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Introduction Plane-wave backgrounds

Plane-fronted gravitational waves with parallel rays (pp-waves)

@ Plane-fronted (gravitational) waves with parallel rays (or pp-waves) are solutions of the 4-dimensional (vacuum)
Einstein equations. In Brinkmann coordinates,

ds® = 2dudv + H(u,x,y)du2 + dx? + dy?, VZH(u,x,y) =0.
Brinkmann (1925)
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@ Equivalently, pp-waves can be defined as spacetimes that admit a covariantly constant null Killing vector:

mGn :O, knkn:().
Ehlers-Kundt (1962)

Plane-fronted means that pp-waves can be completely covered by 2d wave fronts orthogonal to the wave vector k.
The wave fronts are planes which propagate parallel to each other in the direction of k = constant (" parallel rays”).
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Einstein equations. In Brinkmann coordinates,
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Brinkmann (1925)
@ Equivalently, pp-waves can be defined as spacetimes that admit a covariantly constant null Killing vector:

mGn :O, k"k,,:o.
Ehlers-Kundt (1962)

Plane-fronted means that pp-waves can be completely covered by 2d wave fronts orthogonal to the wave vector k.
The wave fronts are planes which propagate parallel to each other in the direction of k = constant (" parallel rays”).

@ By choosing H(u, x, y), Brinkmann metric also solves Einstein-Maxwell theory... Plane waves are special pp-waves:
H(u,x,y) = a(u) (x> — y?) +2b(u) xy + c (u) (x* + ¥?), (in vacuum, ¢ (u) = 0),

gravitational analogs of plane electromagnetic waves... providing the field very far from finite gravity sources...
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Introduction Plane-wave backgrounds

Pp-waves & plane-waves in d + 1 dimensions

@ Most general metric of a d + 1 dimensional spacetime with a covariantly constant null Killing vector k:
. . . L 1
ds? = —2dxTdx™ — F(xT, x")dx"dx™ + 24;(x™, x")dx " dx/ —i—gjk(er,x’)dx’dxk7 x* = 7 (xo + Xd> ,

where i,j=1,2,...d — 1 & F(u,x"), Aj(u,x"), gjx(u, x") are determined from the sugra equations of motion...
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@ Homogeneous plane-waves have fjj(x*) = Hjj, constant:
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In this form, pp-waves are a’—exact solutions of supergravity & string theory...
@ Plane-waves are pp-waves for which F(x*, x') = f;(xT)x'x/, A; =0 and gy = dj:

ds® = —2dxTdx™ — f(xT)x'xdxTdxT + dx’dx’.

() = 2 .
@ Homogeneous plane-waves have fjj(x*) = Hjj, constant:

ds? = —2dxTdx™ — u%x‘)&dx*dx+ +dx'dx’.

@ Homogeneous and isotropic plane-waves have p; = u:
ds®> = —2dxTdx™ — y2xixidx+dx+ + dx’dx’.
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Introduction Plane-wave backgrounds

Properties of plane waves

Pp and plane-wave spacetimes stand out thanks to a set of remarkable properties... Here's an outline of them:
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@ The d + 1 dimensional Brinkmann metric can be written in a form which resembles linearized gravity:
gmn = Nmn + hmn, hmn = _F(XerXf)kmkna

and solves Einstein’s equations even when hpy, is not small... As a consequence, many properties of flat Minkowski
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@ Pp and plane wave spacetimes cannot contain black holes & event horizons (Hubeny-Rangamani, 2002)...
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Penrose (1965)

@ Pp and plane wave spacetimes cannot contain black holes & event horizons (Hubeny-Rangamani, 2002)... although
the opposite is always true: any singular spacetime has a (singularity-free) plane-wave limit...
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@ Vanishing scalar invariant (VSI): spacetimes which admit covariantly constant null Killing vectors k have all their
scalar invariants (constructed from the Riemann tensor and its covariant derivatives) vanish...
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@ Pp and plane wave spacetimes cannot contain black holes & event horizons (Hubeny-Rangamani, 2002)... although
the opposite is always true: any singular spacetime has a (singularity-free) plane-wave limit...

@ Vanishing scalar invariant (VSI): spacetimes which admit covariantly constant null Killing vectors k have all their
scalar invariants (constructed from the Riemann tensor and its covariant derivatives) vanish...

@ Brinkmann spacetimes are a/-exact solutions of supergravity/string theory (with or without flux terms)...
Amati-Klim&ik (1988), Horowitz-Steif (1990)
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Introduction Plane-wave backgrounds

Properties of plane waves

Pp and plane-wave spacetimes stand out thanks to a set of remarkable properties... Here's an outline of them:

@ Penrose-Giiven limits preserve susy... maximally susy backgrounds of 11d/II1B sugra AdSy 5,7 X S7/5/4 give rise to
two maximally susy homogeneous plane-wave solutions in 10 & 11d...

Figueroa-O'Farrill & Papadopoulos (2003)

These backgrounds are known as Hpp-waves (Cahen-Wallach plane-waves with homogeneous fluxes)... along with
the 3 AdS solutions & flat space in 10 & 11d, these are the 7 maximally susy backgrounds in 10 & 11d...
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@ In 11d, the maximally susy homogeneous plane-wave background is part of the Kowalski-Glikman (KG) solution:
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Metsaev (2001), Metsaev-Tseytlin (2002)
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@ |1IB superstring o model exactly solvable & quantizable on the 10-dimensional maximally susy background...
Metsaev (2001), Metsaev-Tseytlin (2002)

@ BMN sector of AdSs/CFT4: Penrose limit of 1B string theory on AdSs x S® <> BMN limit of N' = 4 SYM...
Berenstein-Maldacena-Nastase (2002)
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M-theory on a plane wave

@ The matrix model of Berenstein, Maldacena and Nastase (BMN),

R
H=Hy+—-T —x2 —x2 xxx—f\u \
o—i—2 r ; +Z §1 i€jjk k WomasV |,

Berenstein-Maldacena-Nastase (2002)

describes M-theory on the 11d maximally supersymmetric KG background (homogeneous plane-wave background)...
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M-theory on a plane wave

@ The matrix model of Berenstein, Maldacena and Nastase (BMN),

R
H:Ho—i-E-Tr Z—X2+Z—X2 Z /eUkXXXk——I\U ~23W |
i=1 ij,k=1
Berenstein-Maldacena-Nastase (2002)
describes M-theory on the 11d maximally supersymmetric KG background (homogeneous plane-wave background)...

@ Hp is the Hamiltonian of the BFSS matrix model which describes M-theory in flat (1 = 0) space...

