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Heavy quarkonia in heavy ion collisions I 2/21

⌅ bulk of matter created in HICs is expected to quickly reach some intermediate equilibrium
) “strongly coupled QGP”

⌅ But wait... what about heavy quarkonia?
⌅ M � T , only produced in early hard collisions
⌅ remain as bound states / melt into constituents

⌅ travel through QGP, thermalize to some extent via diffusion

⌅ form DD̄ or BB̄ meson pairs, decay into dileptons
) probes for transport properties of QGP

J/ ⌥

cc̄ bb̄

3.1GeV 9.5GeV

cf. T ⇠ O(100) MeV

[Figure: S. Bass, mod. by O. Kaczmarek]

[SA.Bass]

Release constituents equilibrate via diffusion process 
how fast do heavy quarks equilibrate? 

• Perturbative estimates:  

• Experimental estimates (RHIC): 
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⌧kin,charm ⇠ 6 fm/c � ⌧kin,light ⇠ 1 fm/c

<latexit sha1_base64="RFbc/cs99n+WV7A9C4BWyTfLE/s=">AAACH3icbVBNSwMxEM3Wr1q/Vj16CRbBg5Rdleqx6MVjBfsB3VKyadqGJtklmRXL0n/ixb/ixYMi4q3/xmzbg7Y+GHi8N8PMvDAW3IDnTZzcyura+kZ+s7C1vbO75+4f1E2UaMpqNBKRbobEMMEVqwEHwZqxZkSGgjXC4W3mNx6ZNjxSDzCKWVuSvuI9TglYqeOWAyBJJ5AEBlqmQ67O6IBoOQ5IHOvoCS/ZgvcHMO64Ra/kTYGXiT8nRTRHteN+B92IJpIpoIIY0/K9GNop0cCpYONCkBgWEzokfdayVBHJTDud/jfGJ1bp4l6kbSnAU/X3REqkMSMZ2s7sUrPoZeJ/XiuB3nU75SpOgCk6W9RLBIYIZ2HhLteMghhZQqjm9lacxUMo2EgLNgR/8eVlUj8v+eXSxf1lsXIzjyOPjtAxOkU+ukIVdIeqqIYoekav6B19OC/Om/PpfM1ac8585hD9gTP5Ab5ppKg=</latexit>⌧kin,charm ⇡ ⌧kin,light

[G. Moore and D. Teaney, PRC.71.064904]

[STAR Collaboration, PRL,106 (2011) 159902]

Need non-perturbative ab-initio determination for equilibration time!

Heavy quark diffusion in HICs
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See Jing Wang’s talk for an experimental review 



aN⌧ = 1/T
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• Basic quantities in LQCD:
✴ lattice volume 
✴ lattice spacing 
✴ gauge field 
✴ quark field 
✴ quark mass

quark filed on  
the site:  ̄,  

注意γµ矩阵与Ω矩阵处于不同空间，所以我们可以直接将γµ矩阵两侧的费米子场写在一

起考虑。为了使导数项在规范变换下保持不变，我们引入链变量(link variable)Uµ(n)，

其规范变换为

Uµ(n) → U ′
µ(n) = Ω(n)Uµ(n)Ω

†(n+ µ̂). (2.1.25)

这样一来我们就发现可以构造如下费米子作用量

SF = a4
∑

n∈Λ

ψ̄(n)
( 4∑

µ=1

γµ
Uµ(n)ψ(n+ µ̂)− U−µ(n)ψ(n− µ̂)

2a
+mψ(n)

)
(2.1.26)

其在规范变换下保持不变。我们把这种做法得到的费米子叫做简易费米子(naive

fermion)。和连续情况下的Wilson 线相对比，我们发现被引入的链变量和规范场有如下

关系

Uµ(n) = exp(iaAµ(n)). (2.1.27)

