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For more details

This is part of an ongoing project over a long time—it started
more than ten years ago!—to understand the dynamics of
probes of the near horizon geometry of black holes; and,
hence, to understand the properties of the near horizon
geometry of black holes, when the black hole microstates
can be resolved.

The conceptual framework is the AdS/CFT correspondence,
whose AdS;/CFTy incarnation has been explicitly
constructed—from both sides—for single particle probes and
provides the foundation for constructing multiparticle probes
and studying their chaotic dynamics.

Based on | arXiv:1306.5670, | arXiv:1504.00483)

| arXiv:1608.07845|, | arXiv:1908.06641), | arXiv:2205.03637),

| arXiv:2208.03267|, | arXiv:2401.08521| and forthcoming. In
collaboration with Minos Axenides and Emmanuel Floratos®
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What are Arnol’d cat map lattices?

Introduction:
Arnol'd cats, their
maps and their
lattices

They are lattices of Arnol'd cat maps, that are coupled
between them, in a way defined by the structure of the
lattice.

» What are Arnol'd cat maps?
» What does it mean that they're coupled in lattices?
» Why should we care?



What are Arnol’d cat maps?

There's just one Arnol'd cat map. It's defined by the Introduction:
. 2 2 Arnol'd cats, their
ma pplng R — R maps and their

lattices

(5),. = 2)(5), e

It can, also, equivalently, be defined as

11
(0 P hpa= (a2 p)y (] 5 )mots

It was invented by V. |. Arnol'd in lectures given in Paris in
1965, that were published in the book Problémes ergodiques
de la mécanique classique (1967), with A. Avez.

The mod 1 operation implies that, in fact, it's a mapping
from the 2-torus to itself: T? — T2,

The element “2" can be, either in the lower right or the
upper left corner, it doesn't matter.



Why is it called “cat map”?

The "“iterated cat” (The map acts on rational coordinates) Introduction:
Arnol'd cats, their
maps and their
lattices



https://en.wikipedia.org/wiki/File:Arnold_cat.png

Cat maps, beyond Arnol'd

Introduction:
Arnol'd cats, their
maps and their
lattices

Applications, from T2 — T2,

(5),m(20)(5),

with ad — bc =1 and a+ d > 2 are, now, generically, called
“cat maps".



What does it mean that they're coupled in
|att|ces? Introduction:

Arnol'd cats, their
maps and their
lattices

It means that, instead of having one map, from the 2-torus
to the 2-torus, we have many maps, coupled between
them—a many-body system; a field theory.

There are two ways to couple such maps:

» In phase space.
» In configuration space.

How to do so, in a particular way, that takes into account
certain symmetries, that are relevant for understanding the
dynamics of black holes, is the subject of this talk.



Why should we care?

There are many reasons to care about the Arnol'd cat map
in particular and coupling many of them, more generally.

» The Arnol'd cat map was the first system—proposed by
Arnol'd in 1965—-that displayed chaotic behavior in the
simplest possible setting. In particular, it displayed
mixing. It's the mod 1 that's crucial for ensuring mixing.

» Many more applications in information theory most
recently (steganography) as well as in fluid mechanics.

» It can be understood as describing an harmonic
oscillator in an inverted potential, whose runaway
behavior is cured by the periodic boundary conditions;
which implies that chaotic systems can be imagined as
Hamiltonian systems this way.

> It describes an accelerated observer in the near horizon
geometry of an extremal black hole.

» Its dynamical properties can be used to describe the
properties of the near horizon geometry itself.

Introduction:
Arnol'd cats, their
maps and their
lattices



A lattice approach to holographic systems

The idea is to set up a lattice on the phase space of the ok
system of interest—but in a way that preserves the isometries ~ “=n
of the space and to use group elements to represent the

dynamics. The scaling limit is a much more delicate issue.

In previous work we studied compact phase spaces, namely

tori; now we have extended the approach to non—compact

phase spaces. We've focused on the single—sheet

hyperboloid, that describes the AdS, manifold, because it

describes the radial and temporal part of the near horizon

geometry of extremal black holes, that factorizes from the

charge manifold.



A modular lattice: the points

x4+ x2 —x3 = 1mod N (1)

Modular
discretization

Figure: The rational points on AdS;[N]-side view and top view,
for N = 47.



