)]
, (2.21)

K =
67

18
→ ϱ

2

6
CA → 10

9
TRnf , (2.22)

N(ε) =
e
ϖωE

!(1→ ε)
. (2.23)

The coe!cient of the ϑ function are [81, 82]

ϑ0 =
11

6
CA → 2

3
TRnf , (2.24)

ϑ1 =
17

6
C

2
A → 5

3
CATRnf → CFTRnf , (2.25)

where

TR =
1

2
, CA = Nc , CF =

N
2
c → 1

2Nc
. (2.26)

We calculated the finite remainders setting the renormalisation scale (µR) to one. We then
derived the µR dependence of the finite remainders directly from Eqs. (2.16) – (2.18) by restoring
the µR dependence in both the Catani operators (I1(ε) and I2(ε) in Eqs. (2.19) and (2.20)) and the
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(L)
6,i by subtracting the ultraviolet (UV) and infrared (IR)

singularities from the bare loop sub-amplitudes A
(L)
6,i ,

F
(L)
6,i = lim

ϖ↗0

[
A

(L)
6,i → P(L)

6,i

]
. (2.16)

The pole terms P(L)
6,i are built up of the UV counter-terms (where the ωs is renormalised in the MS

scheme) and known universal IR poles [81–84],

P(1)
6,i = 2 I1(ε)A

(0)
6,i , (2.17)

P(2)
6,i = 4 I2(ε)A

(0)
6,i + 2

(
I1(ε) +

ϑ0

ε

)
A

(1)
6,i , (2.18)

where I1(ε) and I2(ε) are the ‘Catani operators’, given by [85]

I1(ε) = →N(ε)

2

(
Nc

2
→ 1

2Nc

)[
2

ε2
+

3

ε

](
→s23 + i0

+

µR

)→ϖ

, (2.19)

I2(ε) = →1

2
I1(ε)

[
I1(ε)→

ϑ0

ε

]
+

N(ε)

N(2ε)

[
ϑ0

ε
+K

]
I1(2ε) +H

(2)
(ε) , (2.20)

where 0
+ is a positive infinitesimal, with

H
(2)

(ε) =
N(ε)

2

(
N

2
c → 1

) [7ϖ3
4

+
409

864
→ 11ϱ

2

96
+

1

N2
c

(
3ϖ3

2
+

3

32
→ ϱ

2

8

)

+
nf

Nc

(
ϱ
2

48
→ 25

216

)]
, (2.21)

K =
67

18
→ ϱ

2

6
CA → 10

9
TRnf , (2.22)

N(ε) =
e
ϖωE

!(1→ ε)
. (2.23)

The coe!cient of the ϑ function are [81, 82]

ϑ0 =
11

6
CA → 2

3
TRnf , (2.24)

ϑ1 =
17

6
C

2
A → 5

3
CATRnf → CFTRnf , (2.25)

where

TR =
1

2
, CA = Nc , CF =

N
2
c → 1

2Nc
. (2.26)

We calculated the finite remainders setting the renormalisation scale (µR) to one. We then
derived the µR dependence of the finite remainders directly from Eqs. (2.16) – (2.18) by restoring
the µR dependence in both the Catani operators (I1(ε) and I2(ε) in Eqs. (2.19) and (2.20)) and the
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original stage 1 stage 2 stage 3 stage 4 # points
(# primes)