R . 1
Ho = o T X2_ E[XA7XB]2 _WT7A[XA7\IJ] o AB=1,...,9,

Banks-Fischler-Shenker-Susskind (1996)

where the vectors X4 and 16d Majorana spinor W are N X N Hermitian matrices... 4 are the 9d (16 x 16) Euclidean
Dirac matrices, R is the DLCQ compactification radius, and m = u/R...
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Berenstein-Maldacena-Nastase (2002)
describes M-theory on the 11d maximally supersymmetric KG background (homogeneous plane-wave background)...

@ Hp is the Hamiltonian of the BFSS matrix model which describes M-theory in flat (1 = 0) space...

R . 1
Ho= - Tr x* - 5 XaXe? —WTalXa W], AB=1....9
Banks-Fischler-Shenker-Susskind (1996)

where the vectors X4 and 16d Majorana spinor W are N X N Hermitian matrices... 4 are the 9d (16 x 16) Euclidean
Dirac matrices, R is the DLCQ compactification radius, and m = u/R...

@ The BMN matrix model constitutes a deformation of the BMN matrix model by mass terms and a Myers term...
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M-theory on a plane wave from membranes

@ The mass terms of the BMN matrix model lift the flat directions of BFSS, making the supermembrane spectrum
discrete... On the other hand, the Myers term allows for static fuzzy sphere solutions:

Xi=r-J, =123 & X;=0, j=4,...,9,
where the matrices J; furnish a N-dimensional representation of su(2). The radii,
r=20, r=

) r= )

[ad
6

correspond to the max susy vacuum X; = 0, a 1/2-BPS solution and, an unstable, non-susy, positive-energy solution...
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M-theory on a plane wave from membranes

@ The mass terms of the BMN matrix model lift the flat directions of BFSS, making the supermembrane spectrum
discrete... On the other hand, the Myers term allows for static fuzzy sphere solutions:

Xi=r-Ji, =123 & X;=0, j=4,...,9,
where the matrices J; furnish a N-dimensional representation of su(2). The radii,

r=20, r=—, r=—,

H
6

correspond to the max susy vacuum X; = 0, a 1/2-BPS solution and, an unstable, non-susy, positive-energy solution...
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@ In the following we are going to work exclusively with the classical bosonic membrane on the 11-dimensional maximally
susy plane-wave background...

@ We are going to construct solutions of spinning membranes, based on some tools and techniques that were introduced
for flat space...

@ Let us first briefly review the corresponding membrane action...

9/53


https://arxiv.org/abs/hep-th/0205185

Introduction Membranes in the light-cone gauge

Subsection 3

Membranes in the light-cone gauge
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Introduction Membranes in the light-cone gauge

Bosonic membrane in a curved background

@ Bosonic membranes in curved backgrounds are described by the Dirac-Nambu-Goto (DNG) action:

1

Sone = —T / dr o TR X" X DX A (X) § T= 2
(2m) Z?l

where (m,n,r,s =0,...,10),

hij = Gmn0;X™9; X"  (induced metric) h = det hj; & Fmnrs = 40[mApys)  (field strength),

and A is the (antisymmetric) 3-form field of 11-dimensional supergravity...
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Introduction Membranes in the light-cone gauge

The light-cone gauge

@ In the light-cone gauge, we write:

1
XE = — (X0 X1 & Xt=r
Goldstone-Hoppe (1982)
@ The light-cone Hamiltonian is then written as follows (G__ = G, = 0):
1 Gyi— P_—C_
H= T/d2 {2 o — - [(Pa -G — TGH) + = Gabccd{xa XX, xd}]

1P_-C

—= Gy — C C_Cyi_ —{X*, XPYP.C\_p]| »,
2 G ++ ++P, C[ + { }a+b]}

de Wit-Peeters-Plefka (1998)

where (a, b,c,d =1,...,9),

Ci = Cpap— 1X0XP, Cim = —Ci_a{X~, X7}, Co=-— (c,ab{xb,x—} + cabcalxbaZXC) .
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Introduction Membranes in the light-cone gauge

Poisson brackets

The Poisson bracket is defined as:

. 1
{f, g} = ——=— 0,f Bog = ———— (O1f Dog — Oof Drg),

(@) " (@)

where d?0 = \/w (o) doy dos. In a flat space-sheet, w (o) = 1.
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Spherical Euler-top membranes in flat backgrounds Membranes in the light-cone gauge

Section 2

Spherical Euler-top membranes in flat backgrounds

M. Axenides, E. Floratos, L. Perivolaropoulos M. Axenides, E. Floratos
Metastability of spherical membranes in supermembrane and matrix theory Euler-top dynamics of Nambu-Goto p-branes
JHEP 11 (2000) 020 [arXiv:hep-th/0007198] JHEP 03 (2007) 093 [arXiv:hep-th/0608017]
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Spherical Euler-top membranes in flat backgrounds Membranes in the light-cone gauge

Light-cone gauge in flat space

@ In a flat background
G+— =-1, Gap = dap, Gyt = G-— =Gy =0, Ct = C+— =G =0,

therefore the light-cone Hamiltonian becomes (P— = —1):
T 1 . o
H= f/d% P2+ Z{X', x/}?| .
2 2
@ The corresponding equations of motion and the Gauss law constraint become:

9
X = (XXX} & S KLx7 =0
i=1
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Spherical Euler-top membranes in flat backgrounds Membranes in the light-cone gauge

Euler-top membranes in flat space

@ Consider the ansatz:

‘x" =Ri(r)X)(s), R=exp(Q7), QT:fQ‘.

If we define the angular momentum and moment of inertia matrices of the membrane as
1 = T/d2ax"xf & Li= T/d20 (X"xffxfx"),

we can prove that the energy of the membrane is given by

_ 3 Tr@-Lp
T4 2Tr[Q2-1) )

Axenides-Floratos (2006)

which is the generalization of the familiar from point-particle mechanics Euler-top Hamiltonian:

_ 8 5 8
2L, 21, 2L

16 / 53


https://arxiv.org/abs/hep-th/0608017

Spherical Euler-top membranes in flat backgrounds Spherical Euler tops

The spherical ansatz

@ Consider the following spherical configuration:
Xi = x; (1) - e1, i=12,...,q1
Yi = Xq1j =y (1) - e2, J=12,...,q, & G +aq+q3=9
Zi =Xk =2 (1) - 63,  k=1,2,...,qs,

Collins-Tucker (1976)

that breaks the manifest so (9) symmetry of the action to so (g1) X s0(g2) X 50 (g3). We have defined:

(e1, e, e3) = (cos ¢sin O, sin ¢sin b, cos 9), ¢ €[0,27), 6€]0,n]
4
{e,-,ej}:e,-jk €k, /e,— €j d20': ?5,‘,
and the membrane area element is given by:

d’c =doydoy =sin0dopdd & w (0) =sin6.
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Spherical Euler-top membranes in flat backgrounds Spherical Euler tops

The spherical ansatz

@ Here's the energy of the bubble:

_27‘(‘T
T3

E [X2+y2+22 +x2y2+y222 +22x2J .

