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Variational Quantum Algorithms

ℒ " = Tr & " '

ℒ

Alberto Di Meglio, et al. "Quantum Computing for High-Energy 
Physics: State of the Art and Challenges." PRX Quantum 5, 037001
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Barren plateau phenomena

Probability of non-zero gradients vanishes 
exponentially with problem size.

+

Shot required for training grows exponentially 
with problem size.

Var!"#$ ℒ ∼ 1
2)

* ℒ ≥ , ≤ Var ℒ
,.
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Average statement!

ℒ "

""∗

Var$%&' ℒ ∼ 1
2+

Var,(") ℒ ∼ 1
Poly(3)

245

But what if we look around a region with 
curvature?
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Identity initialization

Var!"#$ ℒ ∼ 1
2)

They get
Var*(,) ℒ ∼ 1

Poly(2)
Unif → , ∈ [−;<,+;<]

ℒ ,

,@∗

Var!"#$ ℒ ∼ 1
2)Var*(,) ℒ ∼ 1

Poly(2)2;<
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Understanding warm starts and regions of 
attraction

Variational quantum simulation: a case study for 
understanding warm starts. R Puig*, M Drudis*, et. al. 
arXiv:2404.10044

Alberto Di Meglio, et al. "Quantum Computing for High-Energy 
Physics: State of the Art and Challenges." PRX Quantum 5, 037001

Understand and study warm-starts 
via a case example. 

Iterative simulation of time 
dynamics
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Understand warm starts and regions of 
attraction

Variational quantum simulation: a case study for 
understanding warm starts. R Puig*, M Drudis*, et. al. 
arXiv:2404.10044

A unifying account of warm start guarantees for 
patches of quantum landscapes. H. Mhiri*, R. Puig*, 
et. al. arXiv: 2501.xxxxx (in prep)

Understand and study warm-starts 
via a case example. 

Iterative simulation of time 
dynamics

General bound to study patches of
gradients. Alberto Di Meglio, et al. "Quantum Computing for High-Energy 

Physics: State of the Art and Challenges." PRX Quantum 5, 037001
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Variational quantum simulation
ℒ "# = 1 − Tr ) #∗ + "# ,(.′))1 #∗ + "# e3456 7,(.′)e456 7

I. Prepare a state
, .8 = ) #∗ |,⟩

II. Apply a small evolution
, .8 + ". = ;3456 7|,(.′)⟩

III. Train with warm 
start

#<=>∗ = argmin#ℒ #

IV. Update parameters
#<=>∗ → #∗

Variational quantum simulation: a case study for understanding warm 
starts. R Puig*, M Drudis*, et. al. arXiv:2404.10044

) # →Pauli rotations and non 
parametrized gates
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So what are we trying to get to?

ℒ "

""∗ "$%&∗

We are automatically 
warm-starting

But how big is 
this region with 

gradients?

Barren Plateau: deep + 
expressive
§ ' ∈ Θ 1
§ Var ℒ " +,-. ∈ / 012

ℒ 3" = 1 − Tr 8 "∗ + 3" :(<′)8? "∗ + 3" e1ABC D:(<′)eABC D

Variational quantum simulation: a case study for understanding warm 
starts. R Puig*, M Drudis*, et. al. arXiv:2404.10044

Ricard Puig 10



Region with gradients

ℒ "

""∗ "$%&∗

We are automatically 
warm-starting

ℒ '" = 1 − Tr - "∗ + '" /(1′)-4 "∗ + '" e6789 :/(1′)e789 :
Barren Plateau : deep + 
expressive
§ ; ∈ Θ 1
§ Var ℒ " >?@A ∈ B C6D

Region with gradients
§ ; ∈ Θ 1/ F
§ Var ℒ " G ∈ Ω I

GJKL M
P " := ["Q − RS, "Q + RS]

§ '1 ∈ B I
VWXY Z[\]: =largest 

eigenvalue of ^

Theorem 1

Variational quantum simulation: a case study for understanding warm 
starts. R Puig*, M Drudis*, et. al. arXiv:2404.10044

Ricard Puig 11



!-convex region around the starting point

ℒ #

##∗ #%&'∗

We are automatically 
warm-starting

Barren Plateau
§ ( ∈ Θ 1

Gradient region (Th. 1)
§ ( ∈ Θ ,

-
§ ./ ∈ 0 ,

1234

! -convex region (Th. 2)
§ ( ∈ Ω ,

-6

§ ./ ∈ Θ ,
-1234

Theorem 2

Variational quantum simulation: a case study for understanding warm 
starts. R Puig*, M Drudis*, et. al. arXiv:2404.10044
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What does this mean in practice?