analytic
expression

Ã
(2),N2

c
5,uu;1 159/155 159/155 159/0 33/31 33/0 27728 (2) ✁

Ã
(2),N2

c
5,uu;2 147/143 147/143 147/0 33/31 33/0 37132 (2) ✁

Ã
(2),N2

c
5,uu;3 157/153 157/153 157/0 31/29 31/0 31610 (2) ✁

Ã
(2),N2

c
5,uu;4 143/139 143/139 143/0 35/33 35/0 38710 (2) ✁

Ã
(2),1/N2

c
5,uu;1 223/219 223/219 223/0 50/48 50/0 134551 (?) ✂

Ã
(2),1/N2

c
5,uu;2 208/204 208/204 208/0 41/42 41/0 81973 (?) ✂

Ã
(2),1/N2

c
5,uu;3 219/215 219/215 219/0 49/46 49/0 130146 (?) ✂

Ã
(2),1/N2

c
5,uu;4 202/199 202/199 202/0 48/49 48/0 143320 (?) ✂

Ã
(2),N2

c
5,ud;1 163/160 163/160 163/0 33/32 33/0 30371 (2) ✁

Ã
(2),N2

c
5,ud;2 167/165 167/165 167/0 35/34 34/0 37506 (2) ✁

Ã
(2),N2

c
5,ud;3 150/147 150/147 150/0 33/29 31/0 29698 (2) ✁

Ã
(2),N2

c
5,ud;4 152/150 152/150 152/0 35/32 34/0 36726 (2) ✁

Ã
(2),1/N2

c
5,ud;1 219/217 217/215 217/0 55/53 55/0 173066 (?) ✂

Ã
(2),1/N2

c
5,ud;2 228/225 228/225 228/0 51/49 51/0 172337 (?) ✂

Ã
(2),1/N2

c
5,ud;3 218/213 216/211 216/0 47/45 47/0 118142 (?) ✂

Ã
(2),1/N2

c
5,ud;4 208/205 206/203 206/0 50/51 50/0 153605 (?) ✂

Ã
(2),Nc

5,q;1 136/135 119/118 119/0 34/32 34/0 26059 (2) ✁

Ã
(2),Nc

5,q;2 137/137 122/122 122/0 51/52 51/0 194872 (2) ✁

Ã
(2),Nc

5,q;3 148/147 130/129 130/0 43/44 43/0 108803 (2) ✁

Ã
(2),Nc

5,q;4 136/135 130/129 130/0 47/48 47/0 147167 (3) ✁

Table 3: Data about the functional reconstruction. The first column lists some of the most
complicated independent two-loop five-particle contracted helicity sub-amplitudes. From the second
to the sixth column, we show the maximal numerator/denominator polynomial degree of the rational
coe!cients at the various stages of the optimisation discussed in the text. For each contracted
helicity sub-amplitude, we show the highest degree out of the independent helicity configurations
listed in Table 1. Before the vertical line, the degrees refer to the coe!cients of the pentagon-
function monomials (cr,s(ωx) in Eq. (3.20)) with x1 = 1; they are functions of 5 variables. After
the vertical line, they refer to the coe!cients in the partial fraction decomposition with respect to
x5, which depend on 4 variables. The seventh column displays the number of sample points and of
prime fields required to complete the functional reconstruction after stage 4 (available only for the
amplitudes that were analytically reconstructed). The last column indicates whether the analytic
form of the corresponding contracted helicity sub-amplitude is available (✁) or not (✂).

While obtaining results using this numerical approach is considerably more expensive as compared
to evaluating analytic expressions, we expect that it will still be feasible to include the subleading
colour contributions of the two-loop finite remainders by means of re-weighting [51, 106].

For this numerical evaluation, we employ the analytic framework described in Section 3.2,
albeit with a number of modifications. First of all, in our analytic computation of the helicity

– 15 –

original stage 1 stage 2

T
†
j · Ã(2),1/N2

c
5,uu,1 100/97 100/97 100/0

T
†
j · Ã(2),1/N2

c
5,uu,2 99/96 99/96 99/0

T
†
j · Ã(2),1/N2

c
5,uu,3 101/97 101/97 101/0

T
†
j · Ã(2),1/N2

c
5,uu,4 101/97 101/97 101/0

T
†
j · Ã(2),1/N2

c
5,ud,1 97/93 96/92 96/0

T
†
j · Ã(2),1/N2

c
5,ud,2 97/93 97/93 97/0

T
†
j · Ã(2),1/N2

c
5,ud,3 97/93 96/92 96/0

T
†
j · Ã(2),1/N2

c
5,ud,4 97/93 96/92 96/0

Table 4: Maximal numerator/denominator polynomial degree of the rational coe!cients of the
pentagon-function monomials appearing in the T

†
j · Ã(2),1/N2

c

5,uu/ud,i amplitude up to stage 2 of our op-

timisation strategy. We note that T
†
j · Ã(2),1/N2

c

5,uu/ud,i are functions of the five-particle Mandelstam
invariants ωs5.

3.4 Checks

We have performed the following checks to validate our results.

• Gauge invariance

We verified the gauge invariance by checking that the Ward identities are satisfied, i.e., that re-
placing one of the photon polarisation vectors by its momentum yields zero. We recall that the
individual terms in the amplitude decomposition in Eq. 2.4 are not separately gauge invariant,
and checking the Ward identities thus requires summing all the contributions. Furthermore,
we use the complex mass scheme to ensure that the Ward identities are satisfied [12, 110–
112]. We evaluated the rational coe!cients of the full colour amplitude numerically at a
non-physical rational phase-space point (where all the momentum-twistor variables are real
and positive) and left the pentagon functions symbolic. This is possible because the pentagon
functions are by construction algebraically independent.

• Cancellation of UV and IR singularities

In deriving the finite remainders, we demonstrate that the UV and IR poles cancel out as
expected. This serves as a strong consistency check of our loop-amplitude computation. While
we demonstrated the pole cancellation analytically for the leading colour amplitudes, for the
subleading colour contributions we checked the cancellation of the poles numerically at a
non-physical rational phase-space point (again leaving the pentagon functions symbolic).

• Renormalisation-scale dependence

We checked that the numerical evaluation of the finite remainders at µR →= 1, obtained through
Eqs. (2.28) – (2.30), agrees with the evaluation at µR = 1 and rescaled values of the momenta
as dictated by dimensional analysis,

F
(L)
6 (ωp, µR = a)

A
(0)
6 (ωp)

=
F

(L)
6 (ωp/a, µR = 1)

A
(0)
6 (ωp/a)

, (3.24)
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univariate partial fraction in momentum 
twistor variables peforms quite well - 
some sub-leading colour would take a 
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since sub-leading colour is supressed - we can 
manage with few phase space points
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Figure 4: Tree level, one- and two-loop hard functions evaluated on the univariate phase-space
slice defined by Eqs. (4.9) and (4.10) for all scattering channels of W+

ωω (upper panel) and W
→
ωω

(lower panel) production, with µR = 100 GeV.

their derivatives are singular. Furthermore, some non-planar Feynman integrals are divergent inside
the physical s12 scattering channel where !