@ The corresponding equations of motion are:
>'%,-+(y2+22)x,-:0, )'/'j+(22+x2))/j:0, Ek+(y2+x2)zk:0,

while the Gauss law constraint
@ @ a3
ST D Ly 4D {2k =0,
i=1 j=1 k=1

is automatically satisfied by this ansatz.
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Spherical Euler-top membranes in flat backgrounds Spherical Euler tops

The spherical ansatz

@ Let us switch to the notation:

a P2 a3
rfEx2:Zx,-x,-, r}%Eyz:Zyjij rz2522:ZZkzk
i=1 j=1 k=1
Ux):: = XiX; — X;X; , b)) = Yivi — Yiyi , ly): = ziz; — z;Z, conserved
(6 = % =iy Gy ST =y ey () = 2z = =5, conserved
R a , 2 s P R 2 R 93 , 2
=ik =+, VEY yyi=g+S, 2= an=£2+=%,
i=1 Ix j=1 Iy k=1 Iz
which allows to write the energy of the membrane as follows:
2T . ) . 2 2 2
E= (Ekin + Vefr), Ein=r2 424+ & Vg= 2424+ 2472210224022
y 222 y Ty
where
1 1 1
2 2 2
&= 2 (EX),‘J' (EX),'J' ) Ey = 2 (ey),'j (E,v),j ) &= 2 (52),'1' (52),3"

19 /53



Spherical Euler-top membranes in flat backgrounds Spherical Euler tops

Spherical Euler tops

@ As shown by Axenides-Floratos (2006), the radii r, = xZ, r, = y2, r: = 22 of the Euler top solutions

Q Q
x(1)=e>T-x, y(r)=e""-yy, z(r)=e"" -2,
can be determined for all antisymmetric matrices Qy, €2, Q; in terms of the corresponding angular momenta /x,

Ly, £z, by minimizing the effective potential:

2oon R
Ver = =+ 2+ Z + 22+ 22 +12r2 |,
I
i.e. by solving
dVeg 272 s o dVeg 202 5 o dVeg 202 s
=X 42r (r24r?) = =——2 42 (rf+rf) = =——2 42 (rg+r,)=0.
dry r3 x ( Y z) dry r} Y ( z X) dr, r3 z ( x y)

@ Equivalently we can plug the above ansatz into the equations of motion in order to determine the relation between
the radii rx, ry, rz and the components of the matrices Qx, Q,, Q..

20 /53


https://arxiv.org/abs/hep-th/0608017

Symmetric & axially symmetric Euler spheres

@ For a single radius r = rx = ry = rz, £ = {x = ¢, = £ the effective potential becomes:

3¢
Vetr = - —+ 3!’47
r
finding
41/3 9(4/3
Mmin) = 2176’ Vefr(min) = WiVE

@ The axially symmetric (two-radii) ro = r« = ry, Lo, = €x = £, effective potential is:

202 2
Ve = =2 + = 4o + 21202
r()L rZ

with
4/3

1/3

r2o = 2o . = e £+ /02 + 862

a(min) 2/3 z(min) 2£2/3 z
(eza—\/e§4—szg) o

2/3

60

Vefi(min) = - MJ&Gﬁw%+%@+%q.
(zz4—\/e§4—8eg)
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Spherical dielectric tops in plane-wave backgrounds Spherical ansatz

Section 3

Spherical dielectric tops in plane-wave backgrounds

M. Axenides, E. Floratos, D. Katsinis, GL
M. Axenides, E. Floratos, GL

M-theory as a dynamical system generator

[arXiv:2007.07028]

to appear
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Spherical dielectric tops in plane-wave backgrounds Spherical ansatz

Light-cone gauge in the plane-wave background

@ In the maximally supersymmetric plane background,

3 6
G- =-1, Gap = bab, Gy =5 D XX - 36 vy, G__ =G =0
i=1 =1

[N}
N

‘ =

9 =

C.=Ci.=C,=0, C4= ge,jkalx"aﬂka,

the light-cone Hamiltonian becomes (for P_ = —1):

He %/dza |:7r,-2 . % {)<,'7XJ'}2_Ir % {yr‘7yj}2+ {ijyj}z_i_ M29X2 N u;}: B %ij {Xi7xj}xk] '
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Spherical dielectric tops in plane-wave backgrounds Spherical ansatz

Light-cone gauge in the plane-wave background

@ In the maximally supersymmetric plane background,

[N}

3 ) 2 6
Go=-1  Gw=0dm  Gu=—'g D xx - Z G =G =0
i=1

C.=Ci.=C,=0, C4= ge,-jkalx"aﬂka

which can also be expressed as a sum of squares:

T o 1
H=5/d2a {ﬂ2+<§xi*5€ijk{)ﬁ':xk}> +5 {y,,yj} +36ym+{x,,y,} }
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Light-cone gauge in the plane-wave background

@ In the maximally supersymmetric plane background,

[N}

3 ) 2 6
Go=-1  Gw=0dm  Gu=—'g D xx - Z G =G =0
i=1

C.=Ci.=C,=0, C4= ge,-jkalx"aﬂka

which can also be expressed as a sum of squares:

T o 1
H=5/d2a [ﬂ'2+<§xi*§€ijk{xjaxk}> +5 {y,,yj} +36ym+{x,,y,} }

@ The corresponding equations of motion and the Gauss law constraint read:
wooom NS
$i={{xg} gk + et ot = ot Seancboond. Yo {d b 3o {Vy ) =0
i=1 j=1

i ={yyit oyt + v = S v

23 /53



Spherical dielectric tops in plane-wave backgrounds Spherical ansatz

The spherical ansatz

Here's the generalization of the flat spherical ansatz to the maximally supersymmetric plane-wave background:

xi=xi=5%;i(r)e(s), i=1,...,q, vi=yi=ni(Me (o), i=1...,s
Xg+j = X0 = Xoj(T)e2 (o), j=1,...,q, Ya+i =y =9i(r)e(o), j=1,...,%
Xg4qtk =x3k =X (1) e3(0), k=1,...,43, Yeterk =Yk =y (T)e3(0), k=1,...,s3,
where
gL+qg+q3=3 & s1+ s +s3 =6,
and again,

(e1, €2, e3) = (cos ¢ sin @, sin psin 6, cos ), ¢ €[0,27), 60 €]0,n]
ar
{ei, ¢} = €jjk e, /e,- e d’o = 5 8

d%0 = doy doy = sin dg d & Vw () =sind.
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Spherical dielectric tops in plane-wave backgrounds Spherical ansatz

The spherical ansatz

Now switch to the notation:

@ 93
Z 2 _ o2 Z . _ z .
rxx = Xl = X1,X1,7 er = X2 = X2iX2f, r = 3i X3}
i=1 i=1
(b)) = X1i%j — SaiXy v () = ko) — >"<2i>"<2j‘ v (b)) = X% — %3i%s) conserved
so(q1) s0(q2) s0(q3)
a1 2 [e}] 2 q3 2
.. ¢ . .. ¢ . .. Vi
_§:~ < 2 XX ~2_§:~ < 2 Xy ~2_§:~ S g2 xz
Xy = X1iX1i = rXX + T, Xy = XiXoj = rxy T’ X3 = X3iX3] = rXZ T’
i=1 Fx i-1 Ny i=1 £
and similarly for the six coordinates y:
s1 S3
2 _ o2 N oo 2 2 _ 52 N
hx =Y1 = Y1jYij» ry = }’2 = Y2j}’2_/7 e =y3 = Y3jY3j
Jj=1 j=1
(byx); = ishj — }71/‘)711" s (by)j = Veidj — )72,‘)72,“ s (bz); = V3ifaj — }73/‘)73,“ conserved
so(s1) s0(s2) s0(s3)
S1 EZ 52 é2 S3 42
L2 Lo yx L0 L yy L0 LL yz
= E njn; = 2+ ¥ = E Y2j¥j = + B = E ¥3jyaj = S+ =
P yx =2 yy J=1 %
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Spherical dielectric tops in plane-wave backgrounds Spherical ansatz

The spherical ansatz

@ Here's the resulting effective potential:

2 5 2, 2 2
2nT | £2 15 J4
XX Xy Xz Yy yz 2 2
Vesf = —— - t=* T+ > 5 T xy+rxyrxz+rxzrxx+ryxryy+ryyry2
3 Fx Iy xz }/X Ty Iyz

2
PR ) R (B R 4 () e (e )

12
+£ ( 2 ryzy + rfz) — 2u €K%Kk
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Spherical dielectric tops in plane-wave backgrounds Spherical ansatz

The spherical ansatz

@ Here's the resulting effective potential:

2 2 2 2 2
21T | 42 L 14 Ly 1 ¢
XX Xy Xz Yy yz 2 2
Veff = —- - + 72 > + =5 2 2 + s Xy + rxyrxz + errXX + ryx ryy + ryyryz
3 Fix Iy xz }/X Ty Iyz

2
1%
PR ) R (B R 4 () e (e )

+£ ( 2 ryzy + rfz) — 2u €K%Kk

@ The effective potential is made up of four basic types of terms: e (1) kinetic/angular momentum terms (repulsive),
e (2) quartic interaction terms (attractive),  (3) mass terms (attractive), and e (4) cubic Myers terms (repulsive).
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Spherical dielectric tops in plane-wave backgrounds Spherical ansatz

The spherical ansatz

@ Here's the resulting effective potential:

2 2 2 2 2
2n T | £2 15 15 14
XX Xy Xz yx Yy yz 2 2 2 2 2 .2 2 2 2 2
—_ —+—+T+T+T+r er+errXZ+rr + ro +ryyryz+

Veff = ——
) 2 2 XX xz 'xx yxlyy
3 re ry re, rox ryy ry
2 2 2 (2 2 2 (.2 2 2 (2 2 T 2 2
Fryzrx + Mo (ryy + ryZ) +ry (ryz + ryX) + re (e + ryy) + 9 (roactry + ree) +

2
w o o o
+—36 (r}%X + ryzy + rfz) — 2 €KX K3k | -

@ The effective potential is made up of four basic types of terms: e (1) kinetic/angular momentum terms (repulsive),
e (2) quartic interaction terms (attractive),  (3) mass terms (attractive), and e (4) cubic Myers terms (repulsive).

The last two types of terms (i.e. mass terms and Myers terms) are p-dependent and therefore absent from the flat
space case (i — 0), which was studied in Axenides-Floratos (2006)...
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Spherical dielectric tops in plane-wave backgrounds Spherical ansatz

The spherical ansatz

@ Here's the resulting effective potential:

2nT | £2 2, 2 2 W Ve 20 2 2 2 2 2 2 2 2
XX XZ
Ver=—— |5 t o T2 T2t 2t thahytryhet nehatnd, tnn.+
Fix Iy xz yx Ty Iyz
22 2 (2 , 2 2 (2, 2 2 (2 2 B2, 2, 2
Froro+ to (hy + 1) + ey (e + 1) + 1 (e + 1) + o (rc+rg +re)+

2
w o o o
+—36 (r}%X + ryzy + rfz) — 2 €KX K3k | -

@ The effective potential is made up of four basic types of terms: e (1) kinetic/angular momentum terms (repulsive),
e (2) quartic interaction terms (attractive),  (3) mass terms (attractive), and e (4) cubic Myers terms (repulsive).

The last two types of terms (i.e. mass terms and Myers terms) are p-dependent and therefore absent from the flat
space case (i — 0), which was studied in Axenides-Floratos (2006)...

In either case (1 = 0 or u # 0), it is the equilibration between attraction and repulsion which determines the minima
of the effective potential...
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Spherical dielectric tops in plane-wave backgrounds Spherical ansatz

The spherical ansatz

@ Here's the resulting effective potential:

2 2 2 2
2nT | 2 eXy 2 g éyy eyz 2,2

_ XX xz
Ver= "5 | 5+ 5+ 5t 5t a5 Rl e T et Tty et
Fix Iy xz }/X Ty Iyz

2
1%
PR ) R (B R 4 () e (e )

+£ ( 2 ryzy + rfz) — 2u €K%Kk

@ The effective potential is made up of four basic types of terms: e (1) kinetic/angular momentum terms (repulsive),
e (2) quartic interaction terms (attractive),  (3) mass terms (attractive), and e (4) cubic Myers terms (repulsive).

The last two types of terms (i.e. mass terms and Myers terms) are p-dependent and therefore absent from the flat
space case (i — 0), which was studied in Axenides-Floratos (2006)...

In either case (u = 0 or u # 0), it is the equilibration between attraction and repulsion which determines the minima
of the effective potential... Yet another interesting aspect of these systems is the existence of closed periodic orbits
which do not correspond to critical points...
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Spherical dielectric tops in plane-wave backgrounds Spherical ansatz

The spherical ansatz

@ Here's the resulting effective potential:

2nT | £2 2, 2 2 W Ve 20 2 2 2 2 2 2 2 2
XX XZ
Ver=—— |5 t o T2 T2t 2t thahytryhet nehatnd, tnn.+
Fix Iy xz yx Ty Iyz
22 2 (2 , 2 2 (2, 2 2 (2 2 B2, 2, 2
Froro+ to (hy + 1) + ey (e + 1) + 1 (e + 1) + o (rc+rg +re)+

2
w o o o
+—36 (r}%X + ryzy + rfz) — 2 €KX K3k | -

@ As in flat spacetime, minimization of the effective potential leads to (dielectric) top solutions of the form:

)?1 (T) = eQXX‘r . )?10, )~(2 (T) = eQXyT . izo, )'23 (7‘) = eQXZ‘r -i30

- Q . o Q - = Q =
¥1 (1) =7 - §10, $2(r) =7 - ¥, ¥3(1) =7 ¥
@ We can identify 3 cases, based on the ways we can distribute the 3 spatial coordinates x; into 3 groups:
Case I: x1,x2,x3 ~ €1 Case II: x1,x0 ~ €1 & x3 ~ e3 Case I1I: x3 ~ €1, x2 ~ €, X3 ~ €3.