Gradients (Th. 1): poly scaling in !
and "# to get poly variances

$-convexity (Th. 2): poly scaling in !
and "# to get poly variances

However, might still 
be too small in 
practice as the 

variance is roughly %&'

ℒ )

)∗ )+,-∗

Variational quantum simulation: a case study for understanding warm 
starts. R Puig*, M Drudis*, et. al. arXiv:2404.10044

Ricard Puig 13



Minima can jump

1-D cut. 10 qubit Ising Hamiltonian ! =
∑$%$%&' − 0.95∑-%

We use a 2-layered Hamiltonian Variational 
Ansatz.

Variational quantum simulation: a case study for understanding warm 
starts. R Puig*, M Drudis*, et. al. arXiv:2404.10044
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Minima can jump BUT?

1-D cut. 10 qubit Ising Hamiltonian ! =
∑$%$%&' − 0.95∑-%

We use a 2-layered Hamiltonian Variational 
Ansatz.

Plotted with ORQVIZ
M. S. Rudolph et al,  arXiv:2111.04695 (2021).

Variational quantum simulation: a case study for understanding warm 
starts. R Puig*, M Drudis*, et. al. arXiv:2404.10044
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Can we extend the study of warm starts to 
more general VQA?
A unifying account of warm start guarantees 
for patches of quantum landscapes. H. Mhiri*, 
R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)
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Can we extend the study of warm starts to 
more general VQA?

ℒ " = 1 − Tr ( " )*(+ " e-./ 0)*e./ 0

Target state

A unifying account of warm start guarantees for patches of quantum 
landscapes. H. Mhiri*, R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)
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Can we extend the study of warm starts to 
more general VQA?

ℒ " = 1 − Tr ( " )*(+ " e-./ 0)*e./ 0

Target state

ℒ " = Tr ( " )*(+ " 1 ( " =2
345

6
7-.89 09 :3

A unifying account of warm start guarantees for patches of quantum 
landscapes. H. Mhiri*, R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)
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YES!
Capture previous bounds and generalize them.
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YES!
Capture previous bounds and generalize them.

Region with gradients
§ ! ∈ Θ $

%&'()(+)
§ Var ℒ . & ∈ Ω !0

P . := [.5 − 78, .5 + 78]

Theorem 1

ARROUND a point with 
substantial curvature

Large second derivative

Barren region

A unifying account of warm start guarantees for patches of quantum 
landscapes. H. Mhiri*, R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)
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When does this bound apply?

Region with gradients
§ ! ∈ Θ $

%&'()(+)
§ Var ℒ . & ∈ Ω !0

P . := [.5 − 78, .5 + 78]

Theorem 1

ARROUND a point with 
substantial curvature

Large second derivative 

1. Englobe previous results

2. Treat correlated parameters, something 
that could not be done before.

3. Region around the solution (Corollary 2)

A unifying account of warm start guarantees for patches of quantum 
landscapes. H. Mhiri*, R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)
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Ansätze of interest

Region with gradients
§ ! ∈ Θ $

%&'()(+)
§ Var ℒ . & ∈ Ω !0

P . := [.5 − 78, .5 + 78]

Theorem 1

ARROUND a point with 
substantial curvature

Large second derivative 

A unifying account of warm start guarantees for patches of quantum 
landscapes. H. Mhiri*, R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)
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Ansätze of interest

Region with gradients
§ ! ∈ Θ $

%&'()(+)
§ Var ℒ . & ∈ Ω !0

P . := [.5 − 78, .5 + 78]

Theorem 1

ARROUND a point with 
substantial curvature

Large second derivative 

Only change in the 
Poly ?

Depends on the circuit 
structure, the target 
and the correlations 

A unifying account of warm start guarantees for patches of quantum 
landscapes. H. Mhiri*, R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)
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Regions with BP?