最后值得一提的是我们知道在将配分函数的求迹转换成路径积分时要求费米子场在

时间方向上遵守反周期性边界条件，空间方向上遵守周期性边界条件，而波色子场在所

有四个方向上都遵守周期性边界条件[29, 30]，即

Uµ(Nσ, n2, n3, n4) = Uµ(1, n2, n3, n4), Uµ(n1, Nσ, n3, n4) = Uµ(n1, 1, n3, n4)

Uµ(n1, n2, Nσ, n4) = Uµ(n1, n2, 1, n4), Uµ(n1, n2, n3, Nτ ) = Uµ(n1, n2, n3, 1)

ψµ(Nσ, n2, n3, n4) = ψµ(1, n2, n3, n4),ψµ(n1, Nσ, n3, n4) = ψµ(n1, 1, n3, n4)

ψµ(n1, n2, Nσ, n4) = ψµ(n1, n2, 1, n4),ψµ(n1, n2, n3, Nτ ) = −ψµ(n1, n2, n3, 1)

ψ̄µ(Nσ, n2, n3, n4) = ψ̄µ(1, n2, n3, n4), ψ̄µ(n1, Nσ, n3, n4) = ψ̄µ(n1, 1, n3, n4)

ψ̄µ(n1, n2, Nσ, n4) = ψ̄µ(n1, n2, 1, n4), ψ̄µ(n1, n2, n3, Nτ ) = −ψ̄µ(n1, n2, n3, 1).

(2.1.28)

2.2 纯纯纯胶胶胶子子子场场场

由于我们的研究需要在纯胶子场上计算流的两点关联函数，因此我们要考虑如何

先在格点上产生满足条件的链变量（规范场），然后再在规范场的不同格点上放上费

米子，最后计算关联函数。在第一步产生规范场时我们有几个输入参数：反规范耦

合β ≡ 6/g2(inverse gauge coupling)，这个参数决定了格点间距a （这部分我们会在后边

讨论）；时间、空间长度Nτ、Nσ。在这部分中我们略去关于Haar 测度（measure）的

知识不提。只需要记得在规范变换前后满足dUµ(n) = dU ′
µ(n)。在开始产生规范场之前

我们先了解以下物理量：

• 小方格（plaquette）

9

gauge filed as links:

SU(3) matrix

Dirac spinor (vector)

Discretization of space

Uμν

a → 0
Nσ → ∞

Discrete space Continuum space

LQCD is designed for non-perturbative physics: hadron structure, 
QCD vacuum, hadron spectrum, thermal physics, …

Introduction to Lattice QCD
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• Large quark mass limit in HQ effective field theory

• Mass dependent momentum diffusion coefficient
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J. Casalderrey-Solana and D. Teaney, PRD 74, 085012 

S. Caron-Huot et al., JHEP 0904 (2009) 053 

A. Bouttefeux, M. Laine, JHEP 12 (2020) 150
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@tpi = �⌘Dpi + ⇠i(t)

Heavy quark diffusion under HQEFT
• Langevin equations of heavy quark motion



• Gluoinc correlators: cheaper to measure on the lattice  
• Simple spectral function: absence of shape transport peak and resonances
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HQ momentum diffusion on the lattice
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A long history of lattice calculations, but all 
using multi-level:

•  Multi-level algorithm reduces noise in correlators 
•  But only applicable in quenched approximation
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[A. Francis, et al, PRD92 (2015)116003]
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[S. Caron-Huot, et al., JHEP 04 (2009) 053] 
[D. Banerjee, et al., P.R.D 85 (2012) 014510] 
[A. Francis, et al., PRD92 (2015)116003] 
[D. Banerjee, et al., JHEP 08 (2022) 128] 
[D. Banerjee, et al., Nucl.Phys.A.2023.122721] 
[N. Brambilla, et al., PRD107 (2023) 054508]

[M. Luscher and P. Weisz, JHEP 09 (2001) 010]

ML: independent updates in each sub-lattice

Previous studies using multi-level algorithm
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Action non-local in full QCD 
(connection between any two sites):

Action local in quenched QCD (sum of plaq.):
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n0