@ In each case, we obtain a set of different effective potentials and (dielectric or not) membrane tops.
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Spherical dielectric tops in plane-wave backgrounds Case I

Casel: g1 =3, 0o=g3=0
@ For g1 = 3, g2 = g3 = 0 the spherical ansatz for the x-coordinates takes the form:
3
(a,x,x5) = (R (r)er, R2(T)er, 3(r)e) & 2= %(T)%(7)
i=1
(£ =% (1) % (1) = % (1) X (7).

@ The effective potential becomes:

2 2 2 2.2
2T |2 L 12r
_ LTI L L A A ) 2 2 2 2 2.2 2 pery
Vefr = 3 |22 2 +r2 t Oy Gy et (ryy+ry2)+ +
X Iy Yy vz
2
H 2 2 2
+£ (ryx +ry T+ ryZ)

@ Completely symmetric (single-radius) configuration: r = r« = ryx = ryy = ry;, £ = bx = yx = Ly, = Ly;.
@ There are 5 different axially symmetric (2-radii) configurations.

@ There are 4 configurations with 3 different radii.
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Casell: g1 =2,9,=0,g3=1

@ For g1 =2, g2 =0, g3 =1 our ansatz is written:
(xi,3x,6) = (Fu () e, F2(T)er, re(r)es) &  rg =51 (1) + &, (7)
()i = %0i (7) %0 (7) — %7 (7) %4 (7) -
@ The effective potential is given by:

2rT e>2<x fix Eiy 6)2/2 2 2 2 2 2 2 2 2 2 (2 2
Vs = = r7+r7 + = + 2 + e T Ny e + Nz + N (ryy + ryz) +
XX yx yy yz

2 (2 2 I
+re (ryz + ryX) +5

2
w
9 (r)?x + r)%z) + % (r)%x + r,&y + r)%z)

@ Completely symmetric configuration: r = rw = rxz = ryx = fyy = ryz, £ = b = byx = Ly = Ly;.
@ There are 13 different axially symmetric (2-radii) configurations.

@ There exist 21 three-radii configurations.
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Spherical dielectric tops in plane-wave backgrounds Case IT
Example 1

@ Take for example a type Il configuration with all the SO (6) variables y; set to zero:
x1=x(1)-e1, x=y(r) e, x3=z(7) & & yi=0, i=1,...,6,
The corresponding effective potential reads,

27T £?
3 x2 + y2

2
FREA) 2 (222 |,

Verr =

where we have set ¢,; = £. The corresponding minimization condition V V¢ = 0 leads to

which has the following solution
3¢
2pyt== & z=0.
m

To agree with the form of the above ansatz we can choose, for instance,

x (1) = 3—ecosﬂ, y(r)= ysinﬂ, z(t)=0.
o 3 o 3
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Spherical dielectric tops in plane-wave backgrounds Case IT

Example 1

@ Alternatively we could have directly inserted the ansatz into the light-cone equations of motion,

- . 2 uzx
X-e = —XZ ‘e1—7~e1+uyz~e3

L vy
Jra=-yza - eatuxz e

E~e2:—z(X2+y2)~ez—T'e27
from which it can be seen that any solution of the type
%1 (1) = €7 Ry, Ko (1) = €T Rog, K3 (1) = P K3,
will satisfy
x2 4+ y2 = 3—Z & z=0
m
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Spherical dielectric tops in plane-wave backgrounds Case IT
Example 2

@ Another interesting type Il solution is the following:
X1:X(7)~61, X2:y(T)'627 x3 =0 & yi=0, i=1,...,6,
where again all the SO (6) variables y; and the SO(3) coordinate x; are zero... The effective potential becomes,

2n T 2
Verr = 5 x2y? + % (2 +y?) |,

so that there is only one trivial critical point at x = y = 0, which is obtained by minimizing the effective potential:

2
X
xy2 Lg :y)<2+—g =0.

Potentials of the above form (which are in fact generalizations of the YM potential x2y?/2) have a very interesting
and rich set of (stable) periodic orbits... See e.g. Contopoulos-Harsoula (2023)...
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Caselll: g1 =g =gz =1

@ For g1 = g2 = g3 = 1 the spherical ansatz becomes:
(x1,x2,3) = (rx (T) €1, 1y (T) €2, 1z (T) &3).
@ In this case the effective potential reads:

2r T gix éiy Ziz 2 2 2 2 2 2 2 2 2 .2 2 2
VEff = 3 I‘T—i_ 2 + I‘T + rxxrxy + rxyrxz + Iz Fxx + ryxryy + ryyryz + ryzryx+
yx yy yz

2
g (rfy + ry22) + rfy (rfz + er) + e (rﬁx + r}%y) + % (’fx + rx2y + rfz) +

2 2 2
+ (ryx + Iy + ryz) - 2erxrxyrxz .

s
36

@ Completely symmetric configuration: r = rw = rxy = rxz = ryx = ryy = ryz, £ = lyx = Ly = {y;.
@ There are 9 different axially symmetric (2-radii) configurations.

@ There are 10 configurations with 3 different radii.
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Spherical dielectric tops in plane-wave backgrounds Case II1

An example

@ Consider the following (out the 9 in total) axially symmetric configuration of case Ill:

Ix = I = Iy = Ixz & ry = ryx =y = fyz & by =Ly =Ly =4y,
with effective potential:
2 2.2 2,2
4 2.2 KN Hh 2p 3
Vg =2nT r—‘;+rx+2rxry+ 9X 3—6)/—?&
y

@ The minimization conditions read:

d Vet 2 M 2 Nz dVerr 6 2 Mz 4 2}2/
=n|rE—=r+r — | = =r r — )

dr,, — "\ 2 ART dr, 7 A

@ We obtain the following selection rule:

144272
ry < % & re > Y

o + 12
e.g. in the marginal case ry = /4, r, = pu/12, £, = 13/144/6, it's Veff(min) = 77 Tu*/1296.

