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Guarantees and limitations
for warm starts and iterative
methods in variational
guantum computing
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Ricard Puig

Variational gquantum simulation: a
case study for understanding warm
starts. R Puig™, M Drudis*, et. al.
arXiv:2404.10044

A unifying account of warm start
guarantees for patches of quantum
landscapes. H. Mhiri*, R. Puig*, et.
al. arXiv: 2501.xxxxx (in prep)
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Var

ational Quantum Algorithms

Measurement

Optimize parameters 0

(Linear) loss function

~ L(8) = Tr[y(6)0]

Classical Computer

Optimizer

arg min L(60)
o0

Real-time

VQTE
phenomena Quantum VOE/VQ
dynamics

MV W Trotter
low-dimensional dynamics
LGT Hybrid ‘

1\—> quantum-classical
T’+ ¢
Sl 4§ TN/QTN

Optimization |
Ol 'T}:I}I o
Fo—r

Classification

QLM/D-theory

Neutrino QNNs
oscillations
D@
N/ Quantum
kernels

Alberto Di Meglio, et al. "Quantum Computing for High-Energy
Physics: State of the Art and Challenges." PRX Quantum 5, 037001
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Barren plateau phenomena

1
Va rUnif(*l:) ~ a5

ZTL
_I_
P(IL] > §) < Va;(f)
¢

Probability of non-zero gradients vanishes
exponentially with problem size.

y

Shot required for training grows exponentially
with problem size.

Ricard Puig



Average statement!

4 )
But what if we look around a region with
curvature?
. J
4= = "= = = e e e e Em Em Em e 'VvarUnif([r) ~

271

Varp(g)(ll) ~
= - =)

\.‘ 27T

\

Poly(n)

0*

Ricard Puig 5



|[dentity initialization

Varynif(£) ~

They get

27’1

Unif - 0 € [—nr, +71r]

Varypif(£) ~

)

Ricard Puig

271

> Varpg)(L) ~

Poly(n)

Trainability Enhancement of Parameterized Quantum Cir-
cuits via Reduced-Domain Parameter Initialization

Yabo Wang!?, Bo Qi'?, Chris Ferrie?, and Daoyi Dong*

'Key Laboratory of Systems and Control, Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing
100190, P. R. China

2University of Chinese Academy of Sciences, Beijing 100049, P. R. China

*Center for Quantum Software and Information, University of Technology Sydney, Ultimo NSW 2007, Australia
“School of Engineering and Information Technology, University of New South Wales, Canberra ACT 2600, Australia

Avoiding barren plateaus via Gaussian Mixture Model

Xiao Shi’»? and Yun Shang!3 *

UInstitute of Mathematics, Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190, China
2School of Mathematical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China
3NCMIS, MDIS, Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing, 100190,China

(Dated: February 22, 2024)

Hardware-efficient ansatz without barren plateaus in any depth

Chae-Yeun Park,! Minhyeok Kang,>%* and Joonsuk Huh'%34

1 Xanadu, Toronto, ON, M5G 2C8, Canada
2 Department of Ch kyunk

v University, Suwon 16419, Korea
3SKKU Ad d Institute of N hnology (SAINT), Sungkyunk University, Suwon 16419, Korea
4 Institute of Quantum Biophysi Sungk k University, Suwon 16419, Korea

(Dated: March 11, 2024)



Understanding warm starts and regions of
attraction

phenomena Quantum

Variational quantum simulation: a case study for dynamics
understanding warm starts. R Puig*, M Drudis*, et. al. j)ﬂ {

. Trotter
arXiv:2404.10044 oneddmensionat dynamics
LGT Hybrid
( \ -—j—) r—‘* quantum-classical

Understand and study warm-starts S il {uf {3

. A A TN/QTN
via a case example.
Iterative simulation of time QLM/D-theory Optimization

\ dynamics P @43>

Classification

Neutrino QNNs
oscillations [[[l]]]]
»—@
\vf Quantum
' kernels

Alberto Di Meglio, et al. "Quantum Computing for High-Energy
Physics: State of the Art and Challenges." PRX Quantum 5, 037001
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Understand warm starts and regions of
attraction

Real-time

_ . . h
Variational quantum simulation: a case study for p cromena S;rf‘;‘;”lg

understanding warm starts. R Puig*, M Drudis®*, et. al.
arXiv:2404.10044

Trotter
dynamics

low-dimensional

\ LGT tHybnld |
quan um-c asswa
Understand and study warm-starts L% > N -
via a case example.
Iterative simulation of time QLM/D- theory opt,m,zat,on
dynamics
\ y y I" f <=
A unifying account of warm start guarantees for Neutrin Cla55|f|cat|on
patches of quantum landscapes. H. Mhiri*, R. Puig*, oscillations
7@

Quantum
kernels

et. al. arXiv: 2501.xxxxx (in prep) \

General bound to study patches of
gradients.

