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Main messages

1. Location and existence of QCD critical point is still unclear

2. QCD critical point ∼ Ising model
I Why baryon number fluctuations?
I Why higher order cumulants?

3. Non-equilibrium condition hinders critical fluctuation to equilibrate
I No divergence even when the system passes the critical point
I Need to be considered in experimental critical point search
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Lattice QCD has the sign problem at finite µ

Path integral for QCD partition function

Z(β, µ) = eP(T ,µ)V/T = Tre−β(H−µN)

=

∫
DU det[6D(U ) + mq − µγ4]︸ ︷︷ ︸

complex “probability” at µ 6= 0

eSE [U ]

Monte Carlo method fails → several attempts
I Taylor expansion
I Canonical approach
I Reweighting method
I Imaginary chemical potential
I Lefschetz thimble
I Path optimization
I Complex Langevin method

...
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QCD phase diagram by reweighting method

Phase quenching reweighting method

〈O〉 =
∫

dxO(x)P(x)∫
dxP(x)

=

∫
dxO(x)eiθ(x)|P(x)|∫

dx|P(x)|

/ ∫
dxeiθ(x)|P(x)|∫

dx|P(x)|︸ ︷︷ ︸
∼ 0 at large V , β, µ
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Figure 2: The phase diagram in physical units. Dotted line illustrates the crossover, solid line the
first order phase transition. The small square shows the endpoint. The depicted errors originate
from the reweighting procedure. Note, that an overall additional error of 1.3% comes from the
error of the scale determination at T=0. Combining the two sources of uncertainties one obtains
TE = 162 ± 2MeV and µE = 360 ± 40MeV.

The small change of the mass parameter on the line of constant physics (caused by the
change of the lattice spacing) slightly decreases the curvature.

The endpoint is at TE = 162± 2 MeV, µE = 360± 40 MeV. As expected, µE decreased
as we decreased the light quark masses down to their physical values (at approximately
three-times larger mu,d the critical point was at µE=720 MeV; see [8]).

The above result is a significant improvement on our previous analysis [8] by two
means. We increased the physical volume by a factor of three and decreased the light
quark masses by a factor of three. We carried out the whole analysis using four subsets of
our volumes (Ls = 6, 8, 10, Ls = 6, 8, Ls = 8, 10, 12 and Ls = 10, 12) and found that the
results changed only within their uncertainties. This fact indicates that the volumes of the
present study are large enough and that the finite volume analysis is reliable. We do not
expect finite size effects on µE. Clearly, more work is needed to get the final values. Most
importantly one has to extrapolate to the continuum limit.
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Several approaches presented at CPOD2024

I Lattice QCD with Taylor expansions ←
I Lee-Yang edge singularities ←
I Dyson-Schwinger equations
I Functional renormalization group
I Black hole engineering ←

Versions of a QCD phase diagram
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Lattice: WB 2020
Freezeout/Andronic
DSE: C. Fischer 2019
FRG: J. M. Pawlowski 2020
BHE: M. Hippert 2022
LY fit: Parma-Bielefeld 2023

Zero µB : Tc (µB) crossover [Lattice QCD, Wuppertal-Budapest + BNL-Bielefeld 2006. . . 2020]

Low µB : transition line [Lattice QCD, Pisa group + Wuppertal-Budapest + BNL-Bielefeld 2015. . . ]

Low µB : Tfreeze�out ⇡ Tc (µB) [Braun-Munzinger, Stachel, Wetterich, nucl-th/0311005]

High µB : Tfreeze�out < Tc (µB) [Floerchinger, Wetterich 1202.1671]

What can Lattice QCD still do about the phase diagram?
2 / 23
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Several approaches presented at CPOD2024

I Lattice QCD with Taylor expansions ←
I Lee-Yang edge singularities ←
I Dyson-Schwinger equations
I Functional renormalization group
I Black hole engineering ←QCD phase diagram: an overview M. Stephanov
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Figure 4: Comparison of predictions for the location of the QCD critical point on the phase diagram. Black
points are model predictions: NJLa89, NJLb89 – [12], CO94 – [13, 14], INJL98 – [15], RM98 – [16],
LSM01, NJL01 – [17], HB02 – [18], CJT02 – [19], 3NJL05 – [20], PNJL06 – [21]. Green points are lattice
predictions: LR01, LR04 – [22], LTE03 – [23], LTE04 – [24]. The two dashed lines are parabolas with
slopes corresponding to lattice predictions of the slope dT/dµ2B of the transition line at µB = 0 [23, 25].
The red circles are locations of the freezeout points for heavy ion collisions at corresponding center of mass
energies per nucleon (indicated by labels in GeV) – Section 5.

3.4 Predictions from models

In the absence of a controllable (i.e., systematically improvable and converging in the V → ∞
limit) method to simulate QCD at nonzero µB, one turns to model calculations. Many such calcula-
tions have been done [12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. Figure 4 summarizes the results. One
can see that the predictions vary wildly. An interesting point to keep in mind is that each of these
models is tuned to reproduce vacuum, T = µB = 0, phenomenology. Nevertheless, extrapolation to
nonzero µB is not constrained significantly by this. In a loose sense, most lattice methods (see next
Section) can be also viewed as extrapolations from µB = 0, albeit with reliable input from finite T .

