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One-loop reduction in a nutshell
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“Cut-constructible” part “Rational Terms”
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© Key input of integrand-level reduction is the numerator D =J

(277:)d Dn D1 .. .Dm_1

— E——

» Typically, ME generators provide numeratorsind =4 — N(g)
+Mismatch with the d-dimensional quantity appearing in loop integrand — N(g)

- Rational Terms (R}, R,) compensate for the mismatch in D,’s and N(q)

~ Achieving numerical computation of d-dimensional amplitudes has potential
in performance and bookkeeping ( — no need for R, R,)

~ Beyond |-loop: more natural treatment of the reduction problem
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Basic notation at 1-loop

J g N@
(27T)d D—O Dl «. D_m—l

m

N (q) —>  Numerator

Di = (g +Pi)2 — miz —> Propagators

0,
=9 +7 =yt §r=gt 4t
E S Py, =d=4-2¢ S gvg =d=4-2¢
D?=D?+p N(@ =N(@+N(@)

~ Dimensional regularisation — 't Hooft-Veltman scheme

physical momenta (Q;) in d = 4 dimensions

loop momentum (g) in d = 4 — 2¢ dimensions
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A simple example: 1-loop gluon selt-energy
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ps

H3,a3

N@) = N"2(g) e, (p) €,(p) = N(g) + N@)

S NG = VM (p =G-p, ) ViRib(—p, =G, g+p) =

1l
gﬂ1ﬂ2(p2 N pl)ﬂ3

T gﬂzﬂs(p3 N pz)ﬂl
+ 8, (P1 — P3)y,

_(d_4) pﬂ1pﬂz + 2pﬂ1 P2+ Dagtipte + 4gtigH2) + 2 Hiko
q 4P 94 HE

— (5]?2 +2p-q+ 2q2) ghita — 2 ptipta + 5 ptighs + 5gtipt2 + 10 gtigh —> N(q)

—  N@

< N(G) « u,(d—4) — evanescent terms (vanish in d = 4)
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Computing evanescent terms

m

) { d'g  (N@) = N@+N @)

B (Zﬂ)d D_O Dl “ e Dm—l

~ Goal: compute N(q) within a numerical, recursive framework (built on d = 4)

N(g) = [ N(g)]

© Possible solution: Four-Dimensional Formulation (FDF)
[ Fazio, Mastrolia, Mirabella and Torres Bobadilla, Eur.Phys.J.C 74 (2014) 12, 3197 |

< + 4-dimensional d.o.f of gauge bosons carried out by u

» (d —4) dimensional d.o.f carried out by scalar particles = extra Feynman rules
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https://link.springer.com/article/10.1140/epjc/s10052-014-3197-4

Computing evanescent terms

N(g) = [ N(g)]

© We are exploring an alternative formulation which does not require extra
Feynman rules

© Basic idea: obtain evanescent terms via modified recursion relations

Before going to technical details, let’s briefly sketch how recursion
relations are organised within the HELAC framework
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Dyson-Schwinger recursion in a nutshell

Computing scattering amplitudes without Feynman diagrams
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Numerator computations in HELAC

© Cutting loop propagator — Tree-level process with two extra particles

I cut
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Numerator computations in HELAC

© Cutting loop propagator — Tree-level process with two extra particles

I cut

Ho Hq >

o Recursive calculation of tree-level process

Step1
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Recursive calculationind = 4
Step 1
q+p = (=g =2p)-g) J?2" + (=p-J?) &f + (P ¢) (p — 9"

@ = (=g =2p) - @) /O + (=g = ) /) o + (/O @) (p+29)°

< N(g) = Z <J/§14) ' ](1)> — Numerator ind = 4
A

G. Bevilacqua HOCTOOLS-II mini-workshop



Moving to d dimensions

© Obtaining the evanescent terms N(g) for the considered case is simple in the
context of symbolic calculations. Term-by-term, apply the following rules:

Elg*X] = X

D
%[Z(gﬁ.a)/{) X] = d—4)X u%2
A NS
q

EL) (619 (@,-q) X] = uX
A

© In numerical calculations one has access to currents (J*¥)), not to individual
analytic terms
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Moving to d dimensions

© Obtaining the evanescent terms N(g) for the considered case is simple in the
context of symbolic calculations. Term-by-term, apply the following rules:

%X] = uX
%[ Z @ a)’i) X] - (d B 4)X H1,a1 2,02
A

1), E D) X1 = uX
A

© In numerical calculations one has access to currents (J*¥)), not to individual
analytic terms

< to apply the above rules, partial information of J"’s substructures is required.