Alberto Di Meglio, et al. "Quantum Computing for Hig e
Physics: State of the Art and Challenges." PRX Quantum 5, 037001

Ricard Puig 8



Variational quantum simulation

L(66) = 1 —Tr|U(O* + 80)y(tYUT(0* + 50)e™ "t Hyp(t")e™t ]

1 1 Noise-Resilient Quantum Dynamics Using Symmetry-Preserving Ansatzes
U(0) —Pauli rotations and non y g Symmetry g
H Matthew Otten,* Cristian L. Cortes, and Stephen K. Gray
pa ra m etrlzed gates Center for Nanoscale Materials, Argonne National Laboratory, Lemont, Illinois, 60439

(Dated: October 15, 2019)

l. Prepare a state An efficient quantum algorithm for the time evolution of
|1/)(t')) = U(e*)h/)) parameterized circuits
Stefano Barison, Filippo Vicentini, and Giuseppe Carleo

Institute of Physics, Ecole Polytechnique Fédérale de Lausanne (EPFL), CH-1015 Lausanne, Switzerland

V. Update parameters . Apply a small evolution
ONew = 67 It/J(t + 6t)) = e HH | (t")
Quantum dynamics simulations beyond the coherence time on noisy intermediate-scale
. . quantum hardware by variational Trotter compression
Train with warm
Noah F. Berthusen,-* Thais V. Trevisan,'-> Thomas Iadecola®,'37 and Peter P. Orth ®!:3-¥
Sta rt ! Ames Laboratory, Ames, lowa 50011, USA
2Department of Electrical and Computer Engineering, Iowa State University, Ames, lowa 50011, USA
0 N ew — argmlneL (9) 3Department of Physics and Astronomy, Iowa State University, Ames, Iowa 50011, USA
Variational quantum simulation: a case study for understanding warm Ricard Puig 9

starts. R Puig*, M Drudis*, et. al. arXiv:2404.10044



So what are we trying to get to?
L£(60) =1 —"Tr|U(0* + §0)Y(tHYU'(0* + 58)e Ot Hy(t") et H]

Barren Plateau: deep +
expressive

re o)

Var[L(6)]uynir € O(c™)

L(0) - -

But how big is
this region with

We are automatically gradients?

warm-starting

0" Onew

Variational quantum simulation: a case study for understanding warm Ricard Puig 10
starts. R Puig*, M Drudis™, et. al. arXiv:2404.10044



Region with gradients

L£(60) =1 —"Tr|U(0* + 60)Y(tHYU'(8* + 56)e™"

L(0)

We are automatically
warm-starting

Theorem 1

(tl)eiSt H]
Barren Plateau : deep +

expressive
r e 0(1)

Gegion with gradients

r € @(1/\/17)

Var[L(08)]p € O Poly(
P(0):= [0, — nr, 0, + 1]

6teo( - )

Amax Amax: =largest

7~ N
[

\_

eigenvalue ofy

Var[L(8)|unir € O(b™")

0" Onew

Variational quantum simulation: a case study for understanding warm

starts. R Puig*, M Drudis™, et. al. arXiv:2404.10044

Ricard Puig

)

11



e-convex region around the starting point

L(0)
Theorem 2
4 _ ) Barren Plateau
We are automatically |€|-convex region (Th. 2) r € 0(1)
warm-starting = re( (i)
M?2 (
= StE @( 1 ) Gradient region (Th. 1)
\ MAmax Yy reo ()
St €0 ()l ! )
k max )
0
* %k
o BNew
Variational quantum simulation: a case study for understanding warm Ricard Puig 12

starts. R Puig*, M Drudis*, et. al. arXiv:2404.10044



What does this mean in practice?

L <" p .
: Gradients (Th. 1): poly scaling in r
| and ot to get poly variances
| \. J
| 4 )
| However, might still
be too small in
e-convexity (Th. 2): poly scaling in 7 practice as the
I and Ot to get poly variances - . 1
| variance is roughly vz
\_ J

0" Onew

Variational quantum simulation: a case study for understanding warm Ricard Puig 13
starts. R Puig*, M Drudis*, et. al. arXiv:2404.10044



Minima can jump

1.0 A

Infidelity, £(0)
-
Ot

=
-
]

—2 —1 0 1
Update Size, |||,

1-D cut. 10 qubit Ising Hamiltonian H =
2.XiXit1 — 0.952Y;

We use a 2-layered Hamiltonian Variational
Ansatz.

