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A key object of study at the LHC:   mt
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Direct measurements 

Use pp-collision decay products to 
reconstruct the top

Indirect measurements 

Obtain top’s mass from 

cross-section measurements

A key object of study at the LHC:   mt
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arXiv:1904.05237v2

mpole
t = 170.5 ± 0.8 GeV

arXiv:2302.01967v2

mt = 171.77 ± 0.37 GeV

Direct measurements 

Use pp-collision decay products to 
reconstruct the top

Indirect measurements 

Obtain top’s mass from 

cross-section measurements

A key object of study at the LHC:   mt

Important problem 
Systematic interpretation of direct measurements 

See - Corella (2019), Hoang (2020), Myllymäki (2024)

S. Datta | FPP@IISc ’24

https://arxiv.org/abs/1904.05237v2
https://arxiv.org/abs/2302.01967v2
https://arxiv.org/abs/1903.06574
https://arxiv.org/abs/2004.12915
https://arxiv.org/abs/2401.04824#:~:text=The%20top%20quark%20mass%20measurements,is%20used%20to%20infer%20it.


Top physics frontier

9

Another important object for LHC:   Γt
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Another important object for LHC:   Γt

•  Computed through the optical-theorem:  
 One loop higher due to ‘stitching’ results in a self-energy (also called ‘propagator-type’) graph. 

•  suppressed by at NLO (QCD) 
- Jezabek, Kuhn (1989), Czarnecki (1990), Li, Oakes, Yuan (1991) 
and by a further at NNLO (QCD) 
- Gao, Li, Zhu (2013), Brucherseifer, Caola, Melnikov (2013), Chen, Li, Wang, Wang (2022)

t → Wb → t

Γt 9 %

2 %
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Another important object for LHC:   Γt

•  Computed through the optical-theorem:  
 One loop higher due to ‘stitching’ results in a self-energy (also called ‘propagator-type’) graph. 

•  suppressed by at NLO (QCD) 
- Jezabek, Kuhn (1989), Czarnecki (1990), Li, Oakes, Yuan (1991) 
and by a further at NNLO (QCD) 
- Gao, Li, Zhu (2013), Brucherseifer, Caola, Melnikov (2013), Chen, Li, Wang, Wang (2022) 

• State-of-the-art:   
Analytic results for  (QCD) leading-color corrections, with numerical estimates of the sub-leading 
color-factors 
- Chen, Li, Li, Wang, Wang, Wu (2023) 
High-precision numerical results for  (QCD) full-color corrections 
- Chen, Chen, Guan, Ma (2023) 

t → Wb → t

Γt 9 %

2 %

N3LO

N3LO
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At LHCb:  B → Xulν̄l , B → Xclν̄l , B → Xsγ …
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Local OPE Non- Local OPE

At LHCb:  B → Xulν̄l , B → Xclν̄l , B → Xsγ …
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Local OPE Non- Local OPE

Γ(B → Xulν̄l) = Γ0[1 + CF ∑
n≥1

(αs

π )nXn] + 𝒪(
Λ2

QCD
m2

b
) dΓ(B → Xulν̄l) ∼ H ⋅ J ⊗ S + 𝒪( 1

mb )

At LHCb:  B → Xulν̄l , B → Xclν̄l , B → Xsγ …
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Local OPE Non- Local OPE

Γ(B → Xulν̄l) = Γ0[1 + CF ∑
n≥1

(αs

π )nXn] + 𝒪(
Λ2

QCD
m2

b
) dΓ(B → Xulν̄l) ∼ H ⋅ J ⊗ S + 𝒪( 1

mb )
State of the art:
Fermionic contributions to X3

Fael, Usovitsch (2023)

Three-loop hard coefficients recently calculated 
for QCD-SCET matching for S, PS, V, AV & T currents
Fael, Huber, Lange, Müller,  
Schönwald, Steinhauser (2024)

State of the art:

At LHCb:  B → Xulν̄l , B → Xclν̄l , B → Xsγ …

S. Datta | FPP@IISc ’24

See - Fael et al (2024),  
         Mandal et al (2024)

Important problem 
The  puzzleVub

https://arxiv.org/abs/2310.03685
https://arxiv.org/abs/2406.08182
https://cds.cern.ch/record/2905848
https://link.springer.com/article/10.1140/epjs/s11734-024-01163-w
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IR behavior

Massless partons Massive partons 
(high-energy limit)
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IR behavior

Massless partons Massive partons 
(high-energy limit)

Soft and collinear divergences exponentiate order-by-
order and exhibit universal behavior.
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IR behavior

Massless partons Massive partons 
(high-energy limit)

Soft and collinear divergences exponentiate order-by-
order and exhibit universal behavior.

Catani (1998)
Sterman, Tejeda-Yeomans (2003)

Becher, Neubert (2009)
Gardi, Magnea (2009)
…

Ravindran (2006)
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IR behavior

Massless partons Massive partons 
(high-energy limit)

Soft and collinear divergences exponentiate order-by-
order and exhibit universal behavior.

Catani (1998)
Sterman, Tejeda-Yeomans (2003)

Becher, Neubert (2009)
Gardi, Magnea (2009)
…

Ravindran (2006)

Massless QCD corrections do exponentiate. Use 
factorisation theorems in this limit to obtain massive 
amplitudes from massless ones.
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IR behavior

Massless partons Massive partons 
(high-energy limit)

Soft and collinear divergences exponentiate order-by-
order and exhibit universal behavior.

Catani (1998)
Sterman, Tejeda-Yeomans (2003)

Becher, Neubert (2009)
Gardi, Magnea (2009)
…

Ravindran (2006)

Massless QCD corrections do exponentiate. Use 
factorisation theorems in this limit to obtain massive 
amplitudes from massless ones.

Mitov, Moch (2006)
Becher, Melnikov (2007)
…

Penin (2005)
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IR behavior

Massless partons Massive partons 
(general scenario)

Soft and collinear divergences exponentiate order-by-
order and exhibit universal behavior.

Catani (1998)
Sterman, Tejeda-Yeomans (2003)

Becher, Neubert (2009)
Gardi, Magnea (2009)
…

Ravindran (2006)
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IR behavior

Massless partons Massive partons 
(general scenario)

Soft and collinear divergences exponentiate order-by-
order and exhibit universal behavior.

Catani (1998)
Sterman, Tejeda-Yeomans (2003)

Becher, Neubert (2009)
Gardi, Magnea (2009)
…

Ravindran (2006)

Use SCET and non-Abelian exponentiation to show 
that IR poles do factorise.
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IR behavior

Massless partons Massive partons 
(general scenario)

Soft and collinear divergences exponentiate order-by-
order and exhibit universal behavior.

Catani (1998)
Sterman, Tejeda-Yeomans (2003)

Becher, Neubert (2009)
Gardi, Magnea (2009)
…

Ravindran (2006)

Use SCET and non-Abelian exponentiation to show 
that IR poles do factorise.

Becher, Neubert (2009)

- On the structure of infrared singularities of gauge-theory 
amplitudes (0903.1126 [hep-ph]) 
 
- Infrared singularities of QCD amplitudes with massive partons 
  (0904.1021 [hep-ph]) 
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Asymptotic behavior

Massless partons Massive partons
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Asymptotic behavior

Massless partons Massive partons

Integro-differential (K-G) equation: 
 
μ2 ∂

∂μ2
lnF̂I( Q2

μ2
,

μ2
R

μ2
, αs, ϵ) =

1
2 [KI( μ2

R

μ2
, αs, ϵ) + GI( Q2

μ2
,

μ2
R

μ2
, αs, ϵ)]
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Asymptotic behavior

Massless partons Massive partons

Integro-differential (K-G) equation: 
 