Breaking down of Multi-level algorithm in QCD
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Luscher & Weisz, JHEP1102(2011)051 
Narayanan & Neuberger, JHEP0603(2006)064
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Evolve fields according to diffusion equations:
dBµ(x, t)

dt
⇠ ��SG[Bµ(x, t)]

�Bµ(x, t)
⇠ D⌫G⌫µ(x, t)

• Smear gauge field + quark field simultaneously 
• Well-defined renormalization   
• Consistent quenched results from ML & GF

0.1 0.2 0.3 0.4 0.5

øT
1.5

2.0

2.5

3.0

3.5

GE

Gnorm

Multi-level method
Gradient flow method

[LA, AME, OK, LM, GDM, HTS, PRD 103 (2021) 1, 014511]

Gradient flow — the only way towards QCD
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Gnorm

T [MeV]
195
220
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293

352*

[LA, OK, RL, SM, PP, HTS, SS, PRL 130 (2023) 23, 231902]First QCD calculation of  !κE

•  HISQ 
• 195 MeV  352 MeV 
• Valence pion mass 320 MeV

Nf = 2 + 1,
≤ T ≤

Extension to QCD: EE correlators
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<latexit sha1_base64="Pnqi57eE1SX9uDz2pq8eB3rf9uc="></latexit>

⇢max ⌘ max(�IR,�UV)

⇢smax ⌘
q

�2
IR + �2

UV

⇢plaw ⌘

8
><

>:

�IR !  !IR,

a!b for !IR < ! < !UV,

�UV ! � !UV,

10°1 100 101 102

!/T
100

101

102

103 2ΩE

!T 2
model
maxNLO
maxLO
smaxNLO
smaxLO
plawNLO
plawLO

<latexit sha1_base64="zx7WW63qor/jmpOFkFmIHFhTIEM=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsz4diEU3bgRKvQFnaFk0kwbmmSGJCOUof6KGxeKuPVD3Pk3ZtpZaOuBwOGce7knJ4gZVdpxvq3C0vLK6lpxvbSxubW9Y+/utVSUSEyaOGKR7ARIEUYFaWqqGenEkiAeMNIORreZ334kUtFINPQ4Jj5HA0FDipE2Us8uN67dqzMPehzpoeTpPWlNenbFqTpTwEXi5qQCctR79pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9PwE3holD4MI2me0HCq/t5IEVdqzAMzmWVU814m/ud1Ex1e+ikVcaKJwLNDYcKgjmDWBOxTSbBmY0MQltRkhXiIJMLa9FUyJbjzX14kreOqe149eTit1G7yOopgHxyAI+CCC1ADd6AOmgCDMXgGr+DNerJerHfrYzZasPKdMvgD6/MHbSyUAg==</latexit>

T = 195 MeV

<latexit sha1_base64="pkHRYPndaCcNIjaUxk+Wk4wcJxE=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCwCrtR1EYI2mgXJS/IxnB3MpsMmd1ZZmaFsOwX2PgrNhaK2Frb+TdOHoUmHrhwOOde7r3HizhT2ra/rczS8srqWnY9t7G5tb2T391rKBFLQutEcCFbHijKWUjrmmlOW5GkEHicNr3h1dhvPlCpmAhrehTRTgD9kPmMgDZSN1905UDcJ2k3ublLL1xfAkncIUQRYFcEtA9pUq6l3XzBLtkT4EXizEgBzVDt5r/cniBxQENNOCjVduxIdxKQmhFO05wbKxoBGUKftg0NIaCqk0zeSXHRKD3sC2kq1Hii/p5IIFBqFHimMwA9UPPeWPzPa8faP+8kLIxiTUMyXeTHHGuBx9ngHpOUaD4yBIhk5lZMBmAi0SbBnAnBmX95kTTKJee0dHx7UqhczuLIogN0iI6Qg85QBV2jKqojgh7RM3pFb9aT9WK9Wx/T1ow1m9lHf2B9/gDvaZyr</latexit>

⇢IR =
!

