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Brief Review of the Simplified Differential Equations (SDE) Approach

In the SDE approach for Master Integrals (Papadopoulos 2014), the ordinary external
momenta g; are parametrized by introducing a dimensionless variable x, as follows

g1 — P123 — X P12, Q2 — P4, g3 — —P1234, G4 — X P1

where the new momenta p;, i = 1...5, now satisfy Z“;’ pi =0, pi2 =0,i=1...5
whereas p; ;= pi + ...+ pj. The set of independent invariants is given by

{S12, S23, S34, Sus, Ss1. x}, with Sy := (p; + pj)°.
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Brief Review of the Simplified Differential Equations (SDE) Approach

For pure bases with rational alphabet letters or algebraic alphabet letters with
rationalizable square roots, the differential equation for Master Integrals can be cast
into its canonical form, easily solvable in terms of Goncharov Polylogarithms (GPLs):

O = (Z X“j';a) g (1)

However, for some topologies there are alphabet letters with square roots that cannot
be rationalized simultaneously, leading to the more general form:

dlog L,
x8 — Ma 2
Ox8 6< " )g (2)
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Hexa-Box Integral Families
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5-Point 2-Loop 1-Mass Non-Planar Topologies

Figure: The five non-planar families with one external massive leg. The first row corresponds to
the so-called hexabox topologies, whereas the diagrams of the second row are known as
double-pentagons. We label them as follows: N; (top left), N, (top middle), N5 (top right),
Ny (bottom left), N5 (bottom right).
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Hexa-Box Integral Families
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Hexa-Box Topologies: Analytic up to Weight 2

For all hexa-box integral families, up to transcendental weight 1, all square roots
appearing in the corresponding alphabet letters can be rationalized, and analytic
expressions can thus be obtained up to weight 2, using the iterated integral definition of
Goncharov Polylogarithms (GPLs):

g(an_l,...,al;t) (3)

n

g(an,...,al;x):/xdt
0

However, for topologies N> and N3 non-rationalizable square roots break this procedure
above weight 2.

N. Dokmetzoglou NCSR "Demokritos" INPP

Analytic Continuation of Five-Point Two-Loop Master Integrals



Hexa-Box Integral Families
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Hexa-Box Topologies: Semi-analytic above Weight 2

Above weight 2, we resort to a semi-numerical one-dimensional integral representation
(Kardos, Papadopoulos, Smirnov, Syrrakos, Wever 2022). At weight 3,

Oxgl” = (Oxlog L) Y cigl? “)
a J
% /
e® =%+ b+ /0 dx <Z (O log L,) Z ciies” =D 2 cher > (5)
a J

a

with b$3) being the boundary terms at O(¢3) and g, g = fo x>, 2y c ,Jgﬁzg
with the subscript G indicating that the integral is represented in terms of GPLs.
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Hexa-Box Integral Families
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Hexa-Box Topologies: Semi-analytic above Weight 2

At weight 4,
4) _ b(4) log L, (3) _ LL a (3)
g =gig + 2 loglad ey’ ) = | 2 Lbed el
a J
/
_/O de(Iog L, — LLa)ZCIaJZ;bZ‘:ng;((%E)
a J b K

- /OX dx Z log L, Z cj (Z (Ox log L) Z C.tl,Kg;(<2) - Z Z CJKg(2))
a J b K
(6)
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Mathematica Implementation
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Mathematica Implementation

n n n X a n Ia a n
:g/(,g+l)+b§ +1)+/0 dx (Z (8XI0gLa)ZcU gg)_Z;ZC’J g50)>
a J J

a
PureBasisElementNumerical[Elementindex, Transcendental\Weight,

PhaseSpacePoint] : numerical evaluation of pure basis elements at weight n+ 1 by
integration of the analytic form of pure basis elements at weight n
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Mathematica Implementation
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Mathematica Implementation

n n n X a n /a a n
RN b N O IOTIR) SR I S SEN )
a J a J

PureBasisElementAnalytic[Elementindex, TranscendentalWeight] : analytic form
of pure basis elements, up to weight 2 for N, and N3 hexa-box families
PureBasisElementAnalytic[ ElementIndex, TranscendentalWeight, x — 0] :

x — 0 limit of analytic form of pure basis elements, e.g. gﬁ? are obtained by expanding

gﬁz) around x = 0 and keeping terms up to order O(log(x)?)
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Mathematica Implementation
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Mathematica Implementation

n n n n Ia 7 y
=l B [ (S0t S - T4 )
a J

BoundaryTerm[Elementindex, TranscendentalWeight] : analytic form of boundary
terms at O(e(t1))
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Mathematica Implementation
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Mathematica Implementation