μ2 ∂

∂μ2
lnF̂I( Q2

μ2
,

μ2
R

μ2
, αs, ϵ) =

1
2 [KI( μ2

R

μ2
, αs, ϵ) + GI( Q2

μ2
,

μ2
R

μ2
, αs, ϵ)]

Integro-differential (K-G) equation: 
 
μ2 ∂

∂μ2
lnF̂I( Q2

μ2
,

m2
t

μ2
,

μ2
R

μ2
, αs, ϵ) =

1
2 [KI( m2

t

μ2
,

μ2
R

μ2
, αs, ϵ) + GI( Q2

μ2
,

μ2
R

μ2
, αs, ϵ)]
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Asymptotic behavior

Massless partons Massive partons

Integro-differential (K-G) equation: 
 
μ2 ∂

∂μ2
lnF̂I( Q2

μ2
,

μ2
R

μ2
, αs, ϵ) =

1
2 [KI( μ2

R

μ2
, αs, ϵ) + GI( Q2

μ2
,

μ2
R

μ2
, αs, ϵ)]

Integro-differential (K-G) equation: 
 
μ2 ∂

∂μ2
lnF̂I( Q2

μ2
,

m2
t

μ2
,

μ2
R

μ2
, αs, ϵ) =

1
2 [KI( m2

t

μ2
,

μ2
R

μ2
, αs, ϵ) + GI( Q2

μ2
,

μ2
R

μ2
, αs, ϵ)]
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1. The physics context  

• Top physics frontier 

• B physics frontier 

• Amplitudes and formal studies 

2. Three loop results for the UV renormalised HLFF 

• UV renormalisation, Ward id 

• IR subtraction 

3. Asymptotic behavior of the HLFF
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• External currents: vector, axial-vector, scalar, pseudo-scalar 

• Process: top-decay dominant channel, ie. ,  

• Amplitude:  

• Express  in terms of 3 independent form factors 

•  

• Goal: Compute ,  and 

t(P) → b(p) + W * (q) q = P − p

b̄c(p) Γμ
cd td(P)

Γμ
cd

Γμ
cd = − i δcd [G1 γμ (1 − γ5) + G2

2 mt
(1 + γ5) (Pμ + pμ) +

G3

2 mt
(1 + γ5) (Pμ − pμ)]

G1 G2 G3

S. Datta | FPP@IISc ’24
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•  

• Goal: Compute ,  and  

• Define projectors: 
 

 

with 

 

 

Γμ
cd = − i δcd [G1 γμ (1 − γ5) + G2

2 mt
(1 + γ5) (Pμ + pμ) +

G3

2 mt
(1 + γ5) (Pμ − pμ)]

G1 G2 G3

𝒫i = −
i

NC
δcd(γαPα + mt)[gi,1γμ(1 − γ5) −

gi,2

2mt
(1 − γ5)(Pμ + pμ) −

gi,3

2mt
(1 − γ5)(Pμ − pμ)]γβ pβ

g1,1 =
1

4m2
t (d − 2)(1 − x)

, g1,2 =
1

2m2
t (d − 2)(1 − x)2

, g1,3 = −
1

2m2
t (d − 2)(1 − x)2

g2,1 = −
1

2m2
t (d − 2)(1 − x)2

, g2,2 = −
1 + (d − 2)x

m2
t (d − 2)(1 − x)3

, g2,3 =
d − 1

m2
t (d − 2)(1 − x)3

g3,1 =
1

2m2
t (d − 2)(1 − x)2

, g3,2 =
d − 1

m2
t (d − 2)(1 − x)3

, g3,3 = −
(2d − 3) − (d − 2)x
m2

t (d − 2)(1 − x)3

S. Datta | FPP@IISc ’24
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•  

• Goal: Compute ,  and  

•  

• Expansions in  : 
 

 

 
where,  
 
At LO (tree):  (V-A vertex manifest)

Γμ
cd = − i δcd [G1 γμ (1 − γ5) + G2

2 mt
(1 + γ5) (Pμ + pμ) +

G3

2 mt
(1 + γ5) (Pμ − pμ)]