(3)
5 = 0.

First of all, we observe that the letter
→
”5 is absent in the one- and two-loop finite remainders.

This has by now become a well established phenomenon, as it has already been observed in a
multitude of massless and one-mass two-loop five-point amplitudes, and linked — in the massless
case — to cluster algebras [117] and Gröbner fans [118].

We further note that the set of pentagon functions denoted by F!5 in Ref. [26], that is, those

involving the letters
√
!

(i)
5 (for all i = 1, . . . , 6), are absent from the two-loop amplitudes. We

emphasise that the letters
√
!

(i)
5 only appear starting from two-loop order, and are therefore absent
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Figure 5: Distribution of subleading colour corrections to the two-loop hard functions for the set of
phase-space point defined in Eqs. (4.9) and (4.10), for W

+
ωω (left) and W

→
ωω (right) production.

already at the level of the bare amplitudes. This is in contrast with
→
!5, which instead cancels out

in the subtraction of the IR and UV singularities and is therefore absent only at the level of the finite
remainders. The absence of these letters has two important consequences. First, it implies that
the amplitudes are finite inside the physical channel. The pentagon functions which are singular at

”
(3)
5 = 0 inside the s12 channel in fact all contain the letter

√
”

(3)
5 . Second, evaluating numerically

the set of pentagon functions F!5 demands higher intermediate precision due to the presence of
integrable singularities, at the cost of performance. Excluding these functions from the numerical
evaluation of the amplitudes therefore leads to a useful speed up.

Finally, a number of (non-planar) pentagon functions are non-smooth when crossing the ”(i)
5 = 0

hyper-surfaces inside the s12 channel, i.e., they are finite but their derivatives are singular. All the
weight-2 pentagon functions with this property (F (2)

i for i = 30, . . . , 35, one for each ”
(i)
5 ) are

present in the finite remainders. As for the weight-3 and 4 pentagon functions, we observe that
only those which are non-smooth at ”

(3)
5 = 0 are present. This observation holds also for the hard

functions, as all the contributing permutations leave ”
(3)
5 invariant.

The simplification of the analytic structure of the scattering amplitudes and finite remainders
with respect to the Feynman integrals highlights the importance of classifying the required special
functions according to their analytic properties. With an arbitrary choice of special functions in
the representation of the master integrals, in fact, the cancellations above would only occur at the
numerical level. In Refs. [26, 29], instead, the non-trivial analytic properties of the integrals were
isolated into the minimal number of independent pentagon functions. This guarantees that the
cancellation of, say, the divergence at ”

(3)
5 = 0 implies the absence of the corresponding pentagon

functions. In this way the analytic structure of the amplitudes and finite remainders is more
transparent, and the number of special functions which need to be evaluated is minimised.

4.3 Description of the ancillary files

We provide analytic expressions for the one-loop amplitudes through O(ε
2
) and for the two-loop

leading colour amplitudes through O(ε
0
) in the ancillary files [119]. Numerical results for the

subleading colour contributions are available upon request. The analytic expressions are given
separately for the finite remainders and the corresponding pole terms. The L-loop finite remainders
F

(L) truncated at order ε
0 are presented in the form

F
(L)

=

∑

ij

ri(ϑy)Sij mj(f) , (4.11)
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plitude computation, or even adding more external legs have recently been made, particularly on
the calculation of master integrals [93–100]. NNLO QCD calculation for bb̄H production in 4FS
requires two-loop five-point amplitude with two mass scales: mass of the bottom quark and the
Higgs boson. Such a calculation perhaps is still out of reach with our current technology. How-
ever, exploiting the fact that the bottom-quark mass (mb) is the smallest scale involved in the 4FS
pp → bb̄H scattering process, an approximated two-loop amplitude with massive bottom quark can
be derived from the massless one by capturing the leading mb contribution through the massifica-
tion prescription [101]. For two-loop five-point amplitude, such an approach has been adopted in
the computation of pp → bb̄W and pp → bb̄Z processes in 4FS [41, 42].

Our paper is organized as follows. In Section 2, we discuss the structure of full colour pp → bb̄H

amplitudes together with the prescription to derive the finite remainders. In Section 3, our com-
putational strategy is described, starting by detailing our approach to construct helicity amplitude
followed by the discussion of a framework that we employ to derive analytic form of the helicity
amplitude from multiple numerical evaluations over finite fields. We present a benchmark numerical
evaluation at a physical phase-space point in Section 4 and finally draw our conclusion in Section 5.