For the considered case, the substructures read: 4o (% (e2.4) (g% ¢)q°
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© Warm-up example: pure-gluon QCD at one loop

© Including fermions: recursion formulae for massless QCD

© Steps towards 2-loop [work in progress]
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l. Warm-up example

Pure gluon QCD at I-loop
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Anatomy of substructures (1-loop)

© Vector-current decomposition at |-loop™ *pure gluon QCD

JMae = cMg® + CVef + (8- 9) [ICg(gQ]q“ Xg)l] + lfa

_ N)a
‘Uma = ng [remainder]

[ CC(IN) ,CN) Cg(év,z] — scalars ; ngv)“ — vector ]
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Anatomy of substructures (1-loop)

© Vector-current decomposition at |-loop™ *pure gluon QCD

JMae = cMg® + CMVel + (g 9 [ C Mg+ X071 + R”

I

[ CC(]N) ,CN) Cg]\% — scalars ; Jéﬁlv)“ — vector ]

~ Keeping track of CéN) C(N) Cgé ,J(N)“ at every step of the

recursion, one can obtain evanescent terms for all currents
in a pure 4-dimensional framework: J%) = &[JV)]
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Anatomy of substructures (1-loop)

© Vector-current decomposition at |-loop™ *pure gluon QCD

JMae = cMg® + CMVel + (g 9 [ C ) q° ng)I] + R¢

@ - 1"

[ CC(]N) ,CN) Cg(ilvzl — scalars ; Jg(ﬁlv)“ — vector ]

~ Keeping track of Cq(N), CéN) Cgé ,J(N)“ at every step of the

recursion, one can obtain evanescent terms for all currents
in a pure 4-dimensional framework: J®) = &[JMV)]

C(N) C(N) ngvz] ,J(N)“ obey recursion relations, similarly to the currents JN)
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Anatomy of substructures (1-loop)

© Vector-current decomposition at |-loop™ *pure gluon QCD

JMae = cMg® + CMVel + (g 9 [ C ) q° ng)I] + R¢

@ - I

[ CC(]N) ,CN) Cg(ilvzl — scalars ; Jg(ﬁlv)“ — vector ]

o Keeping track of Cq(N), Cc™), ng] ,J(N>“ at every step of the

recursion, one can obtain evanescent terms for all currents
in a pure 4-dimensional framework: J®) = &[JMV)]

C(N) C(N) ngl ,J(N)“ obey recursion relations, similarly to the currents JN)

o C(N) C(N) ngvz] ,J(N)“ = 0 for tree-level (i.e. non g-dependent) currents
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Recursion relations (1-loop)

Recursion relations for chN),

c™), ng\g ,]8(2')“ are derived

(J02) - 2p@) 4 pn))) Ji)a from the vertex function

(J(”h) . (p(nl) + 2p(n2))) J(”lz)a

Initial conditions:

V=0 cH =1

1) _ 1) a _
cly, =0 J)"=0

Cq(”1+”2) = Cé”l) [‘](nZ) . (2]9 ) TP (nz))] - (1 + 6(n1+n2)Nend> (‘](nl) . J(n2)>

+ (J(’ﬁ) . ](n2)> (p(nz) _p(”h))a
[loop
endpoint]
e Cé”l"‘”z) — C{g”l) [J(nz) . (2p(n1) _|_p(n2))]
{:,(Nend)‘:

_|_
Jue = e < o, J(n2)> _ (Ce(np + ﬂC§Z}2,> Jm)a

Clyg™ = oy 1 - @ 4] = (14 8 myw, ) (4507 90)

® [ J(n1+n2) a] —
(ny) 7(n (ny) (ny) n n)\*
U [(‘1 + 25<n1+n2)Nend> CyI 4 Sin, g (Jeq1 + Cegg (P =p™) )]

n n n)\
+(d—-4) [5(n1+n2)Nend M (p? — p™) ]
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Il. Including fermions

Massless QCD at | -loop
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Including fermionic contributions (1-loop)

Substructures:

( A5 (e-q) (©-Qd A%

A
€ 1 W)

© Fermion-current decomposition at |-loop cut

I = AN+ AU+ e LA Vg™ + X, N1+ g8y + RO

o = v, ™)

JN) = (N)/q/ + WS(N)/ + (g q)[wgqq(N)/q/ 4 X (N)] n l//g/\.? 77+ RV

‘ = 7,

N .
[w ™ W™, g (& ™, Wi — spinors]

