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Figure 1: Scalar potential for the parameter set P2 of Tab. 1.

Since in slow-roll Pk / H
2
/✏V , an enhancement of the scalar power spectrum is in

principle possible in the limit ✏V ⌘
V

2

�

2V 2 ! 0. Actually the situation is a little more involved
since in the plateau the dynamics of the Universe deviates significantly from slow-roll, a fact
that has been pointed out in [15] (see also [46]), and that calls for a more careful analysis
of the observational signatures of such models, see e.g. [16]. Observables must therefore
be computed from solutions to the Mukhanov-Sasaki equation for the rescaled curvature
perturbations:
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where ⌘ denotes conformal time, z ⌘
p
2✏ a from which we find that the e↵ective mass of the

curvature perturbations is:
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where:

✏ = �
Ḣ
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, (4.4)

are the Hubble slow-roll parameters.
One assumes that deep inside the horizon, the perturbations behave as if in flat space,

which fixes the initial conditions to be of the Bunch-Davies type [68]:

lim
k⌘!�1

uk(⌘) =
e
�ik⌘

p
2k

. (4.5)

This determines the solution to be given by a Hankel function of the first kind:

uk(⌘) =

p
�⇡⌘

2
H

(1)
⌫ (�k⌘) , (4.6)

with index ⌫ determined from eq. (4.3) once a given background is chosen.
For comparison with observations one is interested in the dimensionless power spectrum,

defined as:

Pk =
k
3

2⇡2

���
uk

z

���
2
, (4.7)

– 9 –

Eq. (4.8) also captures the momentum dependence of the two point function, which can be
written in terms of the spectral index ns and its running ↵, given by:

ns ⌘
d lnPk

d ln k
= 1� 2✏� ⌘ , (4.11)

and:
dns

d ln k
= �2✏⌘ � ⌘ . (4.12)

Both these quantities are subject of tight observational constraints [8]. For this work we
take:

ns = 0.9650± 0.0050 and
dns

d ln k
= �0.009± 0.008 (4.13)

at 68%CL and at a scale k⇤ = 0.05 Mpc�1.
In the transient constant-roll regime one has ⌘ ⇡ �2(3 + ↵ � ✏) which implies ✏ /

a
�2(3+↵). In the cases we consider ↵ 2 [0, 1]. In such a background the super-horizon

behaviour of the power spectrum is determined by:

Pk / H
|2↵+3|�1

a
3+2↵+|3+2↵|

. (4.14)

Note that since ✏ is small and decreasing rapidly with the expansion (for ↵ > �3), one can
take H to be constant. We therefore see that for �3  ↵ < �3/2 the curvature perturbations
are frozen beyond the horizon (this includes the previously discussed case of slow-roll inflation,
↵ = �3), whereas for ↵ > �3/2, Pk / a

2(3+2↵), signaling the presence of a growing solution
to the MS equation, and the breakdown of the approximation of Eq. (4.10). In order
to determine the two-point function in such backgrounds one must therefore solve the MS
equation and evaluate Pk at the end of inflation.
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Figure 3: Power spectrum Eq. (4.7) for the potential of Fig. 1 with parameter set P2. The dashed
line represents the slow-roll estimate of Eq. (4.10) while the continuous line is obtained from the
solutions to the MS equation. The circle correspond to the CMB scales if the peak is to be associated
with PBH of mass M = 10�14

M�.

In Fig. 3 we plot the power spectrum for scalar perturbations for the potential of
Fig. 1 (parameter set P2) calculated from the solutions of Eq. (4.2) (continuous line) and

– 11 –

Cicoli+ ‘18

small scale large scale

Dark Matter (Chapline ‘75) 
LVK merger GW? (Sasaki+ ’16) 
SMBH seeds? (Düchting ‘04) 
OGLE lensing obj.? (Niikura+ ‘19) 
Planet 9? (Scholtz & Unwin ‘19) 
Trigger of r-process? (Fuller+ ‘17) 
Baryogenesis? (Baumann+ ‘07) 
JWST luminous gals? (Hutsi+ ‘22)