G1 G2 G3

Tr(𝒫i Γμ
cd) = Gi

αs

Gi =
igw

2 2

∞

∑
n=0

( αs

4π )n
G(n)

i

gw = e
sin(θw)

G(0)
1 = 1, G(0)

2 = 0, G(0)
3 = 0

S. Datta | FPP@IISc ’24
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t
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g

uu

g

9

W

t

b

t

b

g

gg

g

12

One-loop 
diagram

Two-loop diagrams 
(6 out of a total of 13 

shown)

Three-loop diagrams 
(6 out of a total of 263 

shown)

34

Diagram generation 

QGRAF, FeynArts

Color/Dirac/Lorentz algebra 

FORM, FeynCalc

S. Datta | FPP@IISc ’24
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• Our (3)-loop integral notation: 
 

;   

• Only one integral family suffices (let’s call it ) -  
 

 
 
with 
 

,  
and, 

. 

• After reduction to MIs - 70 MIs obtained.

Iν(d, x) = ∫
3

∏
i=1

ddki

(2π)d

12

∏
j=1

1
Dνj

j
ν =

12

∏
j=1

νj , x =
q2

m2
t

C1

C1 : {𝒟̄1, 𝒟̄2, 𝒟̄3, 𝒟12, 𝒟23, 𝒟13, 𝒟1;1, 𝒟2;1, 𝒟3;1, 𝒟1;12, 𝒟2;12, 𝒟3;12}

𝒟i = k2
i , 𝒟ij = (ki − kj)2, 𝒟i;1 = (ki − P)2, 𝒟i;12 = (ki − P + p)2, 𝒟ij;2 = (ki − kj − p)2

𝒟̄i = 𝒟i − m2
t , 𝒟̄ij = 𝒟ij − m2

t , 𝒟̄i;1 = 𝒟i;1 − m2
t , 𝒟̄i;12 = 𝒟i;12 − m2

t , 𝒟̄ij;2 = 𝒟ij;2 − m2
t

IBP reduction 

LiteRed, Kira

S. Datta | FPP@IISc ’24
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• Three more integral-families needed (called ) - 
 

 
 
 
 

• After reduction to MIs - 39 MIs obtained from these families for the relevant scalar Feynman diagrams.

C2, C3, C4, and C7

C2 : {𝒟̄1, 𝒟2, 𝒟3, 𝒟12, 𝒟23, 𝒟̄13, 𝒟1;1, 𝒟2;1, 𝒟̄3;1, 𝒟1;12, 𝒟2;12, 𝒟3;12}
C3 : {𝒟̄1, 𝒟̄2, 𝒟12, 𝒟23, 𝒟13, 𝒟1;1, 𝒟3;1, 𝒟12;2, 𝒟2;12, 𝒟3;12, 𝒟3, 𝒟2;1}
C4 : {𝒟̄1, 𝒟̄2, 𝒟3, 𝒟12, 𝒟̄23, 𝒟̄13, 𝒟1;1, 𝒟2;1, 𝒟̄3;1, 𝒟1;12, 𝒟2;12, 𝒟3;12}
C7 : {𝒟̄1, 𝒟2, 𝒟3, 𝒟̄12, 𝒟23, 𝒟̄13, 𝒟1;1, 𝒟̄2;1, 𝒟̄3;1, 𝒟1;12, 𝒟2;12, 𝒟3;12}

S. Datta | FPP@IISc ’24



Fermionic

38

S. Datta | FPP@IISc ’24



39

• Canonical bases not used - make use of factorisation to first order for 
the univariate system to solve analytically 

• , arrange  in upper block-triangular form; 
 

• Compute MIs block-wise starting from the last (easiest) one. 
Successive order-by-order solution in  for each block starting with 
the leading singular term. 

