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Heavy ion collision and magnetic field

Initial state:
Hard process without hot medium

Strong magnetic field

Heavy quark: 

1. Number considered to be conserved after initial state

A probe of Magnetic field!
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2. Remember more about initial stage 

by Chun Shen 
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Strong Magnetic field : 
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How does strong magnetic field 

influence the heavy quark 
production in the initial stage?
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Heavy quark pair production elementary process gg → QQ̄

Since  1. the color degree of freedom of gluon is much larger than light quark

 at small xfg(x, Q2) > > fq(x, Q2)2.
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s-channel t-channel u-channel

Leading order tree diagram

in external magnetic field

Heavy quark pair production elementary process gg → QQ̄

4

Since  1. the color degree of freedom of gluon is much larger than light quark

 at small xfg(x, Q2) > > fq(x, Q2)2.



Feynman rules in external magnetic field

s-channel t-channel u-channel

Leading order tree diagram

in external magnetic field

Quark-gluon vertex

Quark propagator

Heavy quark pair production elementary process gg → QQ̄
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Since  1. the color degree of freedom of gluon is much larger than light quark

 at small xfg(x, Q2) > > fq(x, Q2)2.

g q

q̄



[iγμ(∂μ + iqAμ) − m]ψ = 0
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Dirac equation under a uniform magnetic field



[iγμ(∂μ + iqAμ) − m]ψ = 0

In Landau gauge A0 = 0 A = Bxey

Landau energy levels for a fermion moving in an external magnetic field
ε2 = p2

z + ε2
n ε2

n = m2 + p2
n p2

n = 2n |qB |
Stationary solution of the Dirac spinor

ψ−
n,σ(x, p) = e−ip⋅xun,σ(x, p) ψ+

n,σ(x, p) = eip⋅xvn,σ(x, p)

un,−(x, p) =
1
fn [

−ipzpnϕn−1

(ε + εn)(εn + m)ϕn

−ipn(ε + εn)ϕn−1

−pz(εn + m)ϕn

] un,+(x, p) =
1
fn [

(ε + εn)(εn + m)ϕn−1

−ipzpnϕn

pz(εn + m)ϕn−1

ipn(ε + εn)ϕn

]

vn,+(x, p) =
1
fn [

−pn(ε + εn)ϕn−1

−ipz(εn + m)ϕn

−pzpnϕn−1

i(εn + m)(ε + εn)ϕn

] vn,−(x, p) =
1
fn [

−ipz(εn + m)ϕn−1

−pn(ε + εn)ϕn

−i(ε + εn)(εn + m)ϕn−1

pzpnϕn

]

σ = ± labels spin states

labels four momentum pμ = (ϵ,0,py, pz)

py = aqB with a the center of gyration 

fn = 2 εεn(εn + m)(εn + ε)

ϕn(x − a) =
|qB |

π
1

L22nn!
Hn( |qB | (x − a))e−|qB|(x−a)2/2

is harmonic oscillator 5

n Landau level

Dirac equation under a uniform magnetic field



−ig∫ d4xψ̄−
n,σ(x, p)γμtcAμ

c (x, k)ψ−
n′￼,σ′￼

(x, p′￼) =
−ig

2ωL3 ∫ d4xe−i(p′￼±k−p)⋅xūn,σ(x, p)γμϵμun′￼,σ′￼
(x, p′￼)

Reconstruct quark propagator

G(x′￼− x) = − i(
|qB | L
2π

)2 ∫ dpzda∑
σ,n

[θ(t′￼− t)un,σ(x′￼, p)ūn,σ(x, p)e−ip⋅(x′￼−x) − θ(t − t′￼)vn,σ(x′￼, p)v̄n,σ(x, p)eip⋅(x′￼−x)]
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Feynman rule in external uniform magnetic field