A modular lattice: the links

The way for going from one point to another is by the Weyl
map—mod N:

Modular

Xn—‘,—l = AXnA_l = AnXOA_n mod N discretization

with A € 5[_(2, ZN)/SO(]., 1, ZN).
The elementary transformations are translations along the
two light cone generators, L and R

- (19) (i)

These, also, generate the braid group. Their products
describe more complicated motion. In particular, the product
LR~ is the Arnol'd cat map. And any A € SL[Z] of
interest can be written as a product of the L's and the R’s
and their inverses.



Why is this approach relevant for black holes?
And why is it useful?

Modular
discretization

The reason this approach is relevant for describing properties
of black holes is that N o e%BH, the dimension of the space
of microstates of the black hole, that are resolved, when the
probe is a quantum object. Therefore the dynamics of the
probe can be described using unitary operators, that act on
this space of states, that is finite-dimensional.

The reason this approach is useful is because this approach
preserves a form of the isometries of AdS; in a way that is
consistent



The scaling limit requires two cutoffs

In fact a proper analysis requires two cutoffs—as might be

expected: A long—distance (IR) cutoff and a short—distance

(UV) cutoff. discretigation
The single—sheet hyperboloid is defined by the equation

x>+ y? = 2% = Rias

We enclose (part of it!) in a cube of size L = alN. This
defines the IR cutoff L and the UV cutoff a.
We write

RAdS = Ma

If we set x = ka, y = la and z = ma, with k, I, m € Z, we
find
k2+ /2 _ m2 _ M2



The scaling limit requires two cutoffs
We can show that (a) it is possible to take the combined
limits a — 0 and L — oo, with Ragqs = fixed and recover the
smooth geometry and (b) for fixed L and a we can impose
periodic boundary conditions on the cube, of size L, that N
encloses the hyperboloid. This property is expressed by the
relation
K2+ 2 — m?* = M?>mod N
In the paper ’ arXiv:1908.06641 ‘ we show how to construct
sequences of integers, (M,, N,),n=1,2,..., with the
properties
> N, > M,
» M2 = 1modN,
> 1 <limpyoo Np/My=L/Ragqs. We can send L — oo,
keeping Rags = fixed. The radii thus constructed are
related to the so-called k—Fibonacci sequences; the
limit L — oo can be taken as k — oo.
It is an open problem to generalize the construction for

anv value of R <.


https://arxiv.org/abs/1908.06641

The symmetry in phase space: Covariance under

symplectic transformations
The single Arnol'd cat map is an element of SL»[Z]. This is
the group of all 2 x 2 integer-valued matrices, with
determinant 1.

This, also, means that it is an element of Spa[Z], since S T

maps in phase

J — MTJM space

0 -1

=10
and M is the Arnol'd cat map. (This property holds for any
element of SL»[Z]; that is, thus, also, an element of Spo[Z].)
This identification no longer holds for more than one map:
It's not true that an element of SLy,[Z] is, also, an element
of Sp2n[Z]'
What could be the guiding principle for constructing
elements of Spy,[Z], that we can identify as coupled Arnol'd
cat maps?

where



The relation between the Arnol'd cat map and
the Fibonacci sequence

The key observation is that the Arnol'd cat map is related in
a very special way to the Fibonacci sequence, defined by the
recursion relation

fn—i—l = fn + fn—l

The Arnol'd cat

map and the
Fibonacci sequence

with fo = 0, i = 1. (For other initial conditions, the integers,
generated by this sequence, are known as the “Lucas
numbers”.)

The reason is that the Fibonacci sequence can be written in
matrix form as

()= () (% )=2(%)



The relation between the Arnol'd cat map and
the Fibonacci sequence

We note that det A = —1; A satisfies the relation

T
A JA=—J
The Arnol'd cat
map and the
Fibonacci sequence

while
A% =M

the Arnol'd cat map, introduced previously— which implies
that M € Sp,[Z] :
MTIM = J



The relation between the Arnol'd cat map and
the Fibonacci sequence

Furthermore, we can prove, by induction, that

Mn:A2n — ( f2n—1 f2n )

f2n f2n+1 The Arnol'd cat

map and the
Fibonacci sequence

These properties mean that anything we can describe using
the Arnol'd cat map, we can describe using the Fibonacci
sequence and vice versa.

This implies, in particular, that we can describe the coupling
between Arnol'd cat maps as the coupling between Fibonacci
sequences!



