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Set up

e We cons:cler asgmptotxca”g Hat space WIth a Doundarg cu‘cmcmC We

|ml:>ose some bounclarg COﬂCllthFlS For ﬁelds at thls

Su T"FBCC.

e We coml:)ute the Path integral as a function of these J'Dounclarg values.

bounclarg cu‘c—~o1c1C

We ask what information does the Path integral carrg?




Motivation

Flat SPace ,
Fix the value of field (¢,) at
boundarg (which can be either

AdS/CFT
P (2, %) ~ 2772 (x) + 2%, (%)
Fix the value of growing mode (Do)

A bounclarg . timelike or spacellke).

Path integral as a function of (¢

carries information about the bulk We ask what information does the

Pa’th integral as a function of ¢,

clgnamics.
Carrg?

Difterence: In AdS ¢, coul:)les to a boundarg operator of dimension A and

| the corrcsponclmg Patl’l mtegral has mclepenclent clescrlptlon 18 clual theorg
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generalisecl to other fields as well.

e Inthis wor|<, we focussed on scalar fields but our results can be

[Kim,Kraus, Monten, Myers °23]

e For most of the calculations, we consider the faoundary cut-oft surface

to be a union of two spacelike slices) one in the far Pas‘c (at time ~T) and

another in the far future (at time +71).
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e However, most of our results can be generalisecl to arl

Ditrar9 |

DOuU ncla rg

SUF]CBCC (WC COﬂSiCICY' ﬂU” ?Dounclarg as another example ancl F”IB‘(C SOMCE

l 2
comments about relation to CCFT).
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Results/Outline

We Provicle a Precise relationship between the flat space S-matrix and the
“Path integral as a functional of bounclarg values”.

This aPProach can be extended to de Sitter space.

S-matrix unitarity Provicles non-trivial constraint on this Patlﬁ integral.

We conjecture that the flat space wave functional and the S-matrix are
related bg analgtic continuation.

We analgsecl the analgtic structure of Gpgry IN position space both for

massive and massless Particles.

For massless Particles, Ghary exhibits features like bulk Point singularit9

(ancl it’s gencralisations) whose coeHicient encode the flat space S~matrix.

———— e b S e e S S L A Cmaiictaan s - BT T e P T T o T P ity e TP A ey ™A™t - —rCE— S ——. I W



S-matrix as boundarg observable

S{p;}. {g;}) = HJ d*lx; £ = mH| | J d™*ly; £,0)(07 = m*)G({x;,y;})
L],

M

=1 C ] 1
- Satisfies free EOM i.e. ];(x) — oPX

dﬂ-l % 95 o d+ X) —DlXx
J dHr( C}( n”l)(qjé( s Lﬁcfi})ﬁi : %( L’(fqgf (MJ)@ A %))G({xi’ i)
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Path lntegral

We can relate S-matrix (Euclidean version) to the bulk Euclidean Path~

integral with speciﬁed fjounc:larg conditions on a boundarg surface B.

Zpol = J [Dgle "
b =bo
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Using Hamilton-Jacob

Godry =




Analgtic Continuation

Fuclidean Dirichlet Problem

PﬂD

8
DICIT]

| orentzian Dirichlet
but with a twist

e Take the large T limit first and then analgtica”g continue to Lorentizian

SPBCC.

S(ipit g = JHddxi];i(xi)Hddequ(y]‘) Gdery({xi}, i)
= 71

e We conclude that the Dirichlet Patl’] integral serves as a generating

functional for S-matrices.
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Other Contributions

e The Path integral Z| ]| carries much more information thanjus’t the S-matrix.

- . : 1 .
® It contamns mformatlon about the vacuum wave~1cunc:tlonal.
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Etxample (Flat space)

. »

COHSICICF scalar ‘EC!Cl theorg on d SlaD Dounclarg

G
o e
g hel

E’)ounclarg Conditions:
B g s Jddkﬁkei“

px) = ¢p~(T,x) = [ddkﬁ—ke_”;z
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S [Hddk

s 5d 2=k a0 14
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T coml:)ute S-matrix:

l. Compute Gy

fgg taldng derivatives w.r.t. source.

z. Multiplg with free mode functions f i and integrate.
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Wave-function & S-matrix

e We found that at tree level, the wave function contains a Pole In 2 ;.

l//({ﬁ_k}) ~ (“ JHddki z;lla)l o7 ( Z 751) Hﬁ_ki)

Coetficient of singularity gi\/es S-matrix.

Wavefunction = S-matrix -7

|P. Benincasa ’18,...]