• The spanning alphabet:  

• Function space: HPLs and generalised HPLs

∂x ⃗I = MN × N ⃗I M
N = # MIs

ϵ

{ 1
x , 1

1 − x , 1
1 + x , 1

2 − x }

Differential Equations  

Sigma, OreSys, HarmonicSums, 
PolyLogTools

Boundary Conditions 

Analytic: AMBRE2.1.1, 
MBConicHulls, HypExp2 

Numeric: AMFlow, FIESTA, PSLQ

S. Datta | FPP@IISc ’24
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Pic credit - N. Rana, ACAT 2019

 
    
  
  Let the leading singularity be at ,  
  then, expanding in  : 
 

    

    

    

 

    

  

    

∂x Jn(x, ϵ) = 𝒞nm(x, ϵ) Jm(x, ϵ) + ℛn(x, ϵ)

ϵ−p

ϵ

Jn(x, ϵ) =
∞

∑
k=−p

J(k)
n (x) ϵk

𝒞n(x, ϵ) =
∞

∑
k=0

𝒞(k)
n (x) ϵk

ℛn(x, ϵ) =
∞

∑
k=−p

ℛ(k)
n (x) ϵk

∂xJ(k)
n (x) = 𝒞(0)

nm(x) J(k)
m (x) +

k+p

∑
j=1

𝒞(p)
nm(x) J(k−j)

m (x) + ℛ(k)
n (x)

- Ablinger, Blümlein, Marquard, Rana, Schneider (2018) 

- Blümlein, Marquard, Rana, Schneider (2019) 

S. Datta | FPP@IISc ’24
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• No canonical bases used - no uniform transcendentality. 

• But since the DE system is first-order factorisable, no complicated higher 
transcendental constants such as eMZVs. 

• PSLQ needs the full set of transcendental constants till weight  to obtain 
the -coefficient for the boundary integrals in terms of these constants.  

• Also watch out for unstable behaviour relative to the numerical precision used for 
the fitting. Resolving such a behaviour might require a higher precision for the 
numerical result.

2L + k
ϵk

S. Datta | FPP@IISc ’24
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• Dim-reg to regularise the bare form factors, with the following  treatment:  and . 

• UV renormalisation in mixed scheme:  ,  ,  in OS scheme;  in  scheme ( ). All  -s 

can be expanded in :  . 

• Relevant results for  -s mostly available in literature.  

• Relate renormalised form factors  to bare  -s:  ;   denotes appropriate 
CT-contributions from lower orders in .

γ5 {γμ, γ5} = 0 γ2
5 = 1

Zm Z2,t Z2,b Zαs
MS nh ≠ 0 Zi

αs Zi =
∞

∑
n=0

( αs

4π )n
Z(n)

i

Zi

Gi Ĝi Gi = Z
1
2
2,t Z

1
2
2,b (Ĝi + Ĝct,i) Ĝct,i

αs

S. Datta | FPP@IISc ’24
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• The following Ward-identity holds:  ;   denotes the scattering amplitude for 
,  is the negatively charged pseudo-Goldstone boson. 

• Can further express  using a form factor  :  . 

•  is computed till 3-loops and renormalised as well. Renormalisation for heavy-quark mass done in OS 
scheme. 

• At the level of form factors, the Ward identity takes the following form: 
. 

• Our results for  satisfy the above identity - very important self-consistency check!

qμ Γμ − mW ΓPS = 0 ΓPS
t → bω− ω−

ΓPS S ΓPS = mt

mW
S (1 + γ5)

S

2 G(n)
1 + G(n)

2 + x G(n)
3 − 2 S(n) = 0

n = 3

S. Datta | FPP@IISc ’24



IR subtraction
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The IR divergences factorise. Becher, Neubert (2009) 

  
where,  is finite as ; : scale for this IR factorisation.  is process-independent.
Gi(αs, x, ϵ) = Z(αs, x, ϵ, μ̄) Gfin

i (αs, x, ϵ, μ̄)
Gfin

i (μ̄) ϵ → 0 μ̄ Z

S. Datta | FPP@IISc ’24
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The IR divergences factorise. Becher, Neubert (2009) 

  
where,  is finite as ; : scale for this IR factorisation.  is process-independent. 