2T

<latexit sha1_base64="4O9tbQFuGXEtp5crd2AcaPkxqtc=">AAACBXicbVC9TsMwGHT4LeUvwAhDRIXEVCUUAWMFC2ORSFupSSPHdVqrjm3ZDlIVdWHhVVgYQIiVd2DjbXDbDNBykqXT3ffp810sKFHadb+tpeWV1bX10kZ5c2t7Z9fe228qnkmEfcQpl+0YKkwJw74mmuK2kBimMcWteHgz8VsPWCrC2b0eCRymsM9IQhDURorso0AOeDcfR7nfHAdCcqG5E/AU92G3FtkVt+pO4SwSryAVUKAR2V9Bj6MsxUwjCpXqeK7QYQ6lJojicTnIFBYQDWEfdwxlMMUqzKcpxs6JUXpOwqV5TDtT9fdGDlOlRmlsJlOoB2rem4j/eZ1MJ1dhTpjINGZodijJqGOSTipxekRipOnIEIgkMX910ABKiLQprmxK8OYjL5LmWdW7qNbuziv166KOEjgEx+AUeOAS1MEtaAAfIPAInsEreLOerBfr3fqYjS5Zxc4B+APr8wf4IZje</latexit>

⇢UV / !3 ⎰
⎱

<latexit sha1_base64="rwdhNVWZ0lWJarwewXyqiZiHlAw="></latexit>

G(⌧, T ) =

Z
d!

⇡
K(!, ⌧, T )⇢(!, T )

Extension to QCD: spectra analysis

[LA, OK, RL, SM, PP, HTS, SS, PRL 130 (2023) 23, 231902]
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• Agree with AdS/CFT at   
• Close to the phenomenological extraction 

using the ALICE data  
• Agree with T-matrix estimate at moderate 

and high temperature 
• Agree with NLO perturbative estimate at 

high temperature 
• Lower than Bayesian&QPM estimate 
• Mild temperature dependence

∼ Tc
<latexit sha1_base64="1DtF8EWOtBXDrcJCkBYLPgpZpS8=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlaStgAWpAgbGIvUlNaFyXKe16iSW7SBVUWYWfoWFAYRY+QI2/ga3zQAtR7rS8Tn3yvcejzMqlWV9G7ml5ZXVtfx6YWNza3vH3N1rySgWmDRxxCLR8ZAkjIakqahipMMFQYHHSNsbXU/89gMRkkZhQ405cQM0CKlPMVJa6pmHZYdT2LiBl9DxBcJJVb/TxBkhztFp476S9syiVbKmgIvEzkgRZKj3zC+nH+E4IKHCDEnZtS2u3AQJRTEjacGJJeEIj9CAdDUNUUCkm0xPSeGxVvrQj4SuUMGp+nsiQYGU48DTnQFSQznvTcT/vG6s/As3oSGPFQnx7CM/ZlBFcJIL7FNBsGJjTRAWVO8K8RDpRJROr6BDsOdPXiStcsk+K1XuqsXaVRZHHhyAI3ACbHAOauAW1EETYPAInsEreDOejBfj3fiYteaMbGYf/IHx+QNH/Zln</latexit>

2⇡TD =
4⇡

/T 3

Infinite heavy quark diffusion coefficient

[LA, OK, RL, SM, PP, HTS, SS, PRL 130 (2023) 23, 231902]
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D. Guazzini, et al., JHEP 10 (2007) 081

Physical charm & bottom quark not infinitely heavy!