4. Lattice results on the critical point

This section is devoted to brief (and necessarily incomplete) descriptions of currently devel-
oped lattice methods for reaching out into the TµB plane. The comments below are selective and
are meant to complement the original contributions in this volume. For a more comprehensive
description of these methods, as well as other methods not discussed here, the reader may consult
the most up-to-date review of Schmidt in these proceedings [2] as well as an earlier review by
Philipsen [26], both of which also contain further references to original papers.

4.1 Reweighting

The first lattice prediction for the location of the critical point was reported by Fodor and

9
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Lattice QCD with Taylor expansions

Basic idea: Expand P(T , µ) in terms of µ
P(T , µ)

T4 =
P(T , 0)

T4 +
1
2!

µ2

T2χ2(T) +
1
4!

µ4

T4χ4(T) + · · ·

eP(T ,µ)V/T =

∫
DU det[6D(U ) + mq − µγ4]eSE [U ]

Lattice calculation of χ2n involves expansion of det(· · · )

J
H
E
P
1
0
(
2
0
1
8
)
2
0
5

B Statistics and lattice details

In table 1 we give the number of analyzed configurations per ensemble. The simulation

parameters and the details of the analysis are given in ref. [28].

The determination of the µ derivatives follows the lines of refs. [7, 28]. We calculate

four quantities per configuration and per quark mass

Aj =
d

dµj
log(detMj)

1/4 =
1

4
trM−1

j M ′
j , (B.1)

Bj =
d2

(dµj)2
log(detMj)

1/4 =
1

4
tr
(
M ′′

j M
−1
j −M ′

jM
−1
j M ′

jM
−1
j

)
, (B.2)

Cj =
d3

(dµj)3
log(detMj)

1/4 =
1

4
tr
(
M ′

jM
−1
j − 3M ′′

j M
−1
j M ′

jM
−1
j

+2M ′
jM

−1
j M ′

jM
−1
j M ′

jM
−1
j

)
, (B.3)

Dj =
d4

(dµj)4
log(detMj)

1/4 =
1

4
tr
(
M ′′

j M
−1
j − 4M ′

jM
−1
j M ′

jM
−1
j − 3M ′′

j M
−1
j M ′′

j M
−1
j

+12M ′′
j M

−1
j M ′

jM
−1
j M ′

jM
−1
j

−6M ′
jM

−1
j M ′

jM
−1
j M ′

jM
−1
j M ′

jM
−1
j

)
. (B.4)

Here Mj is the fermion matrix corresponding to the j-th quark mass in the system. M ′

and M ′′ indicate the first and higher order derivatives with respect to the quark chemical

potential. For this simple staggered action higher order derivatives are equal to lower order

ones, M ′′′ = M ′ and M ′′′′ = M ′′ by construction. These traces are calculated using the

standard stochastic method, by calculating the effect of the matrices on random sources.

At finite (imaginary) chemical potentials we used 4× 256 Gaussian random sources for the

light quarks and 4 × 128 sources for the strange quarks. The analysis was accelerated by

calculating 256 eigenvectors of the Dirac operator first. These eigenvectors were then fed

into an Eig-CG algorithm.

Using the isospin symmetry (mu = md), the ABCD traces can be used to calculate

the χuds derivatives with the following formulas:

χuds
200 = +⟨Bu⟩+ ⟨A2

u⟩ − ⟨Au⟩2 (B.5)

χuds
110 = +⟨A2

u⟩ − ⟨Au⟩2 (B.6)

χuds
101 = +⟨AuAs⟩ − ⟨As⟩⟨Au⟩ (B.7)

χuds
300 = +⟨Cu⟩+ 3⟨AuBu⟩+ ⟨A3

u⟩ − 3⟨Bu⟩⟨Au⟩ − 3⟨Au⟩⟨A2
u⟩+ 2⟨Au⟩3 (B.8)

χuds
210 = +⟨AuBu⟩+ ⟨A3

u⟩ − ⟨Bu⟩⟨Au⟩ − 3⟨Au⟩⟨A3
u⟩+ 2⟨Au⟩3 (B.9)

χuds
120 = +⟨AuBu⟩+ ⟨A3

u⟩ − ⟨Bu⟩⟨Au⟩ − 3⟨Au⟩⟨A2
u⟩+ 2⟨Au⟩3 (B.10)

χuds
111 = +⟨AuAuAs⟩ − ⟨As⟩⟨A2

u⟩ − 2⟨Au⟩⟨AuAs⟩+ 2⟨As⟩⟨Au⟩2 (B.11)
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χuds
400 = +⟨Du⟩+ 3⟨BuBu⟩+ 4⟨AuCu⟩+ 6⟨A2

uBu⟩+ ⟨A4
u⟩

− 4⟨Cu⟩⟨Au⟩ − 3⟨Bu⟩2 − 6⟨Bu⟩⟨A2
u⟩ − 12⟨Au⟩⟨AuBu⟩

− 4⟨Au⟩⟨A3
u⟩ − 3⟨AuAu⟩⟨A2

u⟩+ 12⟨Bu⟩⟨Au⟩2

+ 12⟨Au⟩2⟩⟨A2
u⟩ − 6⟨Au⟩4 (B.12)

χuds
310 = +⟨AuCu⟩+ 3⟨A2

uBu⟩+ ⟨A4
u⟩ − ⟨Cu⟩⟨Au⟩ − 3⟨Bu⟩⟨A2

u⟩
− 6⟨Au⟩⟨AuBu⟩ − 4⟨Au⟩⟨A3

u⟩ − 3⟨A2
u⟩⟨A2

u⟩
+ 6⟨Bu⟩⟨Au⟩2 + 12⟨Au⟩⟨Au⟩⟨A2

u⟩ − 6⟨Au⟩4 (B.13)