1. We need an RGE governing . 

2. The anomalous dimensions are computed in massless QCD (  flavors).

Gi(αs, x, ϵ) = Z(αs, x, ϵ, μ̄) Gfin
i (αs, x, ϵ, μ̄)

Gfin
i (μ̄) ϵ → 0 μ̄ Z

Z(μ̄)

nl

S. Datta | FPP@IISc ’24
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The IR divergences factorise. Becher, Neubert (2009) 

  
where,  is finite as ; : scale for this IR factorisation.  is process-independent. 

1. We need an RGE governing . 

2. The anomalous dimensions are computed in massless QCD (  flavors). 
 
Problem: The form-factors are considered in full-QCD (  flavors).

Gi(αs, x, ϵ) = Z(αs, x, ϵ, μ̄) Gfin
i (αs, x, ϵ, μ̄)

Gfin
i (μ̄) ϵ → 0 μ̄ Z

Z(μ̄)

nl

nf = nl + nh = nl + 1
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Problem: The form-factors are considered in full-QCD  (  flavors). 
 
Solution: Use QCD decoupling relations. 

Now let’s put everything together. 

1. Write an RGE for , the  - counterpart for what  in the full ( ) - theory: 

 

2. Expand both  and  in : 
 

,    

nf = nl + nh = nl + 1

Z̄ nl Z nf
d

d ln μ̄
ln Z̄(αs, x, ϵ, μ̄) = − Γ(αs, x, μ̄)

Z̄ Γ αs

Z̄ =
∞

∑
n=0

( ᾱs

4π )
n

Z̄ (n) Γ =
∞

∑
n=0

( ᾱs

4π )
n+1

Γn
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The anomalous dimension for the HLFF: 
 

 

1.  known till 3-loops: Korchemsky, Radyushkin (’87, ’92); Kidonakis (’09); Grozin et al.(’15); … 

2.  known till 4-loops: Moch et al.(’05); Baikov et al.(’09); Manteuffel et al. (’20); Agarwal et al. (’21) … 

3.  known till 4-loops: Henn et al. (’20); …

Γ = γt(ᾱs) + γb(ᾱs) − γcusp(ᾱs) ln ( μ̄
mt (1 − x) )

γt

γb

γcusp
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Finally, 
 

 

 

          

where,  

Now, use the decoupling relation to obtain  from :  

where, the decoupling constant  is known till 4-loops. Schröder, Steinhauser (’05)

ln Z̄ = ( ᾱs

4π )[ Γ′￼0

4ϵ2
+

Γ0

2ϵ ] + ( ᾱs

4π )
2

[ −
3β̄0Γ′￼0

16ϵ3
+

Γ′￼1 − 4β̄Γ0

16ϵ2
+

Γ1

4ϵ ]
+( ᾱs

4π )
3

[ 11β̄2
0Γ′￼0

72ϵ4
−

5β̄0Γ′￼1 + 8β̄1Γ′￼0 − 12β̄2
0Γ0

72ϵ3
+

Γ′￼2 − 6β̄0Γ1 − 6β̄1Γ0

36ϵ2
+

Γ2

6ϵ ] + 𝓞(α4
s )

Γ′￼n = ∂
∂μ̄ Γn

Z Z̄ ᾱs = ζαs
αs

ζαs
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1. The physics context  

• Top physics frontier 

• B physics frontier 

• Amplitudes and formal studies 

2. Three loop results for the UV renormalised HLFF 

• UV renormalisation, Ward id 

• IR subtraction 

3. Asymptotic behavior of the HLFF
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Typically, factorisation theorems  evolution equations 
 
eg.,  

1. factorisation of singular cutoff dependence into universal -factors  Callan-Symanzik evolution 
equations, 

2. collinear factorisation for hadronic collisions  DGLAP evolution equations, … 
 
 
- generalisable to a soft-collinear factorisation of scattering amplitudes 
- leads to the K-G evolution equations shown earlier