A. Bouttefeux, M. Laine, JHEP 12 (2020) 150

⌧

�

<latexit sha1_base64="oWfQYtnhzOcuJG34o864b/XRqHk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoPgKcyoqMcQLx4jmAWSEHp6apImPQvdNWIcBn/FiwdFvPof3vwbO8tBEx8UPN6r6up6biyFRtv+tnJLyyura/n1wsbm1vZOcXevoaNEcajzSEaq5TINUoRQR4ESWrECFrgSmu7weuw370FpEYV3OIqhG7B+KHzBGRqpVzzoIDzg5J1UgZel1Z7IesWSXbYnoIvEmZESmaHWK351vIgnAYTIJdO67dgxdlOmUHAJWaGTaIgZH7I+tA0NWQC6m062ZvTYKB71I2UqRDpRf0+kLNB6FLimM2A40PPeWPzPayfoX3VTEcYJQsini/xEUozoOArqCQUc5cgQxpUwf6V8wBTjaAIrmBCc+ZMXSeO07FyUz27PS5XqLI48OSRH5IQ45JJUyA2pkTrh5JE8k1fyZj1ZL9a79TFtzVmzmX3yB9bnD4xmlfA=</latexit>

Bi
<latexit sha1_base64="oWfQYtnhzOcuJG34o864b/XRqHk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoPgKcyoqMcQLx4jmAWSEHp6apImPQvdNWIcBn/FiwdFvPof3vwbO8tBEx8UPN6r6up6biyFRtv+tnJLyyura/n1wsbm1vZOcXevoaNEcajzSEaq5TINUoRQR4ESWrECFrgSmu7weuw370FpEYV3OIqhG7B+KHzBGRqpVzzoIDzg5J1UgZel1Z7IesWSXbYnoIvEmZESmaHWK351vIgnAYTIJdO67dgxdlOmUHAJWaGTaIgZH7I+tA0NWQC6m062ZvTYKB71I2UqRDpRf0+kLNB6FLimM2A40PPeWPzPayfoX3VTEcYJQsini/xEUozoOArqCQUc5cgQxpUwf6V8wBTjaAIrmBCc+ZMXSeO07FyUz27PS5XqLI48OSRH5IQ45JJUyA2pkTrh5JE8k1fyZj1ZL9a79TFtzVmzmX3yB9bnD4xmlfA=</latexit>

Bi

Color-magnetic field correlation function

<latexit sha1_base64="6JNEy2+tYnqAslYxnIODCMhisrI="></latexit>

Mc : ⇠ 1.3 GeV

Mb : ⇠ 4.5 GeV

E : MQ ! 1

<latexit sha1_base64="U8Pj/4gH9thYJ69gu2N7x1DSRYg="></latexit>

 = E +
2

3
hv2iB

Infinite heavy limit Finite mass correction

<latexit sha1_base64="6zSMtC5pf2epsUKQumkAtWIEWLc="></latexit>

hF(t0)F(t)i = q2
n
hEi(t

0)Ej(t)i+
1

3
hv2ih�ijBk(t

0)Bk(t)�Bj(t
0)Bi(t)i

o

Finite mass correction

<latexit sha1_base64="QM1UP0ehuWtQJItKh7Aj2o/LHlk="></latexit>

Ds =
2T 2


=) Ds =

2T 2


· hp2i
3MT

<latexit sha1_base64="062IIlShoZf8Tb1lzony+vIk0Xw="></latexit>

2/3 · hv2icharm : 18% ⇠ 30%

2/3 · hv2ibottom : 7% ⇠ 13%
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breaks down of linear 
 extrapolationτF → 0

Intractabilities in B-field correlators

<latexit sha1_base64="6CdAYCgJmtdAOkgIODpDHy+frF4="></latexit>

Gphys.
B = ZmatchG
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Renormalization issue solved by a matching factor:

[LA, DC, OK, GDM, HTS, PRD 109 (2024) 11, 114505]

A. Bouttefeux and M. Laine, JHEP 12 (2020) 150 

M. Laine, JHEP 06(2021)139

• Anomalous dimension in B-field 
• Log divergence in flow time
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• HQ mass dependence of HQ diffusion: mild  
• Universal change pattern with quark mass 
• Weak quark mass dependence in LQCD & 

T-matrix 
• Weaker than quasi-particle model (QPM) 

calculations

Charm and Bottom quark diffusion
First QCD determination of charm&bottom quark diffusion!