@ We also find the static solutions r, =0, r, = /3 (BPS) and ry = p/6 (for which Veft(min) = wTu*/648)...
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Static dielectric membranes in SO (3) Setup

Section 4

Static dielectric membranes

M. Axenides, E. Floratos, GL L -
M2-brane dynamics in the classical limit of the BMN matrix model M. Axenides, E. Floratos, GL
PLB 773 (2017) 265 [arxiv:1707.02878] to appear

M. Axenides, E. Floratos, GL
Multipole stability of spinning M2-branes in the classical limit of the BMN matrix model

PRD 97 (2018) 126019 [arxiv:1712.06544]
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Static dielectric membranes in SO (3) ~ Setup

The SO(3) solution

Setting all SO (6) coordinates of type Ill configurations to zero and switching to dimensionless time t = pur,
X;j = pujei, =1,2.3 & yi=wpvi=0, i=1,...6,
the membrane equations of motion become:
ﬁ1+(u§+u§+é) ur = wpus, ﬁ2+(Uf+U§+é> up = uyus, ﬁ3+(Uf+u§+é) uz = Uy
vi=0, i=1,...,6.
The dynamics is fully specified in terms of the Hamiltonian...

_47TT,LL4 2 'H_l

H -
3 2

O =

P2 4 p3 + P2+ Ui + 33 + uBE +

(uf + ug + ug) —2u U2U3:| s

and Hamilton's equations of motion:

OH
ou;’

pi = Uj, pi=—

which evidently imply the above Lagrangian equations of motion...
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Static dielectric membranes in SO (3) ~ Setup

The SO(3) solution

Setting all SO (6) coordinates of type Ill configurations to zero and switching to dimensionless time t = pur,
X;j = pujei, =1,2.3 & yi=wpvi=0, i=1,...6,
the membrane equations of motion become:
ﬁ1+(u§+u§+é) ur = wpus, ﬁ2+(Uf+U§+é> up = uyus, ﬁ3+(Uf+u§+é) uz = Uy
vi=0, i=1,...,6.
The effective potential energy of the static membrane is given by

2r Tt

Vefr =

O~

[ (ufu% + u%u_z, + ufu%) + (uf + u% + u%) - 2U1U2U3:| .
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Static dielectric membranes in SO (3) ~ Setup

The SO(3) solution

Setting all SO (6) coordinates of type Ill configurations to zero and switching to dimensionless time t = pur,
X;j = pujei, =1,2.3 & yi=wpvi=0, i=1,...6,
the membrane equations of motion become:
ﬁ1+(u§+u§+é) ur = wpus, ﬁ2+(Uf+U§+é> up = uyus, ﬁ3+(Uf+u§+é) uz = Uy
vi=0, i=1,...,6.
The effective potential energy of the static membrane is given by

2r Tt

Vefr =

O~

[ (ufu% + u%u_g, + ufu%) + (uf + u% + u%) - 2U1U2U3:| .
This potential turns out to be a special case of the so-called generalized 3-dimensional Hénon-Heiles potential,

1
Vi = 5 (uf + 3+ ug) + Kz urupuz + Ko (uf + 3+ u?;)2 + Ky (u‘l' +us + ug) (Efstathiou-Sadovskii, 2004).

For K3 = —9, Ko = —Kis = 9/4, Vi obviously reduces to the above effective potential V.
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Static dielectric membranes in SO (3) ~ Setup
SO(3) extrema

The extrema of the potential solve the equilibrium conditions:

1
OiVer =0 :>(u§ + u32, + 6) uy = uu3

1
(u?, +ud + 5) ux = uzuy

1
(u% + ug + 5) uz = ujun.

Here are the corresponding roots:

1 1
up =0, Ui/6 = 6 (:I:17:t17:|:1)7 uy/3 = §(i17:|:17:|:1)7
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Static dielectric membranes in SO (3) ~ Setup
SO(3) extrema
The extrema of the potential solve the equilibrium conditions:

1
OiVer =0 :>(u§ + u32, + 6) uy = uu3

1
(u?, +ud + 5) ux = uzuy

1
(u% + ug + 5) uz = ujun.

Here are the corresponding roots:

1 1
up =0, Ui/6 = 6 (:I:17:t17:|:1)7 uy/3 = §(i17:|:17:|:1)7

@ The extrema are nine in total because the product of their components must be non-negative...
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Static dielectric membranes in SO (3) ~ Setup

SO(3) extrema

The extrema of the potential solve the equilibrium conditions:

1
OiVer =0 :>(u§ + u32, + 6) uy = uu3

1

(u?, +ud + 5) ux = uzuy
2 2 1

uy +u5; + 9 uz = ujun.

Here are the corresponding roots:

1 1
up =0, Ui/6 = 6 (:I:17:t17:|:1)7 uy/3 = §(i17:|:17:|:1)7

@ The extrema are nine in total because the product of their components must be non-negative...

@ Vi has the symmetry of a tetrahedron T, that is generated by the 4 critical points u; /3 and uy ...
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Static dielectric membranes in SO (3) ~ Setup

SO(3) extrema

The extrema of the potential solve the equilibrium conditions:

1
OiVer =0 :>(u§ + u32, + 6) uy = uu3

1

(u% +ud + 5) ux = uzuy
2 2 1

uy +u5; + 9 uz = ujun.

Here are the corresponding roots:

1 1
up =0, Ui/6 = 6 (:I:17:t17:|:1)7 uy/3 = §(i17:|:17:|:1)7

@ The extrema are nine in total because the product of their components must be non-negative...
@ Vi has the symmetry of a tetrahedron T, that is generated by the 4 critical points u; /3 and uy ...

@ ug (point-like membrane) and uy /3 (Myers dielectric sphere) are global minima, while u; /6 is a saddle point...
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Static dielectric membranes in SO (3) ~ Setup

SO(3) extrema

@ The value of the effective potential at the extremal points is

1 1 2 Tt
Verr (0) = Verr (5) =0, Vese (6) =
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Static dielectric membranes in SO (3) ~ Setup

SO(3) extrema

@ The value of the effective potential at the extremal points is

1 1 2 Tt
Verr (0) = Verr (5) =0, Vese (6) =

@ Hessian matrix is positive-definite for ug and u; /3 (global minima) and indefinite for uy /¢ (saddle point)...
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Static dielectric membranes in SO (3) ~ Setup

SO(3) extrema

@ The value of the effective potential at the extremal points is

1 1 2 Tt
Verr (0) = Verr (5) =0, Vese (6) =

@ Hessian matrix is positive-definite for ug and u; /3 (global minima) and indefinite for uy /¢ (saddle point)...

@ This result will be confirmed below by leading order (LO) radial and angular/mutlipole perturbations... next-to-leading
order (NLO) perturbations will be studied right after...
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Static dielectric membranes in SO (3) ~ Setup
SO(3) extrema

@ The value of the effective potential at the extremal points is
v v (Y v (1Y = 2 Tt
eff (0) = Vesr 3)° 0, “lg) = "o

@ Hessian matrix is positive-definite for ug and u; /3 (global minima) and indefinite for uy /¢ (saddle point)...