→

Z →

→
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Typically, factorisation theorems  evolution equations 
 
eg.,  

1. factorisation of singular cutoff dependence into universal -factors  Callan-Symanzik evolution 
equations, 

2. collinear factorisation for hadronic collisions  DGLAP evolution equations 
 
 
- generalisable to a soft-collinear factorisation of scattering amplitudes 
- leads to the K-G evolution equations shown earlier

→

Z →

→
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The K-G equation for form-factors with massive-partons: 

 

 
-  labels the external current coupling to the heavy-light fermion pair 
 
-  has contributions from universal logs and IR structures 
 
-  is process-independent; has mass-dependence 
 
-  has the process-dependence through the hard-scale  

μ2 ∂
∂μ2

ln F̂I( Q2

μ2
,

m2
t

μ2
,

μ2
R

μ2
, αs, ϵ) =

1
2 [KI( m2

t

μ2
,

μ2
R

μ2
, αs, ϵ) + GI( Q2

μ2
,

μ2
R

μ2
, αs, ϵ)]

I

F̂I

KI

GI Q2
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- where we have set the soft-collinear factorisation scale  
- with boundary conditions set at  and  
 

;  

 
For the HQFF@ , the solutions for  have been computed. Blümlein, Marquard, Rana (’18) 
NOTE: these solutions are devoid of massive internal fermion-loops.  
 
Solutions for the HLFF@  should be same as the HQFF@ , upto a reinterpretation of 

μ2 d
dμ2

GI( Q2

μ2
, αs, ϵ) = − limmt→0 μ2 d

dμ2
KI( m2

t

μ2
, αs, ϵ) = γcusp(αs)

μ = μR
KI( αs(m2

t ), 1, ϵ ) ≡ 𝒦I GI( αs(Q2), 1, ϵ ) ≡ 𝒢I

KI = 𝓚I − ∫
1

m2t
μ2

dλ
λ

γcusp( αs(λμ2) ) GI = 𝓖I + ∫
1

Q2

μ2

dλ
λ

γcusp( αs(λμ2) )

𝒪(α3
s ) F̂I

𝒪(α3
s ) 𝒪(α3

s ) 𝒦I

S. Datta | FPP@IISc ’24



56

Solutions for the HLFF@  should be same as the HQFF@ , upto a reinterpretation of  
 
Since  encodes the universality of the IR singularities, we expect it to have equal contributions from its 
counterparts for the purely massless and massive form-factors: 
 

 

 
 -s are related to  -s (asymptotic limits of  -s) through matching-coefficients  -s 

 

 

 
-  are systematically calculated to compute the HLFF matching coefficients  -s.

𝒪(α3
s ) 𝒪(α3

s ) 𝒦I

𝒦I

𝓚I =
1
2 (𝓚I,0 + 𝓚I,mt)

F̂I F̃I FI 𝒞I

F̃I( Q2

μ2
,

m2
t

μ2
, αs, ϵ) = 𝓒IF̂I( Q2

μ2
,

m2
t

μ2
, αs, ϵ)

𝒦I,0, 𝒦I,m, and 𝒢I 𝒞I
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With regard to the form factors, we have found perfect agreement between the predictions and our explicit 
3-loop results for the color-planar, complete light-fermion and double heavy-fermion loop contributions 
after expanding the results in the large-  limit. 
 
Thus, yet another strong consistency-check!

x
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1. Computed HLFF@  in the color-planar limit, and for complete light-fermion and double heavy-
fermion loop contributions. 

2. Multiple consistency checks -  
 
at the level of MIs: analytic vs numeric evaluation 
at the level of (renormalised) form factors: universality of the IR structure; Ward id satisfaction; high 
energy limit: predictions vs explicit calculation 

3. Essential for phenomenology, particularly B-physics. 

4. Results have been independently confirmed in Fael, Huber, Lange, Müller, Schönwald, Steinhauser (2024).

𝒪(α3
s )
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Thanks!