2 Structure of the amplitude

We compute two-loop five-particle helicity amplitudes contributing to 5FS pp → bb̄H production
at hadron colliders, that consists of one two-quark two-gluon scattering process

0 → b̄(p1) + b(p2) + g(p3) + g(p4) +H(p5) , (2.1)

and two four-quark scattering processes

0 → b̄(p1) + b(p2) + q̄(p3) + q(p4) +H(p5) , (2.2)
0 → b̄(p1) + b(p2) + b̄(p3) + b(p4) +H(p5) . (2.3)

In this section we will describe the structure of those two class of scattering processes and discuss
the construction of finite remainder of the amplitude which is achieved by subtracting the ultraviolet
(UV) and infrared (IR) singularities, as well as its dependence on the renormalisation scale.

2.1 Kinematics

External momenta appearing in Eqs. (2.1) - (2.3) are taken to be outgoing,

5∑

i=1

pi = 0 , (2.4)

with the following on-shell conditions are satisfied:

p
2
i
= 0 ↑ i = 1, . . . , 4 ,

p
2
5 = m

2
H
,

(2.5)

where mH is the Higgs boson mass. Although the bottom-quark mass is set to zero in Eq. (2.5),
as required in 5FS, the bottom-quark Yukawa coupling is kept finite. We choose the following six
independent Mandelstam invariants

ωs = {s12, s23, s34, s45, s15,m2
H
} , (2.6)
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Figure 1. Representative two-loop Feynman diagrams appearing in the 0 → b̄bggH scattering process,
together with the partial amplitudes associated with each of the diagrams.

where sij···k = (pi + pj + · · ·+ pk)2. Together with the following parity-odd invariant

tr5 = 4 i ωµωεϑ p
µ

1p
ω

2p
ε

3p
ϑ

4 , (2.7)

where ωµωεϑ is the anti-symmetric Levi-Civita pseudo-tensor, they fully describe the five-particle
kinematics in the presence of an external mass.

2.2 Two-quark two-gluon scattering channel

The L-loop colour decomposition for the 0 → b̄bggH channel is

M(L)(1
b̄
, 2b, 3g, 4g, 5H) = n

L
ḡ
2
s
ȳb

{
(ta3t

a4) ī1
i2

A(L)
34 (1

b̄
, 2b, 3g, 4g, 5H)

+ (ta4t
a3) ī1

i2
A(L)

43 (1
b̄
, 2b, 3g, 4g, 5H) + ε

ī1
i2

ε
a3a4A(L)

ϖ
(1

b̄
, 2b, 3g, 4g, 5H)

}
,

(2.8)

where n = (4ϑ)ϱe→ϱςE ϖ̄s/(4ϑ) and ϖ̄s = ḡ
2
s
/(4ϑ). ϖ̄s is the bare strong coupling constant, ȳb is the

bare bottom-Yukawa coupling and t
a is the SU(Nc) fundamental generators satisfying tr(tatb) =

ε
ab
/2. The partial amplitudes are further decomposed in terms of the number of colours Nc and

the number of closed massless quark loop nf . The (Nc, nf ) decomposition for one-loop amplitude
is given by

A(1)
34 = NcA

(1),Nc

34 +
1

Nc

A
(1),1/Nc

34 + nfA
(1),nf

34 , (2.9a)

A(1)
ϖ

= A
(1),1
ϖ

, (2.9b)

while for the two-loop amplitude

A(2)
34 = N

2
c
A

(2),N2
c

34 +A
(2),1
34 +

1

N2
c

A
(2),1/N2

c
34 +NcnfA

(2),Ncnf

34 +
nf

Nc

A
(2),nf/Nc

34 + n
2
f
A

(2),n2
f

34 , (2.10a)

A(2)
ϖ

= NcA
(2),Nc

ϖ
+

1

Nc

A
(2),Nc

ϖ
+ nfA

(2),nf

ϖ
+

nf

N2
c

A
(2),nf/N
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Representative two-loop Feynman diagrams together with partial amplitudes they are contributing
to are shown in Fig. 1. We derive the helicity amplitude only for the A

(L),i
34 and A

(L),i
ϖ

partial
amplitudes since the A(L)

43 amplitudes can be obtained from the A(L)
34 ones using the following

relation
A(L)

43 (1
b̄
, 2b, 3g, 4g, 5H) = A(L)

34 (1
b̄
, 2b, 4g, 3g, 5H) . (2.11)
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massless b, non-zero Yukawa

through ‘massification’ methods can be used to 
approximate ttH in certain phase-space regions

Catani et al. [2210.07846] Buonacore et al. [2306.16311]

https://arxiv.org/abs/2210.07846
https://arxiv.org/abs/2306.16311
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c
34 A
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34 A