Reconstruct  quark-gluon vertex

Dirac equation under a uniform magnetic field



Reconstruct  quark-gluon vertex

−ig∫ d4xψ̄−
n,σ(x, p)γμtcAμ

c (x, k)ψ−
n′￼,σ′￼

(x, p′￼) =
−ig

2ωL3 ∫ d4xe−i(p′￼±k−p)⋅xūn,σ(x, p)γμϵμun′￼,σ′￼
(x, p′￼)

Reconstruct quark propagator

G(x′￼− x) = − i(
|qB | L
2π

)2 ∫ dpzda∑
σ,n

[θ(t′￼− t)un,σ(x′￼, p)ūn,σ(x, p)e−ip⋅(x′￼−x) − θ(t − t′￼)vn,σ(x′￼, p)v̄n,σ(x, p)eip⋅(x′￼−x)]

Consistence with Schwinger propagator

G(x − x′￼) = e−i(y−y′￼)(x+x′￼)|qB|/2 ∫
d4p

(2π)4
e−ip⋅(x−x′￼)[ie−p2

⊥(
/p|| + m
p2

|| − m2
(1 − iγ1γ2))]LLL Schwinger propagator

Exactly the same with the reconstructed quark propagator when n = 0
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Feynman rule in external uniform magnetic field

J. Schwinger, 1951

Dirac equation under a uniform magnetic field



Cross section for elementary process

gg → QQ̄

St = ig2tatb(
|qB | L
2π )

2 1

ω′￼ω′￼′￼L3 ∑
n,σ

∫ d4xd4x′￼dadpzūn′￼,σ′￼(x, p′￼)γνϵ′￼′￼ν[θ(t′￼− t)un,σūn,σ(x, p)e−ip⋅(x′￼−x)

−θ(t − t′￼)vn,σv̄n,σ(x, p)eip⋅(x′￼−x)]γμϵ′￼μvn′￼′￼,σ(x, p′￼′￼)e−i(k′￼′￼⋅x′￼+k′￼⋅x−p′￼′￼⋅x−p′￼⋅x′￼)

Ss = −
g2tc f abc

(2π)42 ω′￼ω′￼′￼L3 ∫ d4xd4x′￼d4k
1
k2

ūn′￼,σ′￼(x, p′￼)γμvn′￼′￼,σ(x, p′￼′￼)ϵ′￼′￼ρϵ′￼′￼λ[gμρ(k′￼+ k)λ − gμλ(k + k′￼′￼)ρ + gλρ(k′￼′￼− k′￼)μ]ei[(p′￼+p′￼′￼)⋅x−k⋅(x−x′￼)−(k′￼+k′￼′￼)⋅x′￼]

Su = St(a ↔ b, p ↔ p′￼′￼)
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Cross section σ =
L3

vrelT ∫
L2dp′￼ydp′￼z

(2π)2 ∫
L2dp′￼′￼y dp′￼′￼z

(2π)2 ∑
σ′￼,σ′￼′￼

|Ss + St + Su |2

=
L5

vrel
(

L |qB |

2π )
4

∫ da′￼dp′￼z ∫ da′￼′￼dp′￼′￼z ∑
σ′￼,σ′￼′￼

|ℳs + ℳt + ℳu |2 (2π)3δ3
/x (k′￼+ k′￼′￼− p′￼− p′￼′￼)

=
L10

16π
s |qB |

p′￼z ∑
σ′￼,σ′￼′￼

|ℳs + ℳt + ℳu |2

s-channel t-channel u-channelS-matrix



The external magnetic field is strong enough, the fermion would be suppressed into                staten = 0

Cross section under LLL in center of mass frame

σ = − 1

σ(s, B, θ) =
πm2α2

s |qB |
s3χ { 3

2
cos2 θ[ 1

2
−

sin3 θ

1 + 4m2/s

1 + cos2 θ − 4χ2

sin4 θ + 16m2/s cos2 θ
e− s sin2 θ

8 |qB | ]