Coupling Fibonacci sequences consistent with
symplectic covariance

This can be achieved as follows: Write

fmt1 = aifm + bifm—1 + C18m + di8m-1
8m+1 = a28m + b2gm71 + C2fm + d2 fmfl

Coupling Arnol'd

where the a;, b;, ¢;, d; are integers, fy =0 = gp and cat maps by
e . coupling Fibonacci
fi = 1 = gy are the initial conditions and m=1,2,3,.... sequences

We wish to understand what constraints symplectic
covariance imposes.



Coupling Fibonacci sequences consistent with
symplectic covariance

We write these equations in the form:

fm O 0 1 0 fn—1
Xm+ 1= Em — 0 0 0 1 gm—1
fm+1 by di a1 a fm
8m+1 d b o a 8m
T Coupling Arnol'd

cat maps by
coupling Fibonacci
sequences

Focus on
b1 dq a >
D= C=
< d> b > < Q a
and write the equations for the coupled Fibonacci sequences

as



Coupling Fibonacci sequences in a way consistent
with symplectic covariance

Xm+1 = ( Orbxn /n(>:<n >Xm

Now impose the constraint, inspired by the corresponding
property of the Fibonacci sequence

Coupling Arnol'd
cat maps by

0n><n Ian T Oan lan coupling Fibonacci
J = —J sequences
D C D C

where, now, J = ( Onxn —Lnxn )

]-n><n Oan



Coupling Fibonacci sequences in a way consistent
with symplectic covariance

which implies
D - Ian C — CT

Therefore a1 = k1, a» = k», ¢ = ¢ = ¢. In terms of these

parameters, the recursion relations take the form Coupling Amol'd
cat maps by
coupling Fibonacci
fm+1 - k]_ fm + fm_]_ + Cgm sequences

8m+1 = kogm + &m-1 + cfm



Coupling Fibonacci sequences consistent with
symplectic covariance: The k—Fibonacci
sequence

This, in turn, can be identified as describing a particular

coupling between a k;— and a kp—Fibonacci sequence.

The k—Fibonacci sequence is the generalization of the

Fibonacci sequence, defined by the relation couping el

coupling Fibonacci
sequences

fn—i—l = kfn + fn—l

where k is an integer.



Coupling Fibonacci sequences consistent with
symplectic covariance

This particular coupling is determined by the condition that
the square of the evolution matrix is an element of Sp4[Z]:

0 1 2 1 C
A(z)_(l c)ﬁ'M_A(Z) _<c 1+c2> @)

. . . Coupling Arnol'd

The role of the coupling is played by the integer c. cat maps by
. ling Fib i
We remark that, if c =0 and k; = ko = 1, we recover two, coquences

decoupled, Arnol'd cat maps; if c #0, and k; = kp =1 we
can, thereby, identify two “coupled” Arnol'd cat maps, while,
if k1 = ko = k, the system decouples into two, independent,
(k + c), resp. (k — c)-cat maps, for fp, + gm.



Coupling Fibonacci sequences consistent with
symplectic covariance

Now we can define the coupling matrix for n sequences as
C=K+PG+GP?!

where K and G are diagonal matrices and P is the “shift”
operator:

[y
o
o

Coupling Arnol'd

P — 0 1 . 0 cat maps by

coupling Fibonacci
sequences

The corresponding 2n x 2n evolution matrix, A(" is given by

(n) _ Onxn In><n
A _</m c )



Coupling Fibonacci sequences consistent with
symplectic covariance

and satisfies the relation A(”)TJ.A(”) =—J.

Its square,
2 / C
M = (n) — nxn
A < C  lyyp+ C2
. . T . Coupling Arnol'd
therefore satisfies the relation M*JM = J, showing that e
M € Sp,,[Z]. Since A is symmetric (from the property cequences

that C = CT), M is positive definite and the eigenvalues,

A # 1, come in pairs, (A,1/)), with A > 1. This property
implies that, for all matrices K and G, this system of coupled
maps is hyperbolic.



Coupling Fibonacci sequences consistent with
symplectic covariance

It is possible to decompose the classical evolution matrix M
in terms of the generators of the symplectic group

_ Inxn Onxn Inxn C
"= ( C e ) ( Onxn Inxn
Coupling Arnol'd

Moreover each factor generates, for any symmetric, integer, cat maps by
matrix C, an abelian subgroup of Sp,,[Z]. These factors are -
called “left” (resp. “right") translations.