_ . N .
[l//q(N) Wg(N) l//e'q q(N) V/e'q(N) '/f(q/g) - SPII’]OI"S]
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Including fermionic contributions (1-loop)

~ Back to vector current:

J(nl) p(nl)

\ p (n+n,)

](n1+n2)a = j(nz) }/a J("l)

J) P ()
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Including fermionic contributions (1-loop)

~ Back to vector current:

critical structures

J) p(nl) L) =1 L) = 0
\ p(n1+n2) L) =0 1m) — 1
](n1+n2)a = j (ny) }/a J("l) —
/ J 7(1,) Va q (ny) (nz) g },a J(nl)
J(”lz) p(nz) J(”z) az (”1) l/_/(nz),g/ y(l J(I’ll)
(l’lz) },aqz l/j(nl) —(nz)'e( 4 },a J(fll)

Ty (e - 4) yy?

Ty e q) o wigly

q/e
e v ey - q) JM

P4 e, q) ye I
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Including fermionic contributions (1-loop)

~ Back to vector current:

J(nl) p(nl)

N
2

J) P )

ELJT" " o4,

G. Bevilacqua

7(n,) .,a (ny) _ 7(n,) ,, (1)
L™y g w; ") q,] = pJ "™y

Wém)) @, ] = ({d-4) J(”z) (”1)

critical structures

L™ =1 L™ =0
p(n1+n2) L) =0 1) — 1
](n1+n2)a = j (ny) }/05 J (ny) —>
J 7(1,) ya q (ny) (nz) g },a J(nl)
J(nz) a £ (nl) l/_lgnz) Z7° )
/ J(nz) },aqi w(’h) —(nz)/e, 4 },a ](711)

Ty (e, - q)

Ty e q) o wigly

q/e

e v ey - q) JM

P4 e, q) ye I

ELT™ (g, @) yi) (@, - @)) = p Ty

v dol = n I gyl = u Ty e,
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Including fermionic contributions (1-loop)

~ Back to vector current:

critical structures

J p L0 =1 L) = 0
\ p"t L") =0 L") =1
](n1+n2)a = j (ny) }/05 ](”1) —
7(n,) ., (ny) (nz) a y(n)
2 T2y gy, avJ
] (nz) p(nz) J(nZ) o 48' (nl) l/—jgnz) z/ ya ](”1)
/ J(nz) }/a q [ l/j(nl) —(”lz) £ 4 },a ](”1)

G. Bevilacqua

7(n,) ,,a (ny) _ ,, Tny),, ()
ELT™ Y Ay ) qp ] = p Ty

ELUT ™y & ") 0,1 = (d—4) T g™

! Jn) v (e, - q) 1//(”1)

N C(n1+n2)
Ty e q) o wigly

q/e
e v ey - q) JM

P4 e, q) ye I

N C£n1+n2)

ELT" v (- @) vl (- ] = p Ty yly

S Jg(”l +1,) @

ELT™ g v a] = nJ " g = p T2 w6

q/e
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Including fermionic contributions (1-loop)

~ Back to vector current:

J(”1) p

N
7

Jm) P

(ny)

n,)

7(n,) ,,a (ny) _ ,, Tny),, ()
ELT™ Y Ay ) qp ] = p Ty

critical structures

L™ =1 L™ =0
p(n1+n2) L) =0 1) — 1
](n1+n2)a = j (ny) }/05 J (ny) —>
J 7(n,) ya q (ny) (nz) g },a J(nl)
J(nz) a £ (nl) l/_lgnz) Z7° )
/ J(nz) },aqz l//(nl) —(nz)/e, 4 },a ](711)

! Jn) v (e, - q) 1//(”1)

N C(n1+n2)
Ty e q) o wigly

q/e
e v ey - q) JM

P4 e, q) ye I

C BLU g w) wy,] = (d = DTy
N C(n1+n2)
© BTy (g ) Wl (0, 9)] = Mj("z) - l/fg(Zl) Fermions induce
< J8(21+”2)0‘ new substructures
/ in vector currents

G. Bevilacqua

ELT" y g,y

(my)

Vi) dal = 1Tyt = (T g
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Including fermionic contributions (1-loop)

~ General vector-current decomposition at |-loop:

JMa = cMg*+ M + () LCY)q"+ X1 + 100+ T + R

€ €99
= JMNa
@ " [\
— Jn),a, () = J(ny) j(ny)
[CM, ™M, ) T™)  scalars ; J5), T "~ vectors ] =TT W =S
J(nl) (ny) ](nl) p(nl)
p(n1+n2) \ p(n1+n2)

 —

J(n1+n2) a J(n1+n2) a

e 7 o

/ " p(nz) Jm) P
J(”l) J(”l) a (n,)
\ - p 1
J (1) Jmtm)a | 000000 Jutn)a

J(n3) i) & D
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Including fermionic contributions (1-loop)

J(n1+n2) a = ]_ (n,) },a J (ny) =

Cq(n1+n2) = OLL™] | Sy, (l/fé"l),f (nz)) + G[L"") [Sqqs <J("1),1/7£1n1)>]

Clmtn) = gLV | Sy, (l/,énl), j(n2)> + O[L™)] [Sqqs ( J(nl),l/—,gano)]

Ce(ZTJ "= L] _Sqqs (‘/fgql,lc)pj (nZ))_ + O[L")] _Sqqs (J("l),ll_fgzziiﬂ

JE(Zthz)a = G[LM] | Sas (wé;ll), j(n2)> | + O[L")] | Sqqs ( Jo l/-/g;l)) ]

TCEZ;JF”Q)(I = G[L")] | Ve, <Wc§7;)’ j(nz))] + O[L™)] [ngg ( ](nl),l/—jgz)>l

Tm+ny) = (Q[L(nl)] + Q[L(”z)]) [S J j(”z))]

aas (

@ [ J(n1+n2) a] — 0
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Including fermionic contributions (1-loop)

J ()
K p (ny+n,)
e

Jutn)a = ( JrD . (2pt) 4 p(”lz))) Jm)a

Jny) p(nz) _ ( g . ( p(nl) +2 p(nz))) Jnya
' ! + (J(nl) . J(”z)) (p(”z) _p(nl))“

= Vi (%)

Cén1+n2) — O[L™)] [C;no (J . 2 pm) 4 p<n2)))] + O[L™)] [_C;nﬁ (J0) - (pm) 42 p(n2>))]

+ <9[L(n2)] (_ 1)L(n2)+1 _ Q[L(nl)] (_ I)L(n1)+1 > [(](”1) . J(”z))]

Clmm) = gL [ngl) (J . (2 p) 4 plry) ] + O[] [_Cg(nz) (J00) - (p@) 42 pm))) ]

Cérqi};-nzj — G[L™)] [Cg;g] (J) - 2 p) + p<n2>))] + O[L"] [_ngz (J) - (pm) 42 p<n2>))]

+ (Q[L(n2)] (_I)L(nz)+1 _ Q[L(nl)] (_I)L(n1)+1) [H[L(nl)] (chzl) . ](”2)) + Q[L(nz)] (J(”l) . JéZZ))]

Jlem)e = gL [V“ (0, 002) = (0 4 g Clay)

ggg \ " gq¢ qe.q ggeg > T qe

T;Z;'i'nz)a = Q[L(m)] _ (](712) . (2p(l’l1) +p(n2))) T;Z;)(l] + 9[L<n2)] [_ (](nl) ) (p("l) n 2p(n2))) ngz)a]

T(h1+n2) = Q[L(”l)] - (J(”z) . (2p(n1) +p(”2))) T(n1)] + Q[L(”z)] [_ (](nl) . (p(nl) + 2p(n2))) T("z)]
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Including fermionic contributions (1-loop)

](n1)

(ny)
K p(n1+n2)
—

Jutn)a = ( JrD . (2pt) 4 p(”lz))) Jm)a

Jny) p(nz) _ ( g . ( p(nl) +2 p(nz))) Jnya
' ! + (J(nl) . J(”z)) (p(”z) _p(nl))“

= Vi (%)

FLIOHa] = (20110 (—DEH 4 OILO] (—DEH) L OIL0D) & [0 - g) | S 4 oL~ 1 ()

_ (9[L(n1)] (= DL+ 4 2 g[Le] (_1)Lcn2>+1> OILI) & [(J™) - g)| Jee 4 gL — 1] (luj(l’lz) )]

+ (Q[L(’h)] Q[L(nz)] ) & [(J(nl) . J(nz))] (p(nz) _p(n1))a

where;

(0% -0) = [ + o) [0 0] = [ €0+ 1)

@ [(J(nl) . ](nz))] — H[L(m)] Q[L(nz) —1] | u ng}; + (d—4) ( Cém) —(q - T;Zl)) >

+ 0L = 1] OIL") |Gty + (d—4) (€ = (q- T3 )
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Including fermionic contributions (1-loop)