χuds
220 = +⟨B2

u⟩+ 2⟨A2
uBu⟩+ ⟨A4

u⟩ − ⟨Bu⟩2 − 2⟨Bu⟩⟨A2
u⟩

− 4⟨Au⟩⟨AuBu⟩ − 4⟨Au⟩⟨A3
u⟩ − 3⟨A2

u⟩⟨A2
u⟩

+ 4⟨Bu⟩⟨Au⟩⟨Au⟩+ 12⟨Au⟩⟨Au⟩⟨A2
u⟩ − 6⟨Au⟩4 (B.14)

χuds
211 = +⟨AuBuAs⟩+ ⟨A3

uAs⟩ − ⟨As⟩⟨AuBu⟩ − ⟨As⟩⟨A3
u⟩ − ⟨Bu⟩⟨AuAs⟩ − ⟨BuAs⟩⟨Au⟩

− 3⟨Au⟩⟨A2
uAs⟩ − 3⟨AuAs⟩⟨A2

u⟩+ 2⟨As⟩⟨Bu⟩⟨Au⟩+ 6⟨As⟩⟨Au⟩⟨A2
u⟩

+ 6⟨Au⟩2⟨AuAs⟩ − 6⟨As⟩⟨Au⟩3 (B.15)

If the listed products of the A,B,C,D traces are calculated as products of the stochastic

estimators, a bias could be introduced. Thus, in products different random vectors have to

be used in each factor. Alternatively, the expectation value of the bias has to be subtracted.

The last step is to express the derivatives in terms of µB, µQ and µS in eq. (2.2) using

eqs. (2.1), which is a straightforward exercise.

C Data tables

For the reproducibility of this work we tabulate the raw data at two temperatures of this

study in tables 3–6. We have chosen one temperature below deconfinement (140MeV) and

one above (170MeV), near the peak of the higher order baryon fluctuations.

For T = 140 MeV we used the parameters: β = 3.7420, amud = 0.00185777, ams =

0.0519023 and amc = 0.615042. For T = 170 MeV we had β = 3.8236, amud = 0.00151761,

ams = 0.0420951 and amc = 0.498827. For a complete list of the simulation parameters

see ref. [28]. In all cases we used the ρ = 0.125 smearing parameters in four levels of stout

smearing in the fat links of the standard staggered action. For the gluon fields we employed

the tree-level improved Symanzik action.

In table 2 we illustrate the correlations between the mean baryon, electric charge and

strangeness. Black dots means 100% correlation, red dot stands for perfect anti-correlation.

The strong correlations can be understood by the relation

χB
1 − 2χQ

1 + χS
1 = 0 (C.1)

which is exactly satisfied by our data. This relation follows from the isospin symmetric

setting of our simulations with mu = md and µu = µd for the u and d quarks.

– 20 –
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Large cancellation in χ2n
Sign problem in the Taylor coe�cients

 1

 10

 100

 1000

 10000

 100000

χ2 χ4 χ6 χ8

T=130 MeV

12
3
x8 contrib>0

12
3
x8 contrib<0

16
3
x8 contrib>0

16
3
x8 contrib<0

c
o

n
tr

ib
u

ti
o

n
 n

o
rm

a
li

z
e
d

 t
o

 t
ru

e
 s

u
m

7 / 23

[Borsanyi @CPOD2024]

8 / 37



Taylor coefficients up to µ8 (1/2)

Budapest-Wuppertal: First results of χ6,8 with continuum extrapolation

upper (lower) panels: µS = 0 (nS = 0) 3
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FIG. 1. Our lattice results for the ratios �B
4 /�

B
2 (left), �B

6 /�
B
2 (center), �B

8 /�
B
2 (right). For the first two, the continuum

extrapolation is shown as a yellow band. HRG model predictions are shown as solid black lines in all cases.

linear definition is computationally cheaper, care should
be taken in considering these results.

The linear definition also breaks the exact Roberge-
Weiss periodicity [47] of the partition function. Even if
one assumes that there are no problems with logarithmic
divergences, the loss of Roberge-Weiss periodicity with
the linear definition can potentially lead to large cut-o↵
e↵ects, since it e↵ectively means that at a finite spacing,
in contrast to the continuum, the free energy gets contri-
butions from Hilbert subpsaces not only at integer, but
also at non-integer values of the baryon number, which at
the very least, is a non-physical feature at finite spacing.

3. Lattice calculation of fluctuations up to eighth order

In this letter, we present the first continuum results
for baryon fluctuations up to the sixth order for temper-
atures between T = 130�200MeV, and up to the eighth
order for a temperature of T = 145MeV. Continuum
extrapolation is made possible by the introduction of a
new discretization, which we call the 4HEX action, that
strongly suppresses taste breaking e↵ects compared to all
available actions in the literature. Although more costly,
we pursue a direct determination at µB = 0, in order
to avoid possible systematic e↵ects due to a choice of fit
ansatz, necessary for the imaginary chemical potential
method. Moreover, in order to avoid possible issues with
the introduction of the chemical potential, we employ the
exponential definition to all orders. Due to the extreme
statistics cost of the direct method, this endeavour is only
feasible in a volume that is smaller than what is typically
used in the field, with an aspect ratio LT = 2. Thanks
to the availability in the literature of the aforementioned
results at finite lattice spacing, but with larger volume,
we are able to show that below T = 145MeV, finite vol-
ume e↵ects in our results are under control. Note that
this is the relevant temperature range for the search for
the elusive critical endpoint of QCD.