(2),Nc

ω
A

(2),1/Nc

ω

helicity ωhg
ωh
→
g

ωhg
ωhg

x1 = 1 133/132 176/175 176/175 265/269 265/269 214/207 214/207

ansatz for
linear

relations
- - A

(2),1/N2
c

34 -

A
(2),1
34

A
(2),1
43

A
(2),1/N2

c
34

A
(2),1/N2

c
43

A
(2),1/Nc
ω

-

A
(2),1
34

A
(2),1
43

A
(2),1/N2

c
34

A
(2),1/N2

c
43

linear
relations 133/132 176/175 110/109 233/233 121/115 141/140 135/130

number of
coe!cients 162 572 216 582 151 581 258

denominator
matching 133/0 176/0 110/0 233/0 119/0 141/0 135/0

univariate
partial
fraction

32/25 38/33 25/22 36/33 36/33 32/28 32/28

factor
matching 28/0 38/0 24/0 36/0 36/0 32/0 32/0

number of
points 16711 47608 10382 38221 37002 21150 20337

evaluation
time per point t0 100t0 67t0 106t0 57t0 74t0 62t0

Table 2. Analytic reconstruction data for three most complicated two-loop subleading colour amplitudes
as well as the most complicated two-loop leading colour amplitude in 0 → b̄bggH subprocess. We report
the maximal numerator/denominator polynomial degree of the rational coe!cients appearing in the bare
amplitude (g(L), εH

gg;ij,p in Eq. (3.21)) at di"erent stage of optimisation strategy discussed in the text. We also
show the number of independent rational coe!cients, number of sample points required to fully reconstruct
the amplitude analytically and the evaluation time for each finite-field point relative to that of the leading
colour amplitude.

pentagon function monomials appearing in the helicity amplitude (g(L), εH
gg/qq̄;ij,p(ωx) in Eq. (3.20)) over

finite fields and the remaining task is to perform analytic reconstruction from numerical samples.
Such a task, however, is found to be very challenging due to very high polynomial degrees of the
rational coe!cients, which leads to the need to evaluate extremely large number of sample points, as
well as slow evaluation time due to high number of integral family permutations in the IBP reduction
step and complicated integrands. To alleviate this issue, we implement a number of optimisations
to reduce the required number of sample points as much as possible following strategies introduced
in Refs. [64, 78].

Our first step of optimisation is to set x1 = 1. Reinstating the x1 dependence is rather straight-
forward: since x1 is the only dimensionful quantity in the momentum twistor parameterisation that
we employ, it appears only as a global prefactor of the amplitude. Additionally, as there are square
roots appearing in the pentagon function monomials mi(f) we shall introduce x1 dependence in
mi(f) to keep each monomial dimensionless. Secondly, we search for linear relations among ratio-
nal coe!ents appearing in Eq. (3.20) numerically over finite fields and only reconstruct the linearly
independent ones, which are chosen to be the coe!cients that have the lowest polynomial degree.
Such a procedure to find linear relations can be enhanced by supplying ansatz for the rational
coe!cients. In our calculation we provide the ansatz from rational coe!cients of the other partial
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pp￫Hbb finite remainders
fully analytic expressions obtained: reconstruction summary



towards pp￫ttj helicity amplitudes
SB, Becchetti, Chaubey, Marzucca, Sarandrea [2201.12188]

SB, Becchetti, Chaubey, Marzucca [2210.17477]
SB, Becchetti, Giraudo, Zoia [2404.12325]

SB, Becchetti, Brancaccio, Zoia [241x.xxxx]



towards pp￫ttj helicity amplitudes

normalised tt+j XS very sensitive to top mass 
[see Alioli et al. 2202.07975 for latest phenomenological studies]

around 50% of top quark pair events at LHC 
are associated with an additional jet

CMS XS+jets SM summary



top quark helicity amplitudes

helicity amplitudes encode 
spin correlations in the 

narrow width approximation

consider leading colour 
only for now

u±(p,m;n) =
h⌘ ⌥ |(/p+m)

h⌘ ⌥ |p[±i

<latexit sha1_base64="DlaOuSiJpJGMM141ocle251x+tQ="></latexit>

p[

<latexit sha1_base64="j45GsMjdV5n2qph7xgCsI+F9oC0=">AAACA3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkDbOT3mTI7OwyMyuEJUc/wKt+gjfx6of4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqzUSh67oaCmVyq7FXcGskq8nJQhR71X+un2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Njt3Qs6t0idhrGxJQ2bq34mMRlqPo8B2RtQM9bI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIy/Z30uUJmxNgSyhS3txI2pIoyYxNa2KLtU0PsT4o2GW85h1XSvKx41Ur1vlqu3eQZFeAUzuACPLiCGtxBHRrAYAQv8ApvzrPz7nw4n/PWNSefOYEFOF+/YduYcQ==</latexit>

⌘

<latexit sha1_base64="n6IB52irDwfKs7YTRe0x0heGfCI=">AAACAHicbVDLSsNAFJ3UV62vqks3wSK4KokUdFl047KCfUAbymRy0w6dTMLMjVBCN36AW/0Ed+LWP/EL/A0nbRa29cCFwzn3cu89fiK4Rsf5tkobm1vbO+Xdyt7+weFR9fiko+NUMWizWMSq51MNgktoI0cBvUQBjXwBXX9yl/vdJ1Cax/IRpwl4ER1JHnJGMZcGgHRYrTl1Zw57nbgFqZECrWH1ZxDELI1AIhNU677rJOhlVCFnAmaVQaohoWxCR9A3VNIItJfNb53ZF0YJ7DBWpiTac/XvREYjraeRbzojimO96uXif14/xfDGy7hMUgTJFovCVNgY2/njdsAVMBRTQyhT3NxqszFVlKGJZ2mLNk+NIZhVTDLuag7rpHNVdxv1xkOj1rwtMiqTM3JOLolLrkmT3JMWaRNGxuSFvJI369l6tz6sz0VrySpmTskSrK9f9WmXGA==</latexit>

