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Quantum signal processing

® Parameterized single-qubit unitary (z € T)
. (1.0
Yo 2
® We choose Ag, Ay, ..., A, € SU(2)
AWA, 1 - WAg|0) = [P(Z)}

® P(z), Q(z) are polynomials of degree n.
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® Spectral theorem = This constructs |0)P(U)|¢) + |1) Q(U)|v);
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® QSP — Quantum eigenvalue transformation of unitaries [pong, Lin, Tong 22]
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Analytic QSP
w = diag(1, 2)

[Motlagh, Wiebe '23]

Laurent QSP
v = diag(z 71, 2)

e

Eigenvalue
Transformation

[Dong, Lin, Tong '22]
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[Gilyén, Low, Su, Wiebe '19]
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® Phase estimation/detection ® Matrix inversion

® Ground-state preparation ® Hamiltonian simulation
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Which polynomials are implementable by QSP?

Univariate case U — P(U)
® any state (P, Q) can be constructed [Motiagh, Wiebe 23]

® any state (P1, P2,..., Py) on dimension d > 2 can be constructed [ 23
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Which polynomials are implementable by QSP?

Univariate case U — P(U)
® any state (P, Q) can be constructed [Motiagh, Wiebe 23]

® any state (P1, P2,..., Py) on dimension d > 2 can be constructed [ 23

Multivariate case Ui,..., Uy, — P(Us,...,Un)

® This work
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We have two variables a, b € T.
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Protocols for bivariate QSP |

Classical choices [Rossi, Chuang '22]

We have two variables a, b € T.
o define w, = diag(1, a), wp, = diag(1, b)

1. 1. 1.

|0>—A0—W50—A1—VT/51 _"'_Wsn_An_h/(aab»

with Ax € 5U(2),Sk S {a, b}.
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Protocols for bivariate QSP Il

Three-dimensions

We have two variables a, b € T.
e define W = diag(1, a, b).

’0>_{AO}_ W_{AIFW__W_{An}_W(avb»

with A, € SU(3).
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e define W = diag(1, a, b).
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with A, € SU(3).

® This generates triples |y(a, b)) = (P, Q, R) of polynomials in general.
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Protocols for bivariate QSP Il

Three-dimensions

We have two variables a, b € T.
e define W = diag(1, a, b).

10) — Ao H W AL FH W -+ —{ W An | [1(a, b))

with A, € SU(3).

® This generates triples |y(a, b)) = (P, Q, R) of polynomials in general.
® Rossi-Chuang protocol C 3D protocol

® Conjecture: 3D protocol C Rossi-Chuang protocol when R = 0.
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Constructive result

Any triple |y(a, b)) = (P, Q, R) of degree n whose coefficient vectors of 1,a", b" are
non-zero admits a sequence {Ax}x € SU(3) such that:

An WAn—l W e WA0|O> = h/(av b))

[ ] [ ] [ ]
B alp?
[ ] [ ]

- ® Analogous to univariate QSP decomposition of [Motiagh, Wiebe 23]
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A necessary condition for two-dimensional polynomials

7(a, b)) = P(a, b)|0) + Q(a, b)|1) = th ) ak b

Both {|70.k) }«, {|7k,0)}x have rank 2 = |v(a, b)) unimplementable.
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A necessary condition for two-dimensional polynomials

v(a, b)) =

P(a, b)|0) + Q(a, b)|1) =

Z ROTENS

Both {|70.k) }«, {|7k,0)}x have rank 2 = |v(a, b)) unimplementable.

Example: [Németh et al. '23]

P(a, b) = a°b% +1 —

Q(a, b) = 2h—1—
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122 + 8i 114 + 56/ 362 — 248i 692  719i

(@b +a)+ ——— (& + ) + (a2b+b)+(—— )ab
37 111 11 222
122 + 66i 56 + 114/ 362 — 418/
SETR G gy DT 2 g2y R T 2y
37 111
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q(y) = min {max , max
x,y Xy
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Corollary: inapproximability

Define the following quantity:

det [ ol 1o

det |:|’70,x> 70,y>:| ‘}

q(y) = min {max , max
X,y X,y

q(v) > 0 = polynomial not decomposable.
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Corollary: inapproximability

Define the following quantity:

det |:|’70,x> 70,y>:| '}

q(7) = min {n;ayx det {’YX,O> |“/y,o>} , max
q(v) > 0 = polynomial not decomposable.

Corollary (Inapproximability)
If a polynomial |'(a, b)) satisfies

[17'(a, 6)) = (2, b)) || < q(7)/4,

— |¥/(a, b)) is also not implementable by M-QSP.
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Corollary: inapproximability

Define the following quantity:

det |:|’70,x> 70,y>:| '}

q(7) = min {n;ayx det {’YX,O> |“/y,o>} , max
q(v) > 0 = polynomial not decomposable.

Corollary (Inapproximability)
If a polynomial |'(a, b)) satisfies

[17'(a, 6)) = (2, b)) || < q(7)/4,

— |¥/(a, b)) is also not implementable by M-QSP.

. ® Previous example cannot be approximated within € ~ 0.013.
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Conclusions and outlook
Constructive result:
® The polynomial has coefficients for 1, a", b” = a 3D protocol exists.
® Can be extended to m variables using m + 1 dimensions;

® Sufficient but not necessary.
® Missing a completion theorem: P = Q, R?
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Impossibility results:
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® Necessary but not sufficient.
® Easy-to-compute quantity g(v) also giving limits for approximability.
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Thank you for your attention!
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