The novel lattice action we use for this thermodynam-
ics study, 4HEX, is based on rooted staggered fermions
with 4 steps of HEX smearing [48] with physical quark
masses, and the DBW2 gauge action [49]. This lattice
action benefits from dramatically reduced taste breaking
e↵ects, compared to all other actions used in the litera-

ture. We simulate 163 ⇥ 8, 202 ⇥ 10 and 243 ⇥ 12 lattices
to obtain a well-controlled continuum extrapolation. De-
tails on the 4HEX action, the scale setting procedure,
and the systematic error estimation can be found in the
supplemental material.
We calculate fluctuations of the baryon number at zero

strangeness chemical potential:

�
B
n ⌘

✓
@
n(p/T 4)

@(µB/T )n

◆

µS=0

. (1)

We also include results on the strangeness neutral line
ns ⌘ 0 in the Supplemental Material, which lead to sim-
ilar conclusions as in the µS = 0 case.
We use the exponential definition of the chemical po-

tential at all orders in µB on all our lattices. For the
N⌧ = 8, 10 lattices, we use the reduced matrix formalism
to calculate the fluctuations, in the same way as we did
in Refs. [50, 51]. For the N⌧ = 12 lattice, we use the
standard random source method [52].

We show our continuum extrapolated results for
�
B
4 /�

B
2 (left) and �

B
6 /�

B
2 (center), together with the cor-

responding finite lattice spacing results in Fig. 1. The
continuum results are obtained together with a spline fit
of the temperature dependence. The exact procedure is
described in the Supplemental Material. The bands in-
clude statistical and systematic uncertainties, consisting
of di↵erent scale settings and di↵erent spline fits of the
data. The covered temperature range is 130MeV  T 
200MeV. Also shown are the results on the N⌧ = 8, 10
lattices for �

B
8 /�

B
2 (right). For this observable, we also

include the continuum extrapolation at a single tempera-
ture of T = 145MeV. Hadron resonance gas predictions
are shown, and they equal 1 in all cases independently
from the temperature and the hadron spectrum used.

From Fig. 1, it is apparent how small the cut-o↵ e↵ects
of the 4HEX action are, as is the fact that, for T <

145MeV, the fluctuations in continuum QCD are in very
good agreement with the HRG results.

4. Comparisons with the literature:
Being our results on the sixth and eighth order fluc-

tuations the first ever continuum extrapolated, we pro-
ceed to compare them to previous results from the liter-
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Taylor coefficients up to µ8 (2/2)

Hot QCD Collaboration: Continuum extrapolation up to χ4?

k ¼ 2, 4, 6. We show these expansion coefficients in
Appendix B. As expected, the qualitative features of the
temperature dependence of χ̄B;k2 in the nS ¼ 0 and μS ¼ 0
cases are similar; i.e., they behave like χBkþ2.
In Fig. 1, we show results for χ̄B;2k0 for the two different

cases considered throughout this paper; i.e., we work in the
isospin symmetric case, corresponding to μQ ¼ 0, and
consider for the strangeness sector (i) the case μS ¼ 0
(left) and (ii) the strangeness neutral case nS ¼ 0 (right),
respectively. Continuum extrapolated results for the

leading-order expansion coefficient of the pressure series,
χ̄B;20 , are shown in the two panels on the top in Fig. 1. They
are based on datasets generated on lattices with temporal
extent Nτ ¼ 6, 8, 12, and 16. Results for the case μQ ¼
μS ¼ 0 at T ≳ 135 MeV had been shown already in
Ref. [33]; we added here our results at T ¼ 125 MeV
obtained on lattices with temporal extend Nτ ¼ 8, which
have not been used in the continuum extrapolations. The
insets given in these figures for χB2 (left) as well as χ̄B;20

(right) show comparisons with the same cumulants

FIG. 1. The nth-order cumulants χ̄B;n0 , contributing to the Taylor series of the pressure of (2þ 1)-flavor QCD as a function of
μ̂B ¼ μB=T versus temperature. Shown are the expansion coefficients for the cases of (i) μQ ¼ μS ¼ 0 (left column) and (ii) μQ ¼ 0,
nS ¼ 0 (right column), respectively. In both cases, the actual nth-order expansion coefficients in the Taylor series are obtained with these
cumulants as χ̄B;n0 =n!. Yellow bands show the location of the pseudocritical temperature Tpcð0Þ ¼ 156.5ð1.5Þ MeV [31].