A =
X

k

CkAk

<latexit sha1_base64="lZCTA+llDlzbumm87zk9Bvz579k=">AAACG3icbVDLSsNAFJ3UV62vqEsRBovgqiRS0I3Q2o3LCvYBTQiTyaQdOpOEmYlQQld+hx/gVj/Bnbh14Rf4G07aLGzrhQOHc+7l3nv8hFGpLOvbKK2tb2xulbcrO7t7+wfm4VFXxqnApINjFou+jyRhNCIdRRUj/UQQxH1Gev64lfu9RyIkjaMHNUmIy9EwoiHFSGnJM08djtQII5Y1p/AGOjLl3hi2NJoanlm1atas4CqxC1IFRbU988cJYpxyEinMkJQD20qUmyGhKGZkWnFSSRKEx2hIBppGiBPpZrM3pvBcKwEMY6ERKThT/05kiEs54b7uzI+Wy14u/ucNUhVeuxmNklSRCM8XhSmDKoZ5JjCggmDFJpogLKi+FeIREggrndzCFqmfGpFgWtHJ2Ms5rJLuZc2u1+r39WrjtsioDE7AGbgANrgCDXAH2qADMHgCL+AVvBnPxrvxYXzOW0tGMXMMFsr4+gXfqaCM</latexit>

Ak =
X

l

cklIl

<latexit sha1_base64="lAtfchpN94Qll9dzXN7PH2V9QUg=">AAACGXicbVC7TsMwFHXKq5RXgLGLRYXEVCWoEixIBRbYikRLpTaKHMdprdhJZDtIVZSB7+ADWOET2BArE1/Ab+C0GWjLkSwfn3Ovru/xEkalsqxvo7Kyura+Ud2sbW3v7O6Z+wc9GacCky6OWSz6HpKE0Yh0FVWM9BNBEPcYefDC68J/eCRC0ji6V5OEOByNIhpQjJSWXLN+6YbwAg5lyt2M5RC7Waiv2+Lhmg2raU0Bl4ldkgYo0XHNn6Ef45STSGGGpBzYVqKcDAlFMSN5bZhKkiAcohEZaBohTqSTTZfI4bFWfBjEQp9Iwan6tyNDXMoJ93QlR2osF71C/M8bpCo4dzIaJakiEZ4NClIGVQyLRKBPBcGKTTRBWFD9V4jHSCCsdG5zU6Reakz8vKaTsRdzWCa906bdarbuWo32VZlRFdTBETgBNjgDbXADOqALMHgCL+AVvBnPxrvxYXzOSitG2XMI5mB8/QJwS6By</latexit>

colour decomposition

e.g. Melnikov, Schulze ‘09

in this case the master integral basis was unknown…



integral basis for leading colour ttj
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(b) Pentagon-triangle sector containing a nested
square root. We denote it by 421B

Figure 2: Problematic sectors of topology B.

with Â
(0) and Â

(1) matrices of rational functions in the kinematic invariants. Whether possible
an ✏ factorised differential equation is obtained by means of diagonal [SZ: why diagonal?]
rotation Ii = N(~x)ijJj , which depends on square-roots of kinematic invariants.

• Step 3: We work iteratively on each sector, starting from the homogeneous part of the differ-
ential equations and then studying the non-homogeneous one. [SZ: define ‘homogeneous’]

Another important aspect in the construction of the master integrals basis involves minimising
both the highest numerator rank and the quantity of dotted propagators. This requirement is
crucial in order to prevent the size and number of IBP relations needed to explode, and therefore
make the calculation computationally too expensive. To further ameliorate this aspect, we used
the software NeatIBP [66] to generate optimised IBP relations through the solution of syzygy
equations [67].

Through the strategy described above, we built a basis of MIs for topology C which satisfies the
DEs in canonical form. Contrarily, for topology B such a form is not possible. Two sectors, shown in
fig. 2, present additional challenges. These can be identified by analysing the factorisation properties
of the Picard-Fuchs operators [99, 100]. The sectors in fig. 2 are in fact the only ones whose MIs have
Picard-Fuchs operators with irreducible factors of degree 2, in contrast with all the other MIs, whose
Picard-Fuchs operators factorise into linear factors. We devote sections 3.3 and 3.5 to a thorough
analysis of these sectors, and summarise here the main conclusions. By analysing the homogeneous
differential equations for the sector in fig. 2a, we find that their solution involves elliptic integrals.
While the last few years have seen important progress in the construction of "-factorised differential
equations beyond the genus-zero case [58, 59, 101], this problem is challenging in general. Moreover,
the transformation required to achieve an "-factorised form in this case involves transcendental
functions (such as elliptic ones). This feature adds a further level of complexity for the numerical
evaluation of the system of differential equations. In other words, even if an "-factorised form of the
differential equations could be obtained in this case, the numerical evaluation of the solution would
remain an open problem. The most common approach in such cases is to resort to semi-numerical
methods such as the generalised power series expansion, which can be equally applied even without
an "-factorised form. Nonetheless, we put some effort into choosing master integrals for this sector
such that the connection matrices are polynomial in " up to order "

2, and all the entries which do
not involve MIs of the two problematic sectors are "-factorised. With respect to the generic form,
this makes the expression of the differential equations more compact, and improves the evaluation
time of the solution using generalised power series expansions.
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(b) Pentagon-triangle sector containing a nested
square root. We denote it by 421B

Figure 2: Problematic sectors of topology B.

with Â
(0) and Â

(1) matrices of rational functions in the kinematic invariants. Whether possible
an ✏ factorised differential equation is obtained by means of diagonal [SZ: why diagonal?]
rotation Ii = N(~x)ijJj , which depends on square-roots of kinematic invariants.