An important special case arises if we impose translation

invariance along the chain, i.e. K; = K and G; = G for all

1=1,2,...,n.



Periodic behavior

Since the entries of M are integers, it acts in a particular way
on rational points. A particularly interesting class of such
points is defined by

X0:(kl/N,kg/N,...,kn/N,ll//V,/Q/N,...,/n/N)

where 0 < k; < N,0< [, < N and k;, I;, N integers.
On such points the map

(k/N,1/N)mi1 = (k/N, k/N)mMmod, 1
takes the form
(k,)m+1 = (k,I)p,Mmod N

The points {(k, )} belong to the 2n—torus, T2"[N].
The matrix Mmod N € Sp,,[Zn] and has period T(N),
where T(N) is defined as the smallest integer such that

MT(N) = hxnmod N

Coupling Arnol'd
cat maps by
coupling Fibonacci
sequences



The issue of the periods T(N)

The period, T(N) controls the “mixing” properties of the
map. So it is useful to know how it scales with N. What is
fascinating is that it seems to be a “random” function of N,

100
10000

8000
6000

4000 Coupling Arnol'd

cat maps by
coupling Fibonacci
sequences

20 2000

40 60 80 100 40 60 80 100

Figure: Period T(N) for N = py; (the eleventh prime) to ps;, (the
thirty-first prime) for / =1, n =1 and 2. We remark the dramatic
change from n =1, one map, to n = 2, two coupled maps. This
reflects the dramatic increase in size of the order of the group.



The issue of the periods, T(N)

What is interesting is that, even for large N, the period
T(N) can be much smaller than N. Indeed, for the single
Arnol'd cat map, Falk and Dyson showed (1982) that, when
N = f4, a Fibonacci number, that's a prime, then

T(N = fy) = 2q. This means very fast mixing, since

q =~ log fq.

How about coupled Arnol'd cat maps?

Coupling Arnol'd
cat maps by
coupling Fibonacci
sequences



The period for coupled Arnol’d cat maps

The key observations:

>
m_ (01 e (1 C
A (/ c);‘M[A ](c I+ C2

Com-1  Com
M™ =
( Com C2m+1>

» The sequence of matrices C,, is defined by the matrix
C, the initial conditions Cg = 0,xp, C1 = lhxn and the
recursion relation

Cm—0—1 = CCm + Cm—l

Coupling Arnol'd
cat maps by
coupling Fibonacci
sequences



The period for coupled Arnol’d cat maps

Therefore the period, T(N), is determined by the relations

Corv) = 0mod N, Cor(n)—1 = Inxpmod N and

Corvy+1 = C- Corvy + Corvy)—1 = laxnmod N. The Cp,

are matrices, that are matrix polynomials in the matrix C; in

fact they are the Fibonacci polynomials, defined by
Fmt1(x) = xFn(x) + Fpo1(x)

Coupling Arnol'd
cat maps by
coupling Fibonacci

with initial conditions, Fo(x) = 0 and F1(x) = 1, when the sequences
argument is a matrix!

Using these, instead of the evolution operator M, is more

efficient, since C and the Fibonacci polynomials constructed

from it, has half the size of M.



Locality in configuration space

Locality isn't an obvious property in phase space—it is much
clearer what it means in configuration space, where the
dynamical equations are those of Newton, rather than those
of Hamilton. Straightforward calculation implies that these
take the form

dm+1— 2qm +Qqm-1 = qu2 mod N

These describe inverted harmonic oscillators—but whose The dynamics in
“runaway” behavior is “cured” by the periodic boundary conflsutaton
Hamilton's

conditions! TS
Newton's
equations



Measures of chaos: Lyapunov exponents

The Arnol'd cat map (as well as the many-body systems
obtained by coupling many of these maps in the way
presented above) is a chaotic system. This property can be
highlighted by computing the spectrum of the Lyapunov
exponents, available in closed form

2+D?  |D
+ —
2 2

At =logpi ) = '08;{ D} + 4}

where

(7]