Variational quantum simulation: a case study for understanding warm
starts. R Puig*, M Drudis*, et. al. arXiv:2404.10044

Ricard Puig
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Minima can jump

10 - —

S
3 —— §t = 0.04
ﬁ; 0.5 4 —— ot =0.21
< 6t = 0.37
[
=
0.0 1 I I I I
—2 —1 0 1

Update Size, ||0]|

1-D cut. 10 qubit Ising Hamiltonian H =
2.XiXit1 — 0.952Y;

We use a 2-layered Hamiltonian Variational
Ansatz.

Variational quantum simulation: a case study for understanding warm
starts. R Puig*, M Drudis*, et. al. arXiv:2404.10044

Ricard Puig

BUT?

Plotted with ORQVIZ
M. S. Rudolph et al, arXiv:2111.04695 (2021).

Infidelity, £(8)
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Can we extend the study of warm starts to

more general VQA?

A unifying account of warm start guarantees
for patches of quantum landscapes. H. Mhiri*,
R. Puig™*, et. al. arXiv: 2501.xxxxx (in prep)

Average statement!

What happens if we know the solution tcj
be close to a point??

1
» Vargnit(£) ~ 7n

— -

e ==
—— -
=
—
—
— -

Ricard Puig 16



Can we extend the study of warm starts to
mOre genera‘ VQA? average statement!

pens if we know the solution t0
be close to @ point??

L£(0) =1—Tr|U@)Y,UT(@)e " Hipyet ]

7
V
Target state
A unifying account of warm start guarantees for patches of quantum Ricard Puig

landscapes. H. Mhiri*, R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)
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Can we extend the study of warm starts to
more general VQA?

Average statement!

n to
know the solutio
hat happens if we
e becloset 0 a point??

1:(9) =1-— Tr[U( Uf(g)e—it Hl/JOeit H]

e

—_—

Target state

!

£(8) = Tr[U(0)y,U'(6)0] U(o) 1_[6_‘9 Hj Y
=1

A unifying account of warm start guarantees for patches of quantum Ricard Puig 18
landscapes. H. Mhiri*, R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)



YES!
Capture previous bounds and generalize them.

A unifying account of warm start guarantees for patches of quantum Ricard Puig 19
landscapes. H. Mhiri*, R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)



YES!
Capture previous bounds and generalize them.

Theorem 1
, Region with gradients

0%L(0) Barren region 1
00? el (\/MPoly(n))

Var[£(0)]p € Q(r%)
e P(0):= [0, — nr, 0 + 1]

/ \/ \“\J'/ - ARROUND a point with

substantial curvature

\ Large second derivative /

A
y

a

0*

A unifying account of warm start guarantees for patches of quantum

Ricard Puig 20
landscapes. H. Mhiri*, R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)



When does this bound apply?

Theorem 1
N [
Region with gradients 1. Englobe previous results
el (\/MPily(n))
Var[£(8)]p € Q(r%) < 2. Treat correlated parameters, something
P(6):= [8o — 7T, 60 + 7] that could not be done before.

ARROUND a point with
substantial curvature 3. Region around the solution (Corollary 2)

K Large second derivative / \

A unifying account of warm start guarantees for patches of quantum
landscapes. H. Mhiri*, R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)



Ansatze of interest

Theorem 1

~

Region with gradients

1
S rER (\/I\_/IPoly(n))
= Var[£(@)]p € Q(r?)
P(0):= [0, — nr, 0, + 1]

ARROUND a point with
substantial curvature

\ Large second derivative /

A unifying account of warm start guarantees for patches of quantum
landscapes. H. Mhiri*, R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)

\.

Ricard Puig

( a) Product

b)

UCC Ansatz

s

22



Ansatze of interest

Theorem 1

~

Region with gradients

1
S rER (\/I\_/IPoly(n))
= Var[£(@)]p € Q(r?)
P(0):= [0, — nr, 0, + 1]

ARROUND a point with
substantial curvature

\ Large second derivative /

A unifying account of warm start guarantees for patches of quantum
landscapes. H. Mhiri*, R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)

(" a) Product b) c)

Only change in the
Poly(n)
Depends on the circuit
structure, the target
and the correlations

d)

\.

Ricard Puig
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A unifying account of warm start guarantees for patches of quantum
landscapes. H. Mhiri*, R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)

Regions with BP?