Barren region, !"#$$

Region with gradients
§ ! ∈ Θ '

()*$+(-)
§ Var ℒ 0 ) ∈ Ω !2

P 0 := [07 − 9:, 07 + 9:]

Theorem 1

If ℒ 0 has BP at !"#$$, it has 
BP at some ! ∈ Θ 1

Proposition 1

A unifying account of warm start guarantees for patches of quantum 
landscapes. H. Mhiri*, R. Puig*, et. al. arXiv: 2501.xxxxx (in prep)

Ricard Puig 24



Conclusions

ℒ "

""∗

Var$%&' ℒ ∼ 1
2+Var,(") ℒ ∼ 1

Poly(3)
245

1. Guarantees for VQS

2. Possibly not sufficient in 
practice

3. Jumps and fertile valleys?

4. Study warm starts and regions 
of attraction in general

5. Connection with classical 
stimulability.
Efficient quantum-enhanced classical simulation for patches of 
quantum landscapes. S Lerch*, R Puig*, MS Rudolph*, et. al. 
arXiv: 2411.19896 Ricard Puig 25



Extra-slides :)
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Region with gradients

!" = $ %" |!⟩

()*+,- !" = $ %" |!⟩

Compute the 
experimental variance

ℒ /% = 1 − Tr $ %4 +
6
7 !"$8 %4 +

6
7 e)*+, -$ %4 !"$8 %4 e*+, -

$ has linear depth
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!-approximate convexity

[∇$% & ]()* ≥ −|!|

A differentiable function %(&) of several variables % ∶ ℝ2 → ℝ is !-
approximate convex in a region ℛ if  

for all & ∈ ℛ. Here ∇^2% & denotes the Hessian of %(&) and 8 ()* is the 
smallest eigenvalue of 8.
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!-approximate convexity

x
ϵα

fϵ(x)

convex function ϵ − convex function

x

f(x)

a) b)

x
ϵα

fϵ(x)

convex function ϵ − convex function

x

f(x)

a) b)

!-approximate convexity

convexity
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!-approximate convexity

x
ϵα

fϵ(x)

convex function ϵ − convex function

x

f(x)

a) b)

" = 1
2 max),+∈ℛ ) − + //

But recall that in the gradient 
region

0 ∼ 1
2 ⇒ " ≲ 1

2
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!-approximate convexity

x
ϵα

fϵ(x)

convex function ϵ − convex function

x

f(x)

a) b)

" = 1
2 max),+∈ℛ ) − + //

But recall that in the 
gradient region

0 ∼ 1
2 ⇒ " ≲ 1

2

ℒ 6

6∗ 689:∗
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Adiabatic minima

∇ℒ #$ %& , %& = 0

For any time %& in the range [0, +], a function corresponding to the evolution 
of the adiabatic minima for some initial minimum #∗, is a continuous function 
#$(%&) ∈ 12(ℝ,ℝ4) such that #$ 0 = #∗ and

#$(%&) is the adiabatic minimum at %&.
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Adiabatic minima
Barren Plateau
§ ! ∈ Θ 1
§ Var ℒ & '()* ∈ + ,-.

Gradients (Th. 1)
§ ! ∈ Θ /

0
§ Var ℒ & 1 ∈ Ω /

1345 0
P & := [&: − <=, &: + <=]

§ AB ∈ + /
CDEF

GHIJ:=largest eigenvalue of K

L-convexity (Th. 2)
§ AB ∈ Θ M N

0CDEF
§ ! ∈ Ω M N

0O −
CDEFPQ
0

§ ∇M & H)( ≥ −|L|

ℒ &

&∗ &VWX∗

Theorem 3: to ensure the adiabatic 
minima is in the region we need 
§ Theorem 1: AB ∈ + YZ

0CDEF
§ Theorem2: AB ∈ + YZ M|N|

0[/OCDEF
With 

]̂ =
̇&^
` AB ∇&Mℒ &a ̇&^ AB

̇&^ AB M
M

]̂ → 0 corresponds to the to the curvature of 
the loss at the minimum being flat in the 
direction in which the adiabatic minimum move 
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Correlations
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