Spin state: for quarks for antiquarks

+
2
3

sin4 θ[( cos θ + 2χ
(χ + cos θ)2 + 4m2/s )

2
+ ( −cos θ + 2χ

(χ − cos θ)2 + 4m2/s )
2

−
1
4

4χ2 − cos2 θ
sin4 θ + 16m2/s cos2 θ ]e− s sin2 θ

4 |qB | }

χ = 1 − 4m2/s

σ = + 1

θ labels gluon polarization angle

only t- & u- channel just QED-like process

gives the threshold of s
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s-channel involved
Non-Abelian contribution

Cross section under Lowest Landau Level
Lowest landau level(LLL)

s labels invariant mass



LLL in magnetic field v.s. vacuum

σ0(s) =
πm2α2

s

3s [(1 +
4m2

s
+

m4

s2 )log( 1 + χ
1 − χ ) − (7

4
+

31m2

4s )χ]

•Anisotropy: dependence on gluon polarization angle

•Divergence at threshold: phase space dimension reduction under strong magnetic field. 

σ(s, B,0) = σ(s, B, π) =
3πm2α2

s |qB |
4s3χ

σ(s, B,
π
2

) =
14πm2α2

s |qB |χ
3s3

e− s
4 |qB |unique QCD process QED like process
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σ(s, B, θ) =
πm2α2

s |qB |
s3χ { 3

2
cos2 θ[ 1

2
−

sin3 θ

1 + 4m2/s

1 + cos2 θ − 4χ2

sin4 θ + 16m2/s cos2 θ
e− s sin2 θ

8 |qB | ]

+
2
3

sin4 θ[( cos θ + 2χ
(χ + cos θ)2 + 4m2/s )

2
+ ( −cos θ + 2χ

(χ − cos θ)2 + 4m2/s )
2

−
1
4

4χ2 − cos2 θ
sin4 θ + 16m2/s cos2 θ ]e− s sin2 θ

4 |qB | }

s-channel involved

QED-like process

Non-Abelian contribution

Cross section under Lowest Landau Level



• A narrow         regions

•Stronger magnetic field, wider energy range

• Maximun at θ = 0,π unique QCD process

the gluon self interaction plays the dominant role

•Increase with magnetic field
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Cross section under Lowest Landau Level
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Neglecting shadowing effect the differential cross section in heavy-ion collision 

d3σAB
gg→cc̄

dp2
Tdycdyc̄

= ∫ TA(xT − b/2)TB(xT + b/2)dx2
T

d3σpp
gg→cc̄

dp2
Tdycdyc̄

labels nuclear thickness function with       the impact parameterTA, TB b

d3σpp
gg→cc̄

dp2
Tdycdyc̄

= x1x2 fg(x1, Q2)fg(x2, Q2)
dσgg→cc̄

d ̂t
( ̂s, ̂t, ̂u)

Mandelstam variables{ ̂s, ̂t, ̂u} fg(x, Q2) parton distribution function of gluon

momentum fractions of initial gluonsx1, x2

In pp collision

d3σgg→cc̄

d ̂t
=

|ℳgg→cc̄ |2

16π ̂s2

Transverse momentum spectrum under Lowest Landau Level
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Mandelstam variables{ ̂s, ̂t, ̂u} fg(x, Q2) parton distribution function of gluon

momentum fractions of initial gluonsx1, x2

In pp collision

LLL

|ℳgg→cc̄ |2

π2 ̂s2
= 24m2 cos2 θ[ 1

̂s
+

sin2 θ( ̂s sin2 θ/4 + ( ̂t + ̂u)/2 + ( ̂t − ̂u)2/( ̂s cos2 θ))
( ̂s sin2 θ/2 + ̂t + ̂u)2 − (( ̂t2 − ̂u2)/( ̂s cos θ))2 e− ̂s sin2 θ

8 |qB | ]