…

3

Since this is second-order in the perturbations, the

sourced GWs are intrinsically non-Gaussian. The source

is also local, depending only on spatial derivatives of the

perturbations, so the resulting bispectrum will peak in

momentum-space configurations where the wavevectors

have similar amplitude (no squeezed component). We

define the projector in Fourier space using the chiral ba-

sis

eTij`m(~k) = e
L
ij
(~k)⌦ e

L`m
(~k) + e

R
ij
(~k)⌦ e

R`m
(~k), (10)

where e
L,R
ij

are the polarisation tensors. In Eq. (9) the

scalar perturbation  (⌘,~k) can be written in terms of the

initial gauge-invariant comoving curvature perturbation

as [28]

 (⌘,~k) ⌘ 2

3
T (k⌘)⇣(~k), (11)

where the transfer function during radiation domi-

nation with constant degrees of freedom is T (x) =

(9/x
2
)
⇥
sin(x/

p
3)/(x/

p
3)� cos(x/

p
3)
⇤
. A straightfor-

ward calculation approximating the primordial perturba-

tions as Gaussian leads to the current abundance of GWs

[29]
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where k = 2⇡f , ⌦r,0 parameterises the current density

of radiation if the neutrinos were massless, cg ' 0.4 ac-

counts for the change of the e↵ective degrees of freedom

of the thermal radiation during the evolution (assuming

Standard Model physics), I2 ⌘ I2
c
+ I2

s
, and
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(13)

Is(x, y) being the same function, but with sin ⌧ replaced

by (� cos ⌧), see Ref. [30]. For the monochromatic power

spectrum (Eq. (6)) we obtain (see also Refs. [16, 18, 30])
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where f? = k?/2⇡ and ✓(x) is the step function. The

current abundance of GWs is given in Fig. 2 with k? ⇠
kLISA = 2⇡fLISA and As ⇠ 0.033. Since the result is only a

function of f/f?, for other possible f? (with typical black

hole masses as indicated on the top axis) the predicted
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FIG. 2: The power spectrum of GWs generated by PBHs
compared with the power-law integrated sensitivity for LISA
estimated on the basis of the proposal [20]: the proposed de-
sign (4y, 2.5 Gm of length, 6 links) is anticipated to have a
sensitivity in between those called C1 and C2 in Ref. [32].
The spike is due to the trigonometric functions coming from
the radiation transfer functions in I2, giving a resonant ef-
fect at f ⇠ 2fLISA/

p
3, as explained in Ref. [16]. The spike

and slow fall-o↵ in power to low frequencies are an artefact
of assuming a monochromatic power spectrum; physical spec-
tra would typically give a smooth spectrum with white-noise
(/ f3) at low frequencies [29], but a similar overall amplitude.

spectrum simply shifts sideways in f . This shows that, if

PBHs of masses in the range 10
�15

M� . M . 10
�11

M�
form the dark matter (or even a fraction of it), LISA will

measure the GWs popping out during the PBH formation

time.

The primordial bispectrum of GWs. Since the GW

source is non-linear, the three-point correlator of the

GWs is not vanishing. Its computation is straightfor-

ward in the approximation of Gaussian initial perturba-

tions [29]
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where ~p2 = ~p1 � ~k1, ~p3 = ~p1 +
~k3, and where e

⇤
�
(~k, ~p) =

e
⇤ij
�

(~k)pipj are the polarisation tensors and � = L,R. The

bispectrum of GWs is dominated by the equilateral con-

figuration [26], k1 ' k2 ' k3 ⌘ k, as expected since it is

sourced by gradients of the curvature perturbations when

the latter re-enter the horizon. For the equilateral con-

figuration and monochromatic power spectrum (Eq. (6)),
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The most widely studied formation mechanism of a primordial black hole (PBH) is collapse of
large-amplitude perturbation on small scales generated in single-field inflation. In this Letter, we
calculate one-loop correction to the large-scale power spectrum in such a model. We find models
producing appreciable amount of PBHs induce nonperturbative coupling on large scale probed by
cosmic microwave background radiation. We therefore conclude that PBH formation from cosmo-
logical perturbation theory in single-field inflation is ruled out.