X /
g(mY = gDy p(m ) /0 dx (Z (Oxlog La) | > " ciy gl - Zz c gﬁj’g)
a J a J

DLogAlphabetLetter[Letterindex] : derivatives of logs of alphabet letters with
respect to parameter x

DLogAlphabetLetter[LetterIndex, x — 0] : x — 0 limit of O log L,, obtained by
expanding Jy log L, around x = 0 and keeping terms up to order O(x~1)
LogAlphabetLetter[Letterindex] : logs of alphabet letters
LogAlphabetLetter[LetterIndex, x — 0] : x — 0 limit of log L,, obtained by
expanding log L, around x = 0 and keeping terms up to order O(log(x))
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Mathematica Implementation
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Mathematica Implementation

i | o (SRS,

DifferentialEquationRHS[Elementindex, Transcendental\Weight]
DifferentialEquationRHS|[Elementindex, TranscendentalWeight, x — 0]
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Mathematica Implementation
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Mathematica Implementation

gl(n+1)_+b§n+1)+/0 dx (Z (9 log L. ZCIJ () Z ZCU 5n0)>

(n+1) / Z Z g (n)

ClassicalToGoncharovPolyLogs[expr] and GoncharovToClassicalPolyLogs[expr] :
converter between Goncharov Polylogarithms and Classical Logs and PolyLogs, making
use of (Frellesvig et al. 2016)

Analytic integration performed using the function Glntegrate of the PolyLogTools
package (Duhr, Dulat 2019).

g

N. Dokmetzoglou NCSR "Demokritos" INPP

Analytic Continuation of Five-Point Two-Loop Master Integrals



Mathematica Implementation
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Mathematica Implementation

Other auxiliary functions:
m LettersTolnvariants[expr] and InvariantsTolLetters[expr]

m NumericalEvaluationMathematica[expr, PhaseSpacePoint] and
NumericalEvaluationGiNaClexpr, PhaseSpacePoint]

m AssignlmaginaryParts|[expr, PhaseSpacePoint] — Analytic Continuation
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Analytic Continuation
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Analytic Continuation
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Need for Analytic Continuation

m Need to analytically continue the integrand of the numerical integration, i.e. the
differential equation at weight n and its x — 0 limit

m Types of singularities encountered:

— gJ("SZ) and g5"0§2) . logarithmic and polylogarithmic branch points/cuts

— OxloglL,: pol7es at points x = /;
— logL, and LL, (the x — 0 limits of log L,) : logarithmic branch points/cuts
— square-root branch points/cuts
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[e]e] lelele]ele)

Imaginary Parts for S Invariants from F Symanzik Polynomial

The ordinary momentum-space representation of Feynman integrals:

d9k 1
G(Vl,...,l/n):/H ! -

d/2 v
2 b <{k}7{P}7mf)

The Feynman parameter representation of Feynman integrals:

vi—1
Ld n 0o ij —(L+1)d/2
G(Vlw"vyn): (Z/_2>H[/O dxjr( ] ZXJ W

j=1

where the polynomials U, F are known as first and second Symanzik polynomials.
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Analytic Continuation
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Imaginary Parts for S Invariants from F Symanzik Polynomial

Since the F Symanzik polynomial maintains the sign of the i0 prescription of Feynman
propagators with all original invariants (s;;), assuming s;j (p1s) — sjj (p1s) + i 7,
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Imaginary Parts for S Invariants from F Symanzik Polynomial

Since the F Symanzik polynomial maintains the sign of the i0 prescription of Feynman
propagators with all original invariants (s;;), assuming s;i (p1s) — sjj (p1s) + i1, we
determine the corresponding infinitesimal imaginary parts for our invariants (S;;) by

recasting the F Symanzik polynomial for a given integral family in terms of our
invariants,
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Imaginary Parts for S Invariants from F Symanzik Polynomial