2ml
DJ—K+2Z <G/cos7rJ>

Measures of chaos



Measures of chaos: Lyapunov exponents

The Lyapunov exponents describe the evolution in phase
space, so, in the present case, they're the eigenvalues of M.
They can be computed from the equations of motion, in
configuration space, as follows:

am+1 — 2Qm +qm-1 = qu2

by diagonalizing C :
FICF=D

using the discrete Fourier transform

Fiy = e27rilJ/n/ﬁ = WLJ/ﬁ

and writing
m = rmF

Measures of chaos

(assuming periodic boundary condtions)



Measures of chaos: Lyapunov exponents
The rp, satisfy the equation(s)

2
my1 — 20 + Fm—1 = r,mD

where

DU = (5UDJ = (5/_/ <K+2GCOS 27,:])
for the case of nearest—neighbor interactions. We note here
that, if n is even, then the mode Jy = n/2 has zero
eigenvalue, when K = 2G. If n is odd, on the other hand, a
zeromode cannot exist, because K and G are positive
integers.

It is possible to include the case of couplings beyond
nearest—neighbors, i.e. G, with 1 < /< (n—1)/2, as
follows:

D, = K—i-ZZ (G/cos27rU>

Measures of chaos



Measures of chaos: Lyapunov exponents

We now set
—_ m
(rm)i = n,m = dupay

(where I,J =1,2,...,n). We duly find a quadratic equation
for p;:

2+ D? |D/|
2 2

—(2+D%)p/+1:0<:>p:|:7/= D2+4

Therefore

P = e|°g/\i,l

Measures of chaos



Measures of chaos: Lyapunov exponents

L=1
L=2
L=3

20 40 60 80 100

Figure: Histogram of the sorted Lyapunov spectra, )&), for
uniform couplings, namely, K =3,G;,= G =1,n =101 and
L=1,2,3.

Measures of chaos



Measures of chaos: The Kolmogorov-Sinai

entropy

The Kolmogorov-Sinai entropy is, in fact, a rate of change of
entropy. It is defined as the sum of the positive Lyapunov

exponents

n—1
Sks =D A
1=0

and is expected to scale as the volume of the system:

S
200
150,
100,

50+ —

Measures of chaos

20 40 60

I
ToShaintength



Measures of chaos

The reason it is useful, is that, by dimensional analysis,
1/Sk—s has the dimensions of time—so it is expected that
the mixing time should be proportional to 1/Sk_g; the only
gestion being what is the proportionality constant. This isn't
a trivial issue and, in general, we would expect that mixing is
faster, the greater the K-S entropy, but there are known
counterexamples depending on the choice of the initial
probability distribution. So there are considerable conceptual
issues yet to resolve.

For black holes and quantum many-body systems, it has
been conjectured that the mixing time is the scrambling time
and these, in turn, are described by 1/Sk_g. What the
proportionality coefficient is, remains to be found.

Measures of chaos



Conclusions and outlook

» How to couple Arnol'd cat maps isn't a well-defined
statement, unless we specify what the symmetries are
supposed to be. In this work we have shown how to
couple n Arnol'd cat maps (as well as their
generalizations), under the assumption that the
evolution operator for the n maps is an element of
Sp2n[Z] and showed how locality can be tuned for such
systems.

The rule is the following: The evolution operator, M, of
n cat maps, that is an element of Spy,[Z], is given by
the expression

- Inxn C
M= ( C pn+ C2 )

where C is an n X n symmetric matrix, that takes

integer values. If the operations are done mod N, then Conclusions and
. . outlook

the system has fascinating features. '



Conclusions and outlook

» This construction is particularly appropriate for
addressing the dynamics of n—body chaotic systems,
that do not have an integrable limit. Nevertheless
everything is under analytical control.

» They do show non-trivial conservation laws, that
deserve closer scrutiny.
» This is, also, relevant for constructing toy models of the

near horizon geometry itself of extremal black holes.
They, already, pass, certain, non-trivial checks.

Conclusions and
outlook



Conclusions and outlook

P These systems are classical; their quantum dynamics
requires generalizing the construction for the single
Arnol'd cat map, that describes single-particle probes of
a fixed geometry.

» Such a generalization can, on the one hand, describe
multi-particle probes of the near horizon geometry; but
it can, also, be used to describe the fluctuations of the
near horizon geometry itself.

» Their application to information processing has a
broader range of applicability to (quantum) computing
problems.

P> These are lattice field theories, so their scaling limits are
of particular interest, also!

» The best is yet to come!

Conclusions and
outlook
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