D. BOLLWEG et al. PHYS. REV. D 105, 074511 (2022)

074511-4

[Bollweg et al, PRD105(2022)074511]
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What can we learn from χ2−8? – Padé approximation (1/2)

1. Taylor series up to µ8

P(µ)− P(0)
T4 = P2µ̂

2 + P4µ̂
4 + P6µ̂

6 + P8µ̂
8, µ̂ =

µ

T
P4∆P(µ)

P2
2T4 = x̄2 + x̄4 + c6x̄6 + c8x̄8, x̄ =

√
P4
P2

µ̂

2. [4,4] Padé approximation

P4∆P(µ)

P2
2T4 ' (1− c6)x̄2 + (1− 2c6 + c8)x̄4

(1− c6) + (c8 − c6)x̄2 + (c2
6 − c8)x̄4︸ ︷︷ ︸

4 poles in complex x̄ plane

= P[4, 4]
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What can we learn from χ2−8? – Padé approximation (2/2)

3. Poles in complex µ̂ plane (nearest to the origin)

positive and negative roots of z!. They yield four poles of
the [4, 4] Padé in the complex μB plane with the non-
vanishing imaginary part of μ̂B. We represent these poles in
polar coordinates:

μ̂!B;c ¼ !rc;4e!iΘc;4 : ð26Þ

For temperatures 135 MeV ≤ T ≤ 165 MeV, the zeros z!

are complex conjugate to each other. In the x̄ plane, the
absolute value of the distance of the poles from the origin is
then given by

jzþz−j1=4 ¼
!!!!
1 − c6;2
c26;2 − c8;2

!!!!
1=4

; ð27Þ

which is the Mercer-Roberts estimator, introduced in
Eq. (14), for a series in the rescaled expansion parameter
x̄. We note that this relation between the Mercer-Roberts
estimator and the magnitude of jz!j does not hold for the
case of purely real or purely imaginary poles of the [4, 4]
Padé (see discussion in Appendix C). In these cases, the
distances to the origin jzþj and jz−j differ from each other.
Using Eqs. (26) and (27), we obtain for c6;2 < 1 the

location of the poles in the complex μB plane:

rc;4 ¼ rc;2jzþz−j1=4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12χ̄B;20

χ̄B;40

s !!!!
1 − c6;2
c26;2 − c8;2

!!!!
1=4

; ð28Þ

Θc;4 ¼ arccos

0

B@
c6;2 − c8;2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − c6;2Þðc26;2 − c8;2Þ

q

1

CA

¼ arccos
#
ðc6;2 − c8;2Þχ̄B;40

24ð1 − c6;2Þχ̄B;20

r2c;4

$
: ð29Þ

Expressing the relation given in Eq. (28) in terms of the
cumulants χ̄B;n0 entering the Taylor series for the pressure
[Eq. (7)], we have in the region of complex poles

rc;4 ¼
#
8!

4!

$
1=4

!!!!
30ðχ̄B;40 Þ2 − 12χ̄B;60 χ̄B;20

56ðχ̄B;60 Þ2 − 30χ̄B;80 χ̄B;40

!!!!
1=4

: ð30Þ

The positions of the poles in the complex μ̂B plane are
shown in Fig. 6. Only the two poles in the region
Reðμ̂BÞ ≥ 0 are shown. With decreasing temperature, the
poles move closer to the real axis as c8;2 approaches cþ8;2,
i.e., Θc;4 ¼ 0 for c8;2 ¼ cþ8;2. Furthermore, it is clear from
Eq. (29) that Θc;4 and rc;4 are correlated, which leads to the
orientation of the 1σ error ellipse in the complex μB;c plane
arising from the errors on c6;2 and c8;2, which are assumed
to given by independent Gaussian distributions of the
variables c6;2 and c8;2.
In Fig. 7, we show as symbols and bands, respectively,

the distance of poles of the [2, 2] and [4, 4] Padé
approximants from the origin as a function of temper-
ature. The bands shown in Fig. 7 have been obtained by
using the spline interpolations of χ̄B;60 and χ̄B;80 on Nτ ¼ 8

FIG. 6. Location of poles nearest to the origin obtained from the [4, 4] Padé approximants in the complex μ̂B plane. Only poles with
ReðμBÞ > 0 are shown. Shown are results for the case μQ ¼ μS ¼ 0 (left) and the strangeness neutral, isospin symmetric case (right).

FIG. 7. Magnitude of poles nearest to the origin obtained from
the [2, 2] (squares and circles) and [4, 4] (bands) Padé
approximants for Taylor expansions at μQ ¼ μS ¼ 0 and for
strangeness neutral, isospin symmetric media, respectively.

TAYLOR EXPANSIONS AND PADÉ APPROXIMANTS FOR … PHYS. REV. D 105, 074511 (2022)

074511-9

[Bollweg et al, PRD105(2022)074511]

4. Critical point is unlikely to exist in 135 ≤ T ≤ 165 MeV
I Because poles are away from real µ̂
I It may exist below T = 135 MeV
I Conformal Padé approach can be more quantitative [Basar, 2112.06952]
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What can we learn from χ2−8? – Black hole engineering (1/2)

1. Black hole solutions of Einstein-Maxwell-Dilaton equations

S =
1

2κ5

∫
M5

d5x
√
−g

[
R − (∂φ)2

2
−V (φ)︸ ︷︷ ︸

slat

−
F2
µν

4
f (φ)︸︷︷︸
χlat

2

]
I Determine V (φ) and f (φ) by fitting slat(T , µ = 0) and χlat

2 (T , µ = 0)
I Introduce dilaton φ for non-conformal systems

2. Calculate the phase diagram for a particular V (φ) and f (φ)3

that the form for f(�) is similar to the one proposed in
Ref. [39].

Bayesian setup and results. To systematically investigate
how results and uncertainties from lattice QCD drive pre-
dictions in the above holographic model, we constrain the
corresponding parameter space using Bayesian inference.
We will use the di↵erent functional forms for V (�) and
f(�) described in the previous section to gauge possible
biases from the chosen functional forms and flat priors,
and to test whether the features of the lattice QCD re-
sults can predict a unique location for the QCD critical
point.