• Step 3: We work iteratively on each sector, starting from the homogeneous part of the differ-
ential equations and then studying the non-homogeneous one. [SZ: define ‘homogeneous’]

Another important aspect in the construction of the master integrals basis involves minimising
both the highest numerator rank and the quantity of dotted propagators. This requirement is
crucial in order to prevent the size and number of IBP relations needed to explode, and therefore
make the calculation computationally too expensive. To further ameliorate this aspect, we used
the software NeatIBP [66] to generate optimised IBP relations through the solution of syzygy
equations [67].

Through the strategy described above, we built a basis of MIs for topology C which satisfies the
DEs in canonical form. Contrarily, for topology B such a form is not possible. Two sectors, shown in
fig. 2, present additional challenges. These can be identified by analysing the factorisation properties
of the Picard-Fuchs operators [99, 100]. The sectors in fig. 2 are in fact the only ones whose MIs have
Picard-Fuchs operators with irreducible factors of degree 2, in contrast with all the other MIs, whose
Picard-Fuchs operators factorise into linear factors. We devote sections 3.3 and 3.5 to a thorough
analysis of these sectors, and summarise here the main conclusions. By analysing the homogeneous
differential equations for the sector in fig. 2a, we find that their solution involves elliptic integrals.
While the last few years have seen important progress in the construction of "-factorised differential
equations beyond the genus-zero case [58, 59, 101], this problem is challenging in general. Moreover,
the transformation required to achieve an "-factorised form in this case involves transcendental
functions (such as elliptic ones). This feature adds a further level of complexity for the numerical
evaluation of the system of differential equations. In other words, even if an "-factorised form of the
differential equations could be obtained in this case, the numerical evaluation of the solution would
remain an open problem. The most common approach in such cases is to resort to semi-numerical
methods such as the generalised power series expansion, which can be equally applied even without
an "-factorised form. Nonetheless, we put some effort into choosing master integrals for this sector
such that the connection matrices are polynomial in " up to order "

2, and all the entries which do
not involve MIs of the two problematic sectors are "-factorised. With respect to the generic form,
this makes the expression of the differential equations more compact, and improves the evaluation
time of the solution using generalised power series expansions.

– 7 –

dlog candidates for most 
integrals follow patterns 

seen in previous examples:

• local and extra-dim. 
numerator insertions

• square roots (e.g. Gram 
determinants) 
8 square roots in total

• algebraic letters of the form

problem sectors

nested square root required to 
rotate into ε factorised form

Picard-Fuchs analysis 
confirms it to contain an 

elliptic curve 

technology for analytic representation of elliptic integrals 
not yet ready for example of this complexity: resort to 

numerical evaluation of the DEQs 
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solving differential equations numerically

x

y
transport point x to point y using 

generalised series expansion 
of the differential equations
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[Moriello 1907.13234]

the MIs. The factorisation of " allows us to express the solution algorithmically in terms of Chen
iterated integrals [92], order by order in the Laurent expansion around " = 0. This, in conjunction
with the presence of logarithmic one-forms only, enables the application of a well-established toolbox
of mathematical techniques — most notably the symbol [93] — to write down and manipulate the
solution. Building on this, the method of the so-called pentagon functions [27, 30, 33, 35, 94, 95]
has proven particularly successful in the computation of two-loop amplitudes for 2 ! 3 processes.

It is however known that the DEs for Feynman integrals can take more complicated forms.
Indeed, we anticipate that the canonical form in eqs. (3.4) and (3.5) can only be achieved for
topologies A and C [MB: Topology A is not defined yet], whereas a generalisation is necessary
for topology B. First of all, it is not proven that one can always factorise the dependence on " in the
connection matrices. On top of that, even when " is factorised, one-forms other than d log’s may be
necessary (see e.g. the review [96] and references therein). For such cases the notion of “canonical”
DEs is still under debate [55, 58] [SZ: other refs?]. On the one hand, the techniques for bringing
the DEs to an "-factorised form are much less mature than in the d log case. On the other, even
when an "-factorised form is achieved which involves one-forms more complicated that the d log’s,
manipulating and evaluating the solution efficiently remain challenging. For these reasons, it is
often convenient to resort to more flexible numerical approaches to solve DEs beyond the d log case,
as opposed to fully analytic solutions in terms of well understood special functions. The method of
generalised power series expansions [70] is proving particularly effective, boosted by the availability
of public implementations [71, 72, 76]. Nonetheless, also within this approach to the solution,
simplifying as much as possible the form of the DEs is crucial to an efficient and stable evaluation
of the solution. In particular, it is desirable for the connection matrices to depend polynomially
on ", and for the degree in " to be as low as possible. More explicitly, in the generalisation of the
canonical DEs we consider in this work for topology B the connection matrix has the form

dA
(B)(~x, ") =

kmaxX

k=0

X

i

"
k
!i(~x) c

(B)
k,i , (3.6)

where !i(~x) are (linearly independent) one-forms, kmax 2 N, and c
(B)
k,i are matrices of rational

numbers. A subset of the one-forms {!i(~x)} may be d log’s.
[SZ: edited until here]