Thm. 1 Prop. 1
92L(0) _ 1/poly(n) 1/B"
902 Barren region, 1y _ < "
— > > ’ ! Prior
\‘ F Work
P T = Tl
1"
6 /

S
V NERYa L
B
| s
| Q|
| <
! =
| >
0

- T
9* 1 T'full
Theorem 1 reo (poly(n)) pijc <1 < Tl
(Region with gradients R p Proposition 1 .
1
reo (WPoly(n)) If L(0) has BP at g, it has
Var[£(0)]p € Q(r%) BP at somer € 0(1)
k P(G): ~ [00 — 00 i TL’T] ) Ricard Puig . )24




Conclusions

Varypis(£) ~
Var L) ~
£(6) - E“’z( ) Poly(n)
27T
0" 0

1

Zn

Guarantees for VQS

Possibly not sufficient in
practice

Jumps and fertile valleys?

Study warm starts and regions
of attraction in general

Connection with classical
stimulability.

Efficient quantum-enhanced classical simulation for patches of
quantum landscapes. S Lerch*, R Puig*, MS Rudolph*, et. al.
arXiv: 2411.19896
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Region with gradients

a) b)
® =4 ®Wpn=6 W n=8 W n=10 W n=I2 o
4 g
, 1 ¢ VarlC R teRetetetees - 1.0 = _
1072 E [ ] g “ "‘.'::""“!x‘_:.;t‘ ;_jp |l/)0> - U(00)|¢>
ix L <
; . =
g 10-3 - - 0.8 - i
@ I =
- £
S 10—4 2 20
£ 107 0.6 = =
5 = —i6tH —
5 N e [Yo) = U(Bo)[y)
:E, 107 4 - .4 E Y ® Var[L]TTI(L.l,‘
- ] CHE —— 1.60pM 1
: 1070 E >
5 3 - 0.2 — E
99
10-7 - a2 Compute the
S T 0.0 - : : : : experimental variance
10°! 10 25 26 27 28
Size of Hypercube, ~ Number of Parameters, M

U has linear depth
L(6O) =1—-Tr [U (00 + %) Yo U' (00 + %) e~ IOCH 1 (9,),UT(0,)ed" H]

Ricard Puig 27



€-approximate convexity

/Adifferentiable function f(x) of several variables f: RN - Ris e- h
approximate convex in a region R if

[sz(x)]min = _lel

for all x € R. Here VA2f (x) denotes the Hessian of f(x) and [A],in is the
Qmallest eigenvalue of A. /




€-approximate convexity

€-approximate convexity |

£x) /

convexity

29



€-approximate convexity

a = — max|a— b3
2 a,beRl |2

(But recall that in the gradient )

region

1 1
r~—>2a S —

\ VM VM

Ricard Puig

30



€-approximate convexity

LO) <~

0" Onew

X
But recall that in the
gradient region
1 1 a == max|a—b|5
rm—o> a0 S — 2 abeR
9 VM VM

Ricard Puig 31



Adiabatic minima

0,(5t) € C*(R,RM) such that 8,4(0) = 8* and
VL(O,4(6t),6t) =0

0 4(4t) is the adiabatic minimum at 4t.

\_

~

For any time 6t in the range [0, T, a function corresponding to the evolution
of the adiabatic minima for some initial minimum 0%, is a continuous function

/




Adiabatic minima

L@O) -~~~

m\eorem 3: to ensure the adiabatic \

minima is in the region we need
o Theoreml:6t€0( Ba )
Mlmax

Ba 2le| )
MS/Z/lmaX

= Theorem?2: 6t € 0(
With

. T 2 .

61 (6t) (V5L(6,4)) 6a(61)

0" Onew

fa = ; 2

\ |04(50)], /
B4 — 0 corresponds to the to the curvature of
the loss at the minimum being flat in the
direction in which the adiabatic minimum move

Ricard Puig

Barren Plateau
r € 0(1)
Var[L(8)]ynis € O(c™™)

6radients (Th. 1)
1
reaeo (\/_ﬁ) 1
Var[L(8)]p € Q (Poly(M)
P(6):= [0, — niT, 0 + 17|

1
st e0(:—)
Amax
\ Amax: =largest eigenvalue of H

)

~N

_

fe-convexity (Th. 2) )
. sico2)
2lel " AmaxSt
" TE Q(MGZ M )
\ " [V?(8)]min = —|é€| Yy,

33



Correlations

Space correlation

Time correlation Os(5) = Os(13)

Ricard Puig 34