We sample parameter sets from the posterior distri-
bution using Di↵erential Evolution Markov Chain Monte
Carlo (DE-MCMC). Prior knowledge is represented as
flat prior distributions over model parameters. Because
lattice results at di↵erent temperatures are correlated,
as a result of procedures such as the continuum extrap-
olation, an extra parameter is introduced to quantify
correlations between neighboring points. Details on the
Bayesian setup and prior ranges for each parameter are
shown in the Supplemental Material.

To locate the critical point, we plot lines of constant �0

while increasing �1, where �0 and �1 are, respectively,
the values of the dilaton and U(1) electric fields at the
event horizon of a black hole solution, corresponding to
the two initial conditions needed to numerically solve the
bulk field equations. These lines start o↵ parallel at µB =
0, but as we increase µB their behavior changes, leading
to a crossing at the CP and to a three-solution region
beyond it. We show this behavior in Fig. 1, where the
CP is indicated by a star. We construct a CP-locating
algorithm to automatically find the intersection between
these lines, and use it to locate the critical point for each
prior and posterior curve for V (�) and f(�).

The partially gray lines in the leftmost and middle pan-
els of Fig. 2 display the prior equations of state (entropy
density and second order baryon susceptibility �B

2 ), re-
sulting from the functions f(�) and V (�) utilized to start
the DE-MCMC algorithm. The rightmost panels show
the spatial distribution of critical points in the (T, µB)
plane corresponding to these samples of the priors. The
top and bottom panels correspond to the PHA and PA
models, respectively. It is evident that priors for the PA
version of the EMD model cover a wider range for the
equation of state, especially for �B

2 . While ⇠ 20% of
the prior sample does not produce a critical point at all
for the PA model,1 critical points found in this sample

1
About 30% � 50% of the prior sample for the PA model lacks

a critical point, but some of it is penalized in our analysis, for

missing points — i.e., not covering all the temperatures in the

lattice results due to computational or model limitations — or for

having a phase transition at µB = 0. If penalized realizations are

0 200 400 600 800 1000 1200

µB (MeV)

50

100

150

200

T
(M

eV
)

FIG. 1. Example of critical point location by finding the point
in the (T, µB) phase diagram where the lines of constant �0

at increasing �1 cross for the first time.

are scattered over a very wide region in the phase dia-
gram. On the other hand, the prior for the PHA version
of the model comparatively produces critical points that
are concentrated mainly in one region of the phase dia-
gram.

The DE-MCMC algorithm mentioned above allows us
to constrain the model parameters in Eqs. (2)-(5) to re-
produce the lattice QCD results for entropy density and
second-order baryon number susceptibility, thus yielding
samples of the posterior distributions for these functions.
Posterior samples for the zero-doping equation of state
are shown as blue lines in Fig. 2, together with the lat-
tice QCD results from Refs. [25, 26] (red points). Even
though, like the prior ones, these samples are shown indi-
vidually as partially transparent lines, they concentrate
in a clear-cut thin blue band, which roughly spans the
entire region allowed by the lattice error bars.

Figure 3 shows the predicted distributions for the crit-
ical point location from our Bayesian analysis for the
PHA (red) and PA (blue) Ansätze, together with the
corresponding 68% and 95% confidence levels. Di↵er-
ently from what was found for the prior samples, each
critical point predicted within the posterior samples is
located within a narrow region in T and µB . Moreover,
the regions for the PA and PHA Ansätze agree with each
other, with overlapping 68% confidence regions. This in-
dicates that it is the lattice QCD results at zero baryon
density that provide the main influence on the location
of the critical point in the holographic model, regardless
of the functional forms of the model potentials.

Also shown in Fig. 3 is the extrapolation of the lattice
QCD crossover line from Ref. [40], based on the peak of

removed, the proportion of the sample without a critical point is

reduced to ⇠ 20%.

[Hippert et al, 2309.00579]
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What can we learn from χ2−8? – Black hole engineering (2/2)

3. Systematics with Bayesian inference

P(V , f |s, χ2)︸ ︷︷ ︸
posteriori

P(s, χ2) = P(s, χ2|V , f )︸ ︷︷ ︸
likelihood

P(V , f )︸ ︷︷ ︸
prior

5

0 200 400 600
µBc (MeV)

0

50

100
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T
c

(M
eV

)

550 600
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105

110

PHA

PA

crossover lattice

FIG. 3. Predictions for the location of the critical point on
the (T, µB)-plane, based on the posterior distributions for the
PHA model (red area) and the PA model (blue area). Also
shown is the extrapolation of the lattice QCD transition line
from Ref. [40] (green band), based on the peak of the chiral
susceptibility. Lines around confidence regions for the critical
point location represent 68% and 95% confidence levels.