[SZ: how to smoothly insert this paragraph?] When the master integrals under study
satisfy a set of canonical differential equations (3.4), they can often be represented as iterated
integrals over rational functions and they usually can be written in terms of a well-understood class
of functions, the so-called multiple polylogarithms (MPLs) [97, 98]. Geometrically these integrals
are defined on a genus zero surface, i.e. on a Riemann sphere. It is however well known that
Feynman integrals can admit a representation whose analytic structure is defined by higher-genus
surfaces, such as elliptic curves.

Our approach to construct a basis of master integrals is outlined in ref. [15]. For complete-
ness, we briefly summarise it in the following. [SZ: rephrase: we find good bases sector by
sector, and only after this is done we reconstruct] [SZ: define: homogeneous DEs]

• Step 0: We exploit finite fields technique to perform IBP reduction and to reconstruct the
differential equations, either fully analytically or on a univariate slice.

• Step 1: We select integrals candidates following patterns observed in previously studied cases.

• Step 2: We work sector by sector, searching for a basis of master integrals linear in ✏

d ~J (~x, ✏) = d
⇣
Â

(0)(~x) + ✏ Â
(1)(~x)

⌘
~J (~x, ✏) , (3.7)
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Path split into segments: 
evaluation time per segment 

~30s

Efficient phase-space integration 
possible if the number of segments 

between points is minimized 
(e.g. [Becchetti et al. 2010.09451])

B topology basis chosen such that kmax=2

ω are linearly independent one-
forms (135 of which 72 are dlog)

compact analytic representation 
(for all topologies)



defining a function basis
while the DEQ is not in ε-factorised form - we can do 

suprisingly well with the expansion around d=4

• most of the DEQ is in dlog form
• elliptic sectors only appear at order 4 in ε [check with BCs]

• dA(0) and dA(2) mostly zero’s and up to ε3 everything is dlog.
• elliptic sectors do not decouple at ε4 so simply keep MI 

component as basis function (6x2 perms = 12 functions)

result is an (overcomplete) basis that can be evaluated 
via generalized series expansions

ωg =
∑

k=0

εkωg(k)
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first amplitude level results
• first (numerical) evaluations in the physical remainder for the 

finite remainder of one helicity amplitude
• mass renormalization counter-terms to restore gauge invariance
• analytic cancellation of IR and UV poles

Numerical evaluation of the helicity amplitudes

• Two-loop helicity amplitudes for the process 4g5g → 1t2t̄3g

• Amplitude computed at leading colour

• Decay direction fixed in a non-physical direction (nt = nt̄ = p3)

• Amplitude computed in ’t Hooft-Veltman scheme

• Finite reminder directly computed

Phase-Space points A
2L

LC
(+ + +++; ntnt̄)[GeV

→2]

d12 → 0.1074, d23 → 0.2719, d34 → ↑0.1563,
d45 → 0.5001, d15 → ↑0.03196,mt2 → 0.02502

19.028262↑ 3.1078961 i

d12 → 0.3915, d23 → 0.06997, d34 → ↑0.06034,
d45 → 0.5002, d15 → ↑0.1293,mt2 → 0.02499

0.07061470↑ 0.00649655 i

d12 → 0.2167, d23 → 0.02186, d34 → ↑0.01149,
d45 → 0.5007, d15 → ↑0.04709,mt2 → 0.02502

↑29.219122↑ 27.542150 i

d12 → 0.2986, d23 → 0.1599, d34 → ↑0.05978,
d45 → 0.4998, d15 → ↑0.2899,mt2 → 0.02500

↑0.97280521 + 0.86357506 i

d12 → 0.2882, d23 → 0.04770, d34 → ↑0.1080,
d45 → 0.5000, d15 → ↑0.1583,mt2 → 0.02502

↑0.40407926↑ 0.53165671 i

with dij = pi · pj , normalised here w.r.t 2 p4 · p5

Preliminary
produced by Colomba Brancaccio for  TOP2024

first test of full set of elements - not quite ready for pheno though
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Conclusions

2L QCD corrections to 2→3 (massless) processes no 
longer present the same bottleneck they did 5 years ago 
thanks to analytic reconstruction techniques and well 

behaved special function bases

new results for Hbb and Wγγ - first 
non-planar 5pt with an off-shell leg

some progress for ttj - more work to 
guarentee fast and stable evaluations for 

pheno. studies