[LA, DC, OK, RL, GDM, SM, PP, HTS, SS, PRL 132 (2024) 5, 051902]



Equilibration time of charm&bottom quark
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• Lattice provides short equilibration time for 
charm&bottom quark  

• Rapid equilibrium <—> QGP is near perfect 
fluid  

• Lattice determination of  favors the 
experimental estimate (~1 fm/c for all)

τcharm
kin

0

1

2

3

4

5

6

190 210 230 250 270 290 310 330 350

T [MeV]

⌧kin[fm/c] charm
bottom

<latexit sha1_base64="YSheER0yN1TJo5caq31LDvbx3Pw="></latexit>

⌧kin =
1

⌘D
=

1

/T 3

⇣Tc

T

⌘2⇣ M

1.5 GeV

⌘3 GeV

T 2
c

[LA, DC, OK, RL, GDM, SM, PP, HTS, SS, PRL 132 (2024) 5, 051902]
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• Physical pion mass  
• Wide temperature range 
• Consistent observation as previous studies 
• Almost invisible light quark mass dependence

[JDG, SM, PP, HTS, JHW, work in progress]

HQ diffusion at the physical point 

prel
im

inary

<latexit sha1_base64="KT4FWNmbmpDPMTW5MTdELfFIYGA="></latexit>

m⇡ ⇠ 320MeV �! m⇡ ⇠ 160MeV

<latexit sha1_base64="KT4FWNmbmpDPMTW5MTdELfFIYGA="></latexit>

m⇡ ⇠ 320MeV �! m⇡ ⇠ 160MeV

<latexit sha1_base64="6xqtqGLKgacUlQlBfHH/JQs6t2o="></latexit>

195 MeV  T  352 MeV �! 163 MeV  T  500 MeV

<latexit sha1_base64="iYm20jFOYNxOP30LvsOSDB1IHY8=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwVRLR1mXRjRuhQl/QhDKZ3rRDJw9nJkIJ/Q03/oobF4q41JV/46TNQlsPDHM4517uvceLOZPKsr6Nwsrq2vpGcbO0tb2zu2fuH7RllAgKLRrxSHQ9IoGzEFqKKQ7dWAAJPA4db3yd+Z0HEJJFYVNNYnADMgyZzyhRWuqbll07d7ATEDUSQXoL7Sl2ONzj5vy7sKwFt2+WrYo1A14mdk7KKEejb346g4gmAYSKciJlz7Zi5aZEKEY5TEtOIiEmdEyG0NM0JAFIN51dNsUnWhlgPxL6hQrP1N8dKQmknASersyWlIteJv7n9RLlX7opC+NEQUjng/yEYxXhLCY8YAKo4hNNCBVM74rpiAhClQ6zpEOwF09eJu2zil2tVO/Oy/WrPI4iOkLH6BTZqIbq6AY1UAtR9Iie0St6M56MF+Pd+JiXFoy85xD9gfH1A2mwnrk=</latexit>

174 MeV  T  500 MeV

<latexit sha1_base64="CFh7ybS4XHNQMFGXFk2YEhVspys="></latexit>

Increasing stat. for T = 153 MeV, 164 MeV
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A. Francis, et al., PRD92, 116003 

B. L. Altenkort, et al., PRD103,014511 

D. Banerjee, et al., Nucl.Phys.A.2023.122721 

D. Banerjee, et al., JHEP 08 (2022) 128 

N. Brambilla, et al., PRD107, 054508

• Similar magnitude for  and  in full QCD & quenched 
• Smooth connection between quenched and full QCD in temperature 
• Lattice results confirms the form suggested by pert. computations

κE κB

Quenched results from:

1.000.50 2.00 4.00

g2(µ = 2ºT )