3.75 4.00 4.25 4.50 4.75 5.00p
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FIG. 4. Collision energy dependence of the baryon chemi-
cal potential for the critical point from the PA model (Blue,
dashed lines) and the PHA model (red, dash-dotted lines).
The predicted range for the center of mass energy is

p
s =

4.4 ± 0.4 GeV for the PHA model and
p

s = 4.6+0.2
�0.1 GeV for

the PA one. The parametrization for µB(
p

s) is taken from
Ref. [43]. Lines represent 68% and 95% confidence levels.

been performed within the Holographic EMD model.
Di↵erent functional forms for the dilaton field potential
and its coupling to the Maxwell field have been tested
and constrained to reproduce the lattice QCD results
for the entropy density and second-order baryon number
susceptibility at µB = 0. While the prior distributions
for all functional forms yield critical points that cover

wide regions of the phase diagram, or no critical point at
all, all posterior predictions for the critical point location
collapse around (Tc, µBc)PHA = (104 ± 3, 589+36

�26) MeV
and (Tc, µBc)PA = (107 ± 1, 571 ± 11) MeV. The two
regions agree within 1 standard deviation, showing the
ability of the lattice results at zero baryon density to
strongly constrain the critical point location within the
holographic model. We predict that the collision energy
needed to discover the critical point lies in the range:p

s = 4.0 � 4.8 GeV , which is covered by the STAR
Fixed Target program and could be explored at FAIR.
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I PHA and PA: parametrizations of V (φ) and f (φ) with ∼ 10 parameters
I No critical point in 20% of prior samples
I Predicts a critical point at (Tc, µc) ∼ (105 MeV, 580 MeV)
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Critical point search in heavy-ion collisions

Obstacles
I System size is finite ←
I System lifetime is finite
I System is non-equilibrium

Goal of this section
I Basics of the QCD critical point
I Why baryon number fluctuations?
I Why higher order fluctuations?
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Phase transition in the mean field approximation

1. Double-well potential

f (φ) = 1
2

aφ2 +
1
4

bφ4 − hφ, b > 0

2. Phase diagram and symmetry breaking

Lesson: identify the symmetry (Z2) and find the order parameter (φ)
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QCD phase transition in the mean field approximation

1. Symmetry for massless quarks: SU(Nf )L ⊗ SU(Nf )R

2. Order parameter: Nf ×Nf matrix Σ → construct f (Σ)
3. Columbia plot: Order of phase transition at finite T and µ = 0

[de Forcrand and D’Elia (2017)]
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QCD critical point in the mean field approximation

1. Columbia plot indicates its existence

2. Z2 universality class: same with Ising model and liquid-gas transition

We can use the critical exponents of Ising model for static observables
19 / 37



Mapping Ising model on QCD phase diagram

Mapping

[Pradeep-Sogabe-Stephanov-Yee (24)]
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Isentropic trajectories on QCD phase diagram (1/2)

Non-monotonicity of s/n on Th=0(µ)

[Pradeep-Sogabe-Stephanov-Yee (24)]
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Isentropic trajectories on QCD phase diagram (2/2)

Simple geometric picture on (s,n) plane

Generalization of Fig.1 of [Akamatsu-Teaney-Yan-Yin (19)]
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Critical fluctuations of QCD critical point

1. Ising model: r = a − ac

∂

∂h
↔ φ︸ ︷︷ ︸

critical

,
∂

∂r
↔ φ2︸ ︷︷ ︸

less singular

2. QCD critical point: ϕ ≡ 〈q̄q〉 − 〈q̄q〉c
∂

∂ĥ
↔ ϕ,

∂

∂r̂
↔ ϕ2

3. QCD thermodynamics

∂

∂ĥ
= c1

∂

∂β
+ c2

∂

∂(βµ)
↔ c1 (e − ec)︸ ︷︷ ︸

∆e

+c2 (n − nc)︸ ︷︷ ︸
∆n

↔ ϕ,

∂

∂r̂
= c3

∂

∂β
+ c4

∂

∂(βµ)
↔ c3(e − ec) + c4(n − nc)↔ ϕ2

Almost any linear combinations of ∆e and ∆n are critical
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Correlation length

1. Mean field approximation around ground state φ− 〈φ〉 = δφ→ φ

f (φ) = 1
2

m2φ2 +
1
3

b3φ
3 +

1
4

b4φ
4

2. Naive extension to field theory

F [φ] =

∫
x

f (φ(x)) =
∫

x

1
2

m2φ2 +
1
3

b3φ
3 +

1
4

b4φ
4︸ ︷︷ ︸

each point is independent !

3. Smooth configuration costs less energy

F [φ] =

∫
x

1
2
(∇φ)2 +

1
2

m2φ2︸ ︷︷ ︸
ξ = 1/m

+
1
3

b3φ
3 +

1
4

b4φ
4

For ∆x > ξ, we can neglect the kinetic term
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Non-Gaussian fluctuations (1/2)

1. Renormalization group

ξ ξ

RG

2. Roughly, free energy with ∆x ∼ ξ is at the fixed point

F [φ] ' ξ3
∑

i

[
1
2

m2φ2
i +

1
3

b3φ
3
i +

1
4

b4φ
4
i

]
∼ T ,

φi ∼
√

T/ξ, b3 ∼ b̄3/T1/2ξ3/2, b4 ∼ b̄4/Tξ
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Non-Gaussian fluctuations (2/2)

3. Cumulants near the critical point

Vκ2 =
1
V

∫
x,y
〈φ(x)φ(y)〉c ∼

ξ6

V
∑

i
〈φ2

i 〉c ∼
ξ6

V
V
ξ3

T
ξ
∼ Tξ2,

V n−1κn =
1
V

∫
x1,··· ,xn

〈φ(x1) · · ·φ(xn)〉c ∼
ξ3n

V
∑

i
〈φn

i 〉c

∼ ξ3n

V
V
ξ3

(
T
ξ

)n/2
∼ Tn/2ξ5n/2−3

4. Formula [Stephanov (06)]

∴ κn ∼
Tn/2ξn(5−η)/2−3

V n−1 , η ≈ 0.04

Higher-order cumulants are sensitive to ξ but suppressed by 1/V
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Critical point search in heavy-ion collisions