+
64
3

m2 sin4 θ[ ( − ̂s cos θ/2 + ( ̂t − ̂u)/( ̂s cos θ))2 + ( ̂s cos θ/2 + ( ̂t − ̂u)/( ̂s cos θ))2

( ̂s sin2 θ/2 + ̂t + ̂u − ( ̂t2 − ̂u2)/( ̂s cos θ))2 e− ̂s sin2 θ
4 |qB | ]

−
16
3

m2 sin4 θ[ ( ̂t − ̂u)2/( ̂s cos2 θ) − ̂s cos2 θ/4

( ̂s sin2 θ/2 + ̂t + ̂u)2 − (( ̂t2 ̂u2)/( ̂s cos θ))2 e− ̂s sin2 θ
4 |qB | ]

d3σgg→cc̄

d ̂t
=

|ℳgg→cc̄ |2

16π ̂s2

Transverse momentum spectrum under Lowest Landau Level



Integration over gluon polarization angle & collision energy at s = 5.02 TeV

within central rapidity −0.5 < yc, yc̄ < 0.5

•Low      region, enhanced
•High      region, suppressed 

using the vacuum solutioneB = 0 

pT

pT

which could also be seen in the element process cross 
section in the narrow window of incoming energy
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Transverse momentum spectrum under Lowest Landau Level



Beyond Lowest Landau Level
Whether LLL is a good approximation of fermion under external strong magnetic field?

Even though we consider the early stage of high energy nuclear collisions, where the system is not yet thermalized
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Beyond Lowest Landau Level

Next Landau Level (NLL) quantum number 

New divergence

s(1)
th = 2m

s(2)
th = m + m2 + 2 |qB |

s(3)
th = 2 m2 + 2 |qB |

• Stronger magnetic field

• Smaller collision energy
13
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n = 0,1
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Competition between energy scales of B s&
LLL is a good approximation with
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Next Landau Level (NLL) quantum number 

New divergence

s(1)
th = 2m

s(2)
th = m + m2 + 2 |qB |

s(3)
th = 2 m2 + 2 |qB |

• Stronger magnetic field

• Smaller collision energy

•Partons in a nucleon or a 
nucleus distribute mainly 
in the small     region 


•Heavy quark production at 
low      region


•Magnetic field                               

pT

x

eB ∼ 10 GeV2
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Whether LLL is a good approximation of fermion under external strong magnetic field?
Even though we consider the early stage of high energy nuclear collisions, where the system is not yet thermalized

n = 0,1

0+0

0+1

1+1

Competition between energy scales of B s&
LLL is a good approximation with

Application range

n = 0,1quantum number 
• When magnetic field is strong enough, the internal quark 

could be on-shell. 

• The sub-process                   may take place when the quark 

and antiquark are at different Landau levels.
g → QQ̄

Magnetic field which can guarantee the on-shell internal quark
|qB | = 2eB/3 ≥ 4m2

On shell gluon decay

for NLL
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Whether LLL is a good approximation of fermion under external strong magnetic field?
Even though we consider the early stage of high energy nuclear collisions, where the system is not yet thermalized

n = 0,1
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Application range

n = 0,1quantum number g → QQ̄On shell gluon decay
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Gluon moving perpendicular to the 
magnetic field would decay



Summary and outlook
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We calculate the cross section of elementary process             under strong magnetic field to NLL, which
qualitatively describes the heavy quark production at leading order in the initial stage of heavy ion collisions. 

gg → QQ̄

•Anisotropy of the system. Unique QCD process dominant the elementary process especially when the 
gluon incoming direction parallel to magnetic field. 

•The dimension reduction in phase space leads to divergences of the cross section at the discrete 
Landau energy levels. 

In the future work

will also be included to reproduce full transverse momentum regionqq̄ → QQ̄

• Elementary process in weak field limit which can also be included to compare with heavy-ion collision.

Thank you for listening!

•The heavy quark pair production is enhanced at low       region and suppressed at high       region.pT pT

• The process 