J(”l1) a p(n1) Je p(nl)
'aa% p" "L plin
> Jtny) = ﬁ(nﬁnz) /(nl) J(12) S . = /g(n1+n2) Jm) jrn)
(ny)
/]9(”2) l J(12) P
J(nz) p(n1+n2) — q(n1+n2) +q |
|
| | = quq ( J(nl), ](nz), p(n1+n2)>
= ngq (J(nl), J(”z),p(nﬁ'”z))
wén1+n2) — Q[L(nl)] _quq <Cc§n1), J(nz), Q(n1+n2)) + Q[L(nz)] ngq (J(m), l/_/(qm)’ Q(’lﬁ‘nz)) + (1 — 5(”1"‘”2)Nend> }”1) ](”2)
vt = OILY] | Vg (0,502, g2 ) |+ 61LO0) (1= 6[L")) v | OILe) (1= O1Le]) | =yl |
l/fg(;ll+”2) = G[L™] ngq ( Jg(Zl), J(nz)> + U CEZ}()] JO) [ 4 g[Lm)] [\/ng < Jo, J&{Zz)> —u 4 WEZ};]
Wé;};m) _ Q[L(”l)] — quq <C8(ZI;’ J(nz), Q(n1+nz)> + Q[L(nz)] [\lng < J(n1), 1/72’;221, g](n1+nz)>]
+ (9[L(n1)] (1 — Q[L(nz)])> [18(21) J(nz)] 4+ (Q[L(nz)] (1 — Q[L(nl)])) [}(nl) Jézz)]
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Including fermionic contributions (1-loop)

qzq (J(nl), J(”z),p(nﬁ'”z))

%[J(n1+n2)] — H[L(nl)] lﬁ(nﬁnz) %V(nl)] ](nz)] + Q[L(m)](l _ Q[L(nz)]> [Cg[%}(nl)] J(nz)]
+ (1 _ H[L(nl)]) O[L ") [_}(nl) fg[/q{](”z)]:

+ OIL™ — 1] O[] [ gt S 70 ] ]

where:

L4 = —(d —4)T™ Eldd™] = uCM — (d—HT™ g

LI = o (Wé@) + 4%(7;)) © [ ) ]<n2)] — /4%(22 + (d-4) [%(nz) _ 41//;782)
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lll. Beyond |-loop

Steps to 2-loop construction

[work in progress]
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Basic notation at 2-loop

K 1 K3 K2
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Origin of evanescent terms at 2 loops

El(g;-gp X1 =p; X

ELY (1) 1) (e,

Ay

A,y

&l Z ('91,,11 ‘ 52,12) (601,11

P

%[Z (G- &) (g oy ) X = p X lij=12]
p

ELY (g, o) X1 = (d=HX  1ij=12
A

EL Y (1), ) (€2,

[i,j = 1,2]

cwy,) X1 = (d—HX
cw ) X1 = (d-HX

cwy,) X1 = (d-4HX

G. Bevilacqua
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*QCD, only gluons

() 9
() 9
O W4
DA T " Q
O
O —ql w @,
O 1 O
D, e O
O —q, 1 O
7 N9 )
S < 9 S ! H
Q‘ 2)) 0010' ‘o
\‘ & ‘c
Q 2 O



Origin of evanescent terms at 2 loops

! ‘
® \O
. O O
© Case study: planar configurations Q. 0800, &
A 18 O
S e B
O O
Q- &' S
VG ¢ l% Y O
.l‘ 0, ®WQTFOY ‘o‘
O € o‘

J(N) a

(N) (N) (N) (N) (N) .«

+ () [ GG g + CG @ + CULG of + X7 ]

2 =0

v X (erg) [ Ci g + COJ 9+ COJs of + X" )
A "

+ Z - q;) (& - q])[ éz)fg% q ql T Cg\éz)'gij’% qza + Xg\ggqj I]

(N)a

o €19i€24;
a
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Summary and outlook

~ Work is underway to enable HELAC to to perform numerical computations
of loop numerators in d = 4 — 2& dimensions

~ Interesting applications in the context of the two-loop reduction problem

~ WVe are formulating an alternative method to compute explicit dependence
of the numerators upon ¢ and y;; terms via modified recursion relations

~ Selected examples of modified recursion relations have been discussed for
the case of massless QCD at |-loop

~ Extension to the 2-loop case in progress
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