Obstacles
I System size is finite
I System lifetime is finite ←
I System is non-equilibrium ←

Goal of this section
I Dynamics of the QCD critical point
I What is Kibble-Zurek scaling?
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Hydrodynamic description

Long-time and long wavelength phenomena
I Conserved densities → change only through surface
I Nambu-Goldstone modes → massless boson
I Critical amplitudes near the critical point → large correlation length
I Gauge fields → unscreened magnetic field

Modes with limk→0 ω(k) = 0 are relevant
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Soft modes near the QCD critical point

1. Recall that almost any linear combinations of ∆e and ∆n are critical

∂

∂ĥ
= c1

∂

∂β
+ c2

∂

∂(βµ)
↔ c1 (e − ec)︸ ︷︷ ︸

∆e

+c2 (n − nc)︸ ︷︷ ︸
∆n

↔ ϕ

2. QCD critical point is Z2 symmetry breaking → no NG modes
3. Color magnetic screening at long distance
4. Mixed with momentum density g → Hydrodynamics → Model H

Candidate: Hydrodynamics with ∆e,∆n, g

Keep relevant modes: Model H with ŝ = ∆(s/n), gT
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Conductivity σ ∝ ξ, intuitively [Hohenberg-Halperin (77)]

1. A lump of ŝ with linear dimension L in an electric field E

2. Electric current j ∼ ŝv in the equilibrium

j ∼ ŝv =
ŝ2

η
L2︸ ︷︷ ︸

∼ σ

E , ŝ2 ∼ L−3 1
L−2 + ξ−2︸ ︷︷ ︸

d3k/(k2 + ξ−2)

, σ ∼ 1
ηL

1
L−2 + ξ−2 .

ξ

η

Conductivity scales with σ ∝ ξ
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Dynamical critical exponent z ' 3

1. We can think of electric field generated by chemical potential slope

∂t ŝ = −∇ · j = −σ∇ · E = σ∇ · ∇µ︸︷︷︸
= −E

=
σ

χ︸︷︷︸
= D

∇2ŝ

2. Diffusion constant scales with

D =
σ

χ
∼ ξ

ξ2 =
1
ξ

3. Time scale of diffusion for wavelength ξ

1
t
∼ D∇2 ∼ 1

ξ
· 1
ξ2 ∼

1
ξ3 , t ∼ ξ3(=: ξz) ∴ z ' 3

Relaxation time diverges ∝ ξz (critical slowing down)
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QCD critical point in an expanding system

Trajectory on the Ising phase diagram

r(t) = t/τQ, h(t) = 0, ξ(t) ∼ `o|r(t)|−ν (ν ≈ 0.5)
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Kibble-Zurek scaling (1/2) [Chandran-Erez-Gubser-Sondhi (12)]

1. Longest wavelength `Q equilibrated at t ∼ τQ

τQ = τo

(
`Q
`o

)2

︸ ︷︷ ︸
expansion time = relaxation time

→ `Q = `o

(
τQ
τo

) 1
2

2. Effective time scales near the critical point

Power-laws of r(t) → ṙ(t)
r(t)

=
1
t

3. Scales when the critical mode ξ starts to get out of equilibrium

t∗ = τo

(
ξ(t∗)
`o

)z
∼ τo

(
t∗
τQ

)−νz

︸ ︷︷ ︸
effective changing time = relaxation time

→ t∗ = τo

(
τQ
τo

) νz
1+νz

, `∗ = ξ(t∗)

τo � t∗ � τQ, `o � `∗ = `o

(
τQ
τo

) ν
1+νz
� `Q︸ ︷︷ ︸

∵ z ' 3 > 2
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Kibble-Zurek scaling (2/2) [Chandran-Erez-Gubser-Sondhi (12)]

4. In the slow passing limit τQ/to � 1, scaling with t∗ and `∗

〈φ(t1, x1)φ(t2, x2)〉 =
(

1
`∗

)2∆
G
(

t1
t∗
,
t2
t∗
,
x1 − x2

`∗

)
: KZ scaling

5. Mean field approx. of model B & H [Akamatsu-Teaney-Yan-Yin (19)]

N̄ŝŝ(t, k) = Nŝŝ(t, k)/Cp(t∗), Note: ŝ = n∆(s/n) in this paper
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ŝŝ
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Baryon number correlation enhances to (n/s)2Cp(t∗) for k ∼ 1/`∗
Baryon fluctuation ∝ Cp(t∗ 6= 0) is finite even in the luckiest case
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Main messages again

1. Location and existence of QCD critical point is still unclear

2. QCD critical point ∼ Ising model
I Why baryon number fluctuations? → how Ising h axis is embedded
I Why higher order cumulants? → basically from φ(x ∼ ξ) ∼

√
T/ξ

3. Non-equilibrium condition hinders critical fluctuation to equilibrate
I No divergence even when the system passes the critical point

〈φ(t1, x1)φ(t2, x2)〉KZ =

(
1
`∗

)2∆

︸ ︷︷ ︸
finite

G
(

t1

`z
∗
,

t2

`z
∗
,

x1 − x2

`∗

)

c.f. 〈φ(t1, x1)φ(t2, x2)〉eq =

(
1
ξ

)2∆

︸ ︷︷ ︸
singular at CP

F
(

t1 − t2

ξz ,
x1 − x2

ξ

)

I Need to be considered in experimental critical point search
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