10°1

100

101
∑E/T 3, Nf = 0
∑B/T 3, Nf = 0
∑E/T 3, Nf = 2 + 1
∑B/T 3, Nf = 2 + 1

Fit to
∑E,B/T 3 / g4

∑E,B/T 3 / g2
==>  S. Caron-Huot and G. D. Moore, PRL. 100, 052301 (2008)

[LA, DC, OK, GDM, HTS, PRD 109 (2024) 11, 114505]

 v.s. κE κB
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• Heavy quark diffusion coefficient is an important 
parameter in understanding the HICs 

• Nonperturbative determination of HQ diffusion is 
a non-trivial task 

• Remarkable progress has been achieved 
thanks to the gradient flow method 

• Fast equilibration of charm&bottom quark has 
been found 

• HQ diffusion calculation is being extended to 
the physical point 

• Lattice calculation of HQ diffusion is switching 
to a precision study phase

Summary



Phenomenological diffusion 
picture of classical particle

<latexit sha1_base64="+W/Hq8yrf+CvQ31ybR4Arlq2JVA=">AAACFXicbZDLSsNAFIYn9V5vVZduBotQQUoi3jaCl41LBdsKTSiT6Uk7dDKJMxOxhLyEG1/FjQtF3ArufBsnsQut/jDw851zmHN+P+ZMadv+tEoTk1PTM7Nz5fmFxaXlyspqU0WJpNCgEY/ktU8UcCagoZnmcB1LIKHPoeUPzvJ66xakYpG40sMYvJD0BAsYJdqgTmXb5UT0OOCTmhsS3feD9C7bcmUBO2nBZJjCTZYd2Z1K1a7bhfBf44xMFY100al8uN2IJiEITTlRqu3YsfZSIjWjHLKymyiICR2QHrSNFSQE5aXFVRneNKSLg0iaJzQu6M+JlIRKDUPfdOZbqvFaDv+rtRMdHHopE3GiQdDvj4KEYx3hPCLcZRKo5kNjCJXM7Ippn0hCtQmybEJwxk/+a5o7dWe/vne5Wz0+HcUxi9bRBqohBx2gY3SOLlADUXSPHtEzerEerCfr1Xr7bi1Zo5k19EvW+xclcZ94</latexit>

hA(x)ieq = 0
<latexit sha1_base64="MfiPSS80uMR4WfC+TQBYjcfclZY=">AAACOXicfVDLSgMxFM34rPVVdekmWAQFKTPiayP4WrisYFXo1HInzdTQTGZI7ohl6G+58S/cCW5cKOLWHzBTu/CFBwKHc84l954gkcKg6z44Q8Mjo2PjhYni5NT0zGxpbv7MxKlmvMZiGeuLAAyXQvEaCpT8ItEcokDy86BzmPvn11wbEatT7Ca8EUFbiVAwQCs1S1U/AY0CZBN9CaotOd1f8SPAqyDMbnpruOrrvrx75CsIJFyu/59rlspuxe2D/ibegJTJANVm6d5vxSyNuEImwZi65ybYyPKtmOS9op8angDrQJvXLVUQcdPI+pf36LJVWjSMtX0KaV/9OpFBZEw3Cmwy39X89HLxL6+eYrjTyIRKUuSKfX4UppJiTPMaaUtozlB2LQGmhd2VsivQwNCWXbQleD9P/k3O1iveVmXzZKO8dzCoo0AWyRJZIR7ZJnvkmFRJjTBySx7JM3lx7pwn59V5+4wOOYOZBfINzvsHNiatxA==</latexit>

@thA(x, t)i = Dr2hA(x, t)i

Linear response theory

Solution:
<latexit sha1_base64="B7ZA4ZxAza26/6fO8YLITsNil4s="></latexit>

hA(k,!)i = i

! + iDk2
hA(k, t = 0)i

Equilibrium -> Relaxation -> Equilibrium
<latexit sha1_base64="3wy7olB8XNi/z7YeWk4yzEPLpLc="></latexit>

H(t) = H0 �
Z

dx A(x)h(x)e✏t⇥(�t)

Perturbation to Hamiltonian:

Solution:

Kubo formula:

<latexit sha1_base64="rAFHLmmgTPbo3kn7ESOS2lEVJnc="></latexit>

@

@t

⇣
�hA(k, t = 0)i

⌘
= �GR(k, t)

�q(k)
�hA(k, 0)i

<latexit sha1_base64="MJYGtQIJ0Yq998q6+GU1UqvNGF0=">AAACFXicbVDLSgMxFM34rPU16tJNsAgupMyIr41QdSOuKtgHdGq5k6ZtaDIzJBmlDP0JN/6KGxeKuBXc+Tdm2llo64ELJ+fcS+49fsSZ0o7zbc3Mzs0vLOaW8ssrq2vr9sZmVYWxJLRCQh7Kug+KchbQimaa03okKQif05rfv0z92j2VioXBrR5EtCmgG7AOI6CN1LL3z7EnWbenQcrwAV/feSI+83yQiRcpNvS6IASkYvps2QWn6IyAp4mbkQLKUG7ZX147JLGggSYclGq4TqSbCUjNCKfDvBcrGgHpQ5c2DA1AUNVMRlcN8a5R2rgTSlOBxiP190QCQqmB8E2nAN1Tk14q/uc1Yt05bSYsiGJNAzL+qBNzrEOcRoTbTFKi+cAQIJKZXTHpgQSiTZB5E4I7efI0qR4U3ePi0c1hoXSRxZFD22gH7SEXnaASukJlVEEEPaJn9IrerCfrxXq3PsatM1Y2s4X+wPr8AT3Pn4o=</latexit>

A ! Jµ =  ̄�µ 
<latexit sha1_base64="LHhwS0/2UqOGP7PAQTpPbxFQr2g="></latexit>

D =
1

3�q
lim
!!0

3X

i=1

⇢ii(!)

!

<latexit sha1_base64="PGjew7QU4xRl81DSC9TBYvGsL6c="></latexit>

GR(k,!) =
iDk2

! + iDk2
�q(k) ⇠ ⇢(~k,!)

Backup: identify the heavy quark diffusion



• Wide temperature range 
• Different lattice spacings  
• Large lattices towards thermodynamic limit

T [MeV] � ams aml N� N⌧ # conf.
195 7.570 0.01973 0.003946 64 20 5899

7.777 0.01601 0.003202 64 24 3435
8.249 0.01011 0.002022 96 36 2256

220 7.704 0.01723 0.003446 64 20 7923
7.913 0.01400 0.002800 64 24 2715
8.249 0.01011 0.002022 96 32 912

251 7.857 0.01479 0.002958 64 20 6786
8.068 0.01204 0.002408 64 24 5325
8.249 0.01011 0.002022 96 28 1680

293 8.036 0.01241 0.002482 64 20 6534
8.147 0.01115 0.002230 64 22 9101
8.249 0.01011 0.002022 96 24 688

352 8.249 0.01011 0.002022 96 20 2488

Table 1: Parameters of the lattice calculations on the coarse lattices (643⇥N⌧ ),
including the temperatures, the gauge couplings, the bare quark masses in lattice
units, the values of N⌧ , and the corresponding statistics (last column).
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Nf = 2 + 1, HISQ, m⇡ = 320 MeV

Backup: full QCD setup



• Extrapolation Ansatz describes lattice data well

First QCD calculation of kappa (u+d+s quarks in the sea)
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T = 195 MeV
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T = 195 MeV
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Backup: double extrapolation

[LA, OK, RL, SM, PP, HTS, SS, PRL 130 (2023) 23, 231902]
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• Anomalous dimension in MSbar-scheme

• Gradient flow-scheme —>  MSbar-scheme —> physical values

• Determination of the matching factor

• Scale dependence must go for “WeWant” and 
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Backup: anomalous dimension of B-field
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m(T )

[PRL 132 (2024) 5, 051902]

Backup: T-dependent charm quark mass
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T = 195 MeV

Backup: scattering from various models