De Sitter S-matrix

[Melville Pimentel *23]

| SZ formula for Bunch-Davies S-matrix
ds EOM

n 0 d
o = lHJ' _ﬂb f Tk )iE (ky, 7719)]

bt b

/

n' 0
}7 ; = / £ 2 / / / /
H j b/ f (kb'rlb')lg(k £ r]b’) Gn—m’(k’ ", k o )
p=19—c0 ~ b

Hankel functions

Using manipulations similar to flat space, we see that the above S-matrix can

be related to the Path integral as a functional of f:)ounclarg values in ds.
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Sk, &) = (-] | (Jddx,-e"’?f?f (kn)> 11 (Jddyjeiz’-ﬁﬂk'n)) Grary (%> )

y=—0 = In=—00

n=—co

The on-shell action in de Sitter contains both S-matrix & wavefunction.
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s there a relation between dS S-matrix

and the wavefunction?
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ds on-shell action (both in Poincare Patch and glo

function like and S-matrix like Pieces.

bal) also contains both wave
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Unitaritg

STS = [

o

20,8* B | 2418, IZIB, B = exp J

. 1

T T8

ddp

(2m)




Ghae, - massless Particles

- Ay A3 -
' - d+1 - s
Gy = 2| 5] [ Gantrn
=1 y
Near Singularity
e T “"T
Gyp(x;,y) = 2n. VG(x,y)) ¥ .
X—X; X1 Xr
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by massless Particles

G(x,y) = [dd“yH 1 e
i=1 ((xl- — V)% — ie) ;

G(x,y) has Po|e~t9Pc singularities whenever (x. — y)* = 0.

Pinch ot
te—y) =0 for 1> 3 Zwi(xi—y)=0 4 w; > 0
i=1

We show that residue at this singularitg carries information about S-matrix.

[J. Maldacena, D. Simmons-DuHin and A. Zhiboedov *17]
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Singularitg

The equation for Pinc]’vog for Gpgry CaN be Phrasecl in terms of the

distance matrix.

2
o 2
Ny= 05— 52 = (4= ) - 5= )
Assuming there exists a bulk Point ys.t (x; —y)* =0
Nij = z(xi _y) - (x] _y)

Sineularity appears when
Pinch-ott/ Momentum conservation: 5 w i

N;; has a zero eigenvalue

m
Z oN;; =0 with a Positi\/e eigenvector.
i=1
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Co-dimension of Singularitg

QI: Given a generic set of 1X: how many “tunings” will one need to

Perﬁorm in order to obtain a singular Chdey

e Intersection of light cones.

e Momentum conservation.
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Q2: Given a set of bounclarg points 1x;; such that Ghpry 15 5ingu|ar for those

, . . A : ,
insertions, does Gpgry receive contributions from one S-matrix or many’

Again clepends on number of insertions and dimension of sPacetime.

e Whenm <D + } on|9 one S-matrix.

. . : .
e Whenm > D + 1, Gpgry receives contributions fromm — D, S-matrices.

Same as co-dimension of singularitg.




by massless Par‘cicies

We find that for massless Par‘cicles) Gpgry(X) (at tree leveDis an anaigtic

function in the space of bounciaru insertions with Pole tﬂPC singularities.

These singularities exist on a co-dimension greater than or equal to one

(e > 1) ip the space of iDounc:larg insertions.

The location of these singularities can be characterised in terms of zero

eigenvalues of the bounciaru distance matrix: N;; = (x; — xj)z.

The residue at these singuiarities contain the information about flat

space S_matrix




Two ways to extract S-matrix From Ot
I Multip|9 with mode functions and integrate (essc—:ntia”y Fourier transform). |

2. The coetficient of singularitg of Ghpry 15 the S- matrix.
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Relation to Celestial CFT

e Asa special case, we can work with Minkowski space’cime with null

cutott (bounclarg) surface.

e We found that Gpgry 1S @n analgtic function with some Pol&-’cgpe

singularities and again the coetHicient of these singularitics give S5

matrix.

e Inthe case of four Point correlator, the location of the singularitg In

Ghry 15 the same as the location of delta function in CCFT correlator.
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Gpgry : massive Partlcles

We coml:)utecl fjounclarg correlates in Position space at tree level for massive

scalar fields using saddle Point aPProximation (treatingT as the |arge

Parameter) :
X3 X,
d+1 3 4
Ghary = Jd - y/IH Gop(X; V) 1
Gyp(x;,y) = 2n. VG(x,y)) (2, y)
—im(x—y)* - — -T
G(X,y) — C o xl .sz
(x —vlcj 2
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Gpgry : massive Partscles

Z M (x =y g
Cdi(x;,y)

This equation gi\/es momentum conservation at the bulk Point Y-

0uUt

=

din

l

dery = H ( ) : - ,T_ ! e 28 H (out) S ( mi(xd.ln_ y) ’ - (xd.om
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Gpgry : massive Partlcles

Two ways to extract S-matrix from (ohiieo

1. Multiply with mode functions and integrate (essentla” Fourier transform)
o] 5 >,

i S’mP oft extra factors from Ghry and obtain the S-matrix.

Holographic Renormalization is non-local!!




Results/Outline

S-matrix can be thought O]C as a bounclarg observable and can be

!

coml:)utecl using “Path integral as a functional of boundarg values” (can be

cxteﬂclecl to clc

Sitter) .

S-matrix uqitarfty Provicles non-trivial constraint on this Path integral.

We argue thatt

he flat space wave functional and the S-matrix are related

bg analgtic continuation.

We also analgse properties of Ggry IN position space both for massive and

massless Particles.

For massless Particlesj Ghary exhibits features like bulk point singularitg

whose coeHicient encode the flat space S matrix
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Food for Thought!!

s there a way to define 1L.SZ for “Global S-matrix”?

Can the relationshil:) between wave-function & S-matrix be understood

as crossing?

Transition amplitudes (“Glofaal S-matrix”) must be unitarg.

Can de Sitter cutting rules be derived

?33 considering unitaritg in the

Global Patch and relating it to wave function?

Can we define de Sitter S-matrix faegond tree level?
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