Since the F Symanzik polynomial maintains the sign of the i0 prescription of Feynman
propagators with all original invariants (s;;), assuming s;i (p1s) — sjj (p1s) + i1, we
determine the corresponding infinitesimal imaginary parts for our invariants (S;;) by
recasting the F Symanzik polynomial for a given integral family in terms of our
invariants, extending those by S;; — Sj; 4 i d;; 7, and imposing a positivity constraint on
the coefficients of all the Feynman parameters.

N. Dokmetzoglou NCSR "Demokritos" INPP

Analytic Continuation of Five-Point Two-Loop Master Integrals



Analytic Continuation
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Imaginary Parts for S Invariants from F Symanzik Polynomial

Since the F Symanzik polynomial maintains the sign of the i0 prescription of Feynman
propagators with all original invariants (s;;), assuming s;i (p1s) — sjj (p1s) + i1, we
determine the corresponding infinitesimal imaginary parts for our invariants (S;;) by
recasting the F Symanzik polynomial for a given integral family in terms of our
invariants, extending those by S;; — Sj; 4 i d;; 7, and imposing a positivity constraint on
the coefficients of all the Feynman parameters. For example, the positivity constraints
for the N5 hexa-box integral family are:

045 + 023X > dg5x, O51x >0, (x —1)(612x — d45) > 0,
x(634 4+ 012(x — 1)) >0, d12x*> >0, a5 >0,
x(012 — 634 + 951) <0,  d23x > x(6a5 + I51)
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Analytic Continuation
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Analytic Continuation of 0, log L,

As mentioned earlier, 9y log L, have poles at points x = £;. To control the numerical
integration over the locations of these poles, we make this pole structure manifest

dloglL, f(x)
o ILx—6)

where f(x) € R, except for factors of VA = iy/|A| for A < 0, and we assign
imaginary parts to all /;'s using those we assigned to the Sj; invariants

Ci(Sy) = 4i(Sjj+ion) =L +idin.
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Analytic Continuation of gJ(nSQ)

Concerning gJ"Q), their logarithmic and polylogarithmic branch points/cuts appear
through expressions of the form:
m log(x), log(¢,), log(1 — ¢2),
m G (la;x), G(0;x), G(La,lp; x), G(0,4a;x), G(0,0; x),
In some elements of the N> hexa-box family we also find:
m g (O, I;Za(x)) and G (1;[73(x)),
where 7,(x) are algebraic expressions of x. To control the numerical integration over

the locations of all branch points, we assign imaginary parts to all ¢;'s similarly to
before, and also to the £,(x)'s, such that

Ua6) — 0 +i6im) = L(6) + i 0.7 .
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Analytic Continuation of gJ(nSQ)

g (X) E{X(512X — So3 — S34 + 2551) + S45 + \/A(I,X)
° 2x(S12 — S34 + Ss1) ’

S512551x% + x(—512523 + 2512545 + 523534 — 534545) + SasSs1 £ /A(2, X) }
2545(S12 — S34 + Ss1)
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Analytic Continuation
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Analytic Continuation of log L,

As for the logs of the alphabet letters, we isolate their logarithmic branch points in the
following way:

HID (X_gio)
log L, — log (La M) — log H(x — i) | +log H(x —jy)

ip N

- (x—t; .
where <La W € R, except for factors of VA = i\/|A] for A <0, and has no
iy \* N
zeroes or poles in x € (0, x), and then we assign imaginary parts in the ordinary way to
all ¢;'s.
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Summary and Outlook

m Need for semi-analytic approach above transcendental weight 2 for some of the
non-planar 5-point topologies — analytic continuation of the integrands

m Successful check for N, integrals family on a specific physical phase-space point,
against the numerical results obtained from the literature (Abreu, Chicherin, Ita,
Page, Sotnikov, Tschernow, Zoia 2024), up to weight 4

m Need to extend our Mathematica implementation to the other non-planar
topologies

m Need to further generalize and automate our analytic continuation methods
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Summary and Outlook
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