@ This result will be confirmed below by leading order (LO) radial and angular/mutlipole perturbations... next-to-leading
order (NLO) perturbations will be studied right after...

@ When the u; in are not all equal, the equations of motion are so complicated that exact time-dependent solutions

can only be found numerically...
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Static dielectric membranes in SO (3) ~ Setup
SO(3) extrema

@ The value of the effective potential at the extremal points is
1 1 2n Tt
Verr (0) = Verr (5) =0, Vese (6) =

@ Hessian matrix is positive-definite for ug and u; /3 (global minima) and indefinite for uy /¢ (saddle point)...

@ This result will be confirmed below by leading order (LO) radial and angular/mutlipole perturbations... next-to-leading
order (NLO) perturbations will be studied right after...

@ When the u; in are not all equal, the equations of motion are so complicated that exact time-dependent solutions
can only be found numerically...

@ When all the SO (3) membrane coordinates u; are equal, an analytic solution is possible...
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Static dielectric membranes in SO (3) Spherically symmetric membrane

Subsection 2

Spherically symmetric membrane
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Static dielectric membranes in SO (3) ~ Spherically symmetric membrane

The spherically symmetric membrane

@ The ansatz for the fully symmetric membrane in SO(3) reads:
u=uy = ux = us.

@ The membrane Hamiltonian is that of a double-well oscillator:

1\2
2 2 _ 2
p°+u (u 3):|

@ Here are the corresponding equations of motion:

H=2rTu*

1
u=p, b:fu{2u2+§7u}.

@ Define £ = E/27rTu4, E. = 64, There are three kinds of orbits:
e (1) oscillations of small energies (£ < &) around either of the
two stable global minima (ug = 0,1/3) e (2) oscillations of larger
energies (€ > &¢) around the local maximum (up = 1/6) e (3)
two homoclinic orbits through the unstable equilibrium point at
up = 1/6 with energy equal to the potential height (£ = &¢).

0.0015]

00010

0.0005|
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Static dielectric membranes in SO (3)

The spherically symmetric membrane

@ The orbits may be computed from the initial conditions:

1 1
uo(O):gi,/6—2+x/E,

tip (0) = 07

where the =+ signs correspond to the right/left side of the double-

well potential.

@ Integrating the energy integral we find the solution:

uo(t):;i\/;er\/g-cn[ 2VE -t

where only the plus sign should be kept for £ > &c.

2

1 1
=

36VE

)|

@ For the critical energy £ = £; the homoclinic orbit is obtained:

ug (t) =

1
6

1
— + —— -sech

3v2

(572)

Spherically symmetric membrane

uy(t)

03

0.2

0.1

-30 -20 —10

()
0.

-40 \/zn
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Static dielectric membranes in SO (3) ~ Spherically symmetric membrane

The spherically symmetric membrane

Period

@ The period as a function of the energy is given in terms of  70f
the complete elliptic integral of the first kind: 0f

T(s)zz\/g-x(; (1+5072))-

it becomes infinite for the homoclinic orbit £ = &.. For 20
more, see e.g. Brizard-Westland (2017). 10f

18
L : L L 5
0.0005 0.0010 0.0015
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Static dielectric membranes in SO (3)  Leading order stability

Subsection 3

Leading order stability
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Static dielectric membranes in SO (3) Leading order stability
Leading order stability analysis

The full type Il equations of motion around each of the SO(3) extremal points read:
2 2 2 2
.. r h 1 .. 1
i + U§+”§+L§+Lz3+* up = Uau3, Vit y2+y3+u2+u3+ vi=0
o o 9 12 36

.. 5 > ry23 ry21 1 .. ’y23 ™ 1
up + U3+U1+F+?+§ up = uzur, Vi + ?+M +U3+U1+36 vi=0

[y

2 r2 ,.21 2 1
ii3 + u1+u2+—+i2+— u3 = uiwy, Vg4 %+—+v1+v2+ vk =0,
o 9 o 36

where we have set t = u7 and
xi = puje;, i=1,2,3 &  yi=pvier, i=1...,8
yi=unvie, j=s1+1l,...,5+%

=pvkes, k=s1+s+1,...,5 + s+ s3.
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Static dielectric membranes in SO (3) Leading order stability

Radial stability analysis

@ By radially perturbing each of the 9 critical points as:
ui = u? +8u; (t), i=1,2,3, & vi=10vj(t), j=1,...,6,

we obtain the following system of fluctuation equations

2,1 0,0 0 0,0 0
2uy + 5 2uiju; —u3  2ujuz — uy ) 1
si=— | 200 — 1 2u3 + % 200U = | - bu & Su=-— (2u0 + %) - dv,
0

209u? — W 2008 — U 2u2 + %
where we have defined
2 (,0\2 _ (,0N2 _ (, 0)\2
up = (u1)" = (u3)" = (u3)°,

for the common value of the square of each extremum’s components. Then we plug the particular solution

[5])=one

we solve the resulting eigenvalue/eigenvector problem...
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Static dielectric membranes in SO (3)

Radial stability analysis

Leading order stability

@ By radially perturbing each of the 9 critical points as:

up = u? +du; (t),

i=1,2,3 &

v; = 8v; (1),

j=1,...,6.

This way we confirm the conclusion we derived above from the corresponding Hessian matrix, i.e. that ug and uy 3
are global minima (positive-definite Hessian) and uy /¢ is a saddle point (indefinite Hessian):

extremum location eigenvalues r = \? (degeneracy) stability
ug 0 —é 3), —% (6) center (stable)
u1/6 (£5,+£5,+3) 5 1), -5 (), —5 (6) saddle point
uy/3 (:I:%,:I:%,:t%) —% (1), —% (2), —% (6) center (stable)

where the negative eigenvalues r = A2 < 0 correspond to stable directions and the positive eigenvalues r = A2 > 0
lead to stable/unstable directions (depending on the sign of the real eigenvalue \)...
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Static dielectric membranes in SO (3) Leading order stability

Angular stability analysis

@ We may also perform more general (angular/multipole) perturbations of the following form:

xi(t)=x)+6xi(t), i=1,23,

where dx; is expanded in spherical harmonics Yy, (6, ¢):

x; (t) = pu; (t) e, X0 = pule;,
J=1 m=—j
@ For the critical points ug, uy /g, Uy 3 we find the eigenvalues (
1 1
uo : Af,:,\izfg, ,\ngg
1. ; iG—-3)
upe: A% =0, N =——(+1 4 32 o=— ) X5
1/6 P + 36 (J )(J + )» - 36 4
u3:03=0 A2:—i(j+1)2 >\2:—j—2 =
1/3 P ) + 36 ) — 9: ]

oo Jj )
bxi() =3 S " (1)

’/jm (07 d’) .

1 ., .
36 (12 +j+1)

1
—=(2j+1)?,
36(J+ )

with multiplicities dp = 2j + 1, dy = 2j+ 3, d— =2j — 1 and dp = 6 (2j + 1), respectively.
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Static dielectric membranes in SO (3) Leading order stability

Angular stability analysis

@ The critical point up (point-like membrane) is obviously stable.
@ uy /3 has a zero mode of degeneracy 2dp while all its other eigenvalues are stable for j = 1,2, ...

@ u; /g has one 2dp-degenerate zero mode for every j and a 10-fold degenerate zero mode for j = 3. It is unstable for
Jj =1 (2-fold degenerate) and j = 2 (6-fold degenerate).

@ The above results were first obtained by (Dasgupta, Sheikh-Jabbari, Van Raamsdonk (2002)) from the BMN matrix
model point-of-view.

@ In the flat-space limit (u — 0), we recover the results of (Axenides-Floratos-Perivolaropoulos, 2000, 2001).
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The SO(3) x SO(6) symmetric membrane

Section 5

The SO(3) x SO(6) symmetric membrane

M. Axenides, E. Floratos, GL
M2-brane dynamics in the classical limit of the BMN matrix model

PLB 773 (2017) 265 [arxiv:1707.02878] to appear

M. Axenides, E. Floratos, GL

M. Axenides, E. Floratos, GL
Multipole stability of spinning M2-branes in the classical limit of the BMN matrix model

PRD 97 (2018) 126019 [arxiv:1712.06544]
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The SO(3) x SO(6) symmetric membrane

The SO(3) x SO(6) sector

@ Similar analysis can be carried out in the SO(3) x SO(6) sector where the equations of motion become:

I’22 I’23 1 22 23 1
i+ (B+B+S5+ S5+ | m=ww, v+ y +y +B+B3+ = |vi=0, ijk=123,
o o 9 12 36

3 21 1 23 1 1
i 2 2 y Y o Yy }/
U2+<U3+U1+2+2+;>U2 uzug, VJ+< + +U3+U1+ >VJ—0

: 2 T e ] . ) 1
uz + <u1+u2+lu2+u2+9> uz = ujun, Vg + <#2+u2+v1+\/2+36) ve =0.
@ A solution of these equations of motion is
u? = up, vﬁ(t): v cos (wt + ¢j) , WP(t)E \/JQ+3(t): vo sin (wt + k),

where (up, vp) are the critical points of the corresponding (axially symmetric) potential

Vesr 2 o v v2 o208 2 3
= — u*42 Y ALY B ===t
2n T R A I S v pr=n=ns=n

@ It can be proven that the critical points (ug, vp) always lie within the interval:
1

& 0<y< —.
12
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Radial stability analysis

@ Setting,
uj = u? + du; (t), vi =2 (t) +6v (1), w; = w? (t) + 6w/ (t),

we find the radial eigenvalues

Sy =—— — — - + —20u3.

ML= 1 5u + 1w 545 3 22 5 5u 4 52 35up 16313
9 18 2 182 18 12
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Angular stability analysis

@ Going further, we again set out to perform angular/multipole perturbations of the form:
xi=x +6x, i=1,23 & ye=yl+dy, k=1,...,6,

where the dx;, dyi are expanded in spherical harmonics Yj, (6, ¢) as:

Sxi=p- > " (1) Yim (0,0)  Syk=p- > e (1) Vim (0,0) Oy = chJ"“ m (0,0),

Jj;m j,m
and i =1,2,3, k=1,3,5and | =2,4,6.

@ One of the eigenvalues always vanishes, two others are given by the following analytic expression

1 . P P
2= = (j +J+2)uo——(1+J(J+1)i3\/144(12+1—2)u8—12(12+J—14)ug—24uo+1),

18

I\J\n—l

while 6 more eigenvalues A4 are also known in closed forms but are too complicated to be included here.

@ The corresponding multiplicities of the eigenvalues are dp =2+ 1, dy =2j+3, d— =2j — 1.
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The SO(3) x SO(6) symmetric membrane

Lowest-lying modes

@ For j =1 four eigenvalues vanish, while two others coincide with those found from radial perturbations:

1 5 1 1 5u2
Nt L Ai_“o_g#_uo_uw

3 2 92 9 12 0
2 16312
PRI R S L S
2 18 182 18 12

@ For j = 2 there's one zero eigenvalue while Ap > 0. We can also plot the eigenvalues of A:
J g g

Aug)
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The SO(3) x SO(6) symmetric membrane

Multipole stability

@ The nonzero j = 1 eigenvalues are all positive/stable in the interval % <u < %, 0< < % except )\2_(_) which
is positive/stable only for ucit < up < 1/3, where it = % (11 + \/21>.
]

For j = 2, the Ap, A+ and one of the A_ eigenvalues are positive/stable. The remaining A_ eigenvalue is nega-
tive/unstable in the interval % < wp < 0.207245 < ugyit-

@ Here's a summary of the angular/multipole spectrum:

eigenvalues j=1 j=2 j>3 degeneracy
Py 0,0, + 0,+,+ 0,+,+ | dp=2j+1
A 0,4, + +, ot | dr=2/+3
)‘27 07+7{07i} +7+7{07i} +7+7+ d— :2./71
( positive for > ( positive for >
ug > Ucrit up > 0.207245
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The SO(3) x SO(6) symmetric membrane

Instability cascade

@ By examining higher orders in perturbation theory beyond the linear level (in the interval 1/6 < up < ugit) we
expect to obtain a cascade of instabilities that originates from the j = 1, 2 sectors and propagates towards the higher
multipoles...

o0 oo
X = E e"oxl = x? + E e"oxf’, i=1,2,3
n=0 n=1

o0 o0
vi=» eyl =yl +> "y, i=1,...,6.
n=0 n=1

@ This is due to the fact that the various (constant j) multipoles at a given order in perturbation theory couple to all
the j's of the previous orders through an effective forcing term that arises in the corresponding fluctuation equation...

oxP = p > 0P (1) Yim (0,0),  nP"(0)=0, i=1,23

J,m

Syl ==Y 07" (T) Vim (0,6), 67" (0)=0, i=1,...,6.

j,m
@ E.g. the lowest order instabilities (j = 1,2) couple to all the modes (having different j's) of the first order...
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Conclusions

Conclusions

@ The spherically symmetric membrane in SO(3) is integrable ( ).
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Conclusions

Conclusions

@ The spherically symmetric membrane in SO(3) is integrable ( ).

@ Radial & angular perturbation analysis for the elliptic SO(3) membrane was carried out in (
). Found instabilities...
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