Primordial black holes (PBHs) have been a research
interest for more than 50 years [1–3], although there has
been no observational evidence for them. They could
be light enough for Hawking radiation to be important
[4], they are a potential dark matter candidate [5–14]
(reviewed in [15, 16]), and they can explain LIGO-Virgo
gravitational wave events [17–22].

A number of formation mechanisms of PBHs in the
early Universe has been proposed. The most well-studied
one makes use of quantum fluctuations [23–26] gener-
ated in cosmic inflation [27–29]. Observations of CMB
anisotropy [30–32] tightly constrain these fluctuations on
large scales. Their power spectrum is almost scale in-
variant with the amplitude 2.1⇥10�9. On smaller scales
that cannot be probed by CMB observations, observa-
tional constraints are loose enough [33–39]. Therefore,
it is possible to have a theory which produce large fluc-
tuations with the amplitude of power spectrum O(0.01)
that satisfy observational constraints and many models
have been proposed to realize such a feature [7, 8, 40–
93]. Peaks of such fluctuations may collapse into PBHs
with appreciable abundance [94, 95] after entering the
horizon, which also produce large stochastic gravitational
wave background [96–100] that can be probed by future
gravitational wave observations as well as pulsar timing
array experiments [101].

The simplest inflation model that is consistent with
current observational data [31, 32] is canonical slow-roll
(SR) inflation as reviewed in [102]. It is described by
a scalar field �, called inflaton, with a canonical kinetic
term and potential V (�) in quasi-de Sitter space. The
standard SR inflation generates nearly scale-invariant
adiabatic curvature perturbation that behaves classically
as the decaying mode decreases exponentially during in-
flation, so that the perturbation variable and its con-
jugate momentum practically commute with each other
[103]. In order to be consistent with CMB observations
[31, 32], the shape of the potential is tightly constrained
for a finite range of �.

If the inflaton passes through an extremely flat region
of the potential with dV/d� ⇡ 0 after the comoving scales
probed by CMB have left the horizon, it may produce
large-amplitude fluctuations on small scales. In this re-
gion, slow-roll condition fails, and the inflation goes into a
temporary ultraslow-roll (USR) period [104–108]. Dur-
ing this regime the non-constant mode of fluctuations,
which would decay exponentially in SR inflation, actually
grows, as observed in other models [81, 109], resulting in
enhanced power spectrum on specific scales. This may
also imply the importance of quantum e↵ects as we will
see below.

Many inflation models with a flat region or inflection
point of the potential have been proposed inspired by
high energy theories such as supergravity [42–48], ax-
ion monodromy [49, 50], scalaron in R

2-gravity [51], ↵-
attractor [52–54], and string theory [55–57], as well as in
Higgs inflation which does not require theories beyond
the standard model [58–62]. As an extension of USR
period, constant-roll inflation can also produce large am-
plitudes [75, 110].

Theoretically, the power spectrum is described by the
vacuum expectation value (VEV) of the fluctuation two-
point functions in quantum field theory, to which only
wavevectors with equal magnitude and opposite direction
contribute. As we expand the theory to higher-order in
fluctuations, we will get higher-order interaction terms,
which generate primordial non-Gaussianity or VEV of
the higher-point functions which are calculated by in-in
perturbation theory [111–113]. At the same time, such
interactions also generate back reaction to the two-point
function which is called loop correction [114–122]. These
corrections behave non-linearly, where fluctuations with
di↵erent wavenumber magnitude can contribute. There-
fore, small-scale fluctuations can contribute to the loop
corrections of the CMB-scale fluctuation two-point func-
tions.

As mentioned above, in order to realize PBH forma-
tion appropriately, we need an inflation model producing
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[31, 32], the shape of the potential is tightly constrained
for a finite range of �.

If the inflaton passes through an extremely flat region
of the potential with dV/d� ⇡ 0 after the comoving scales
probed by CMB have left the horizon, it may produce
large-amplitude fluctuations on small scales. In this re-
gion, slow-roll condition fails, and the inflation goes into a
temporary ultraslow-roll (USR) period [104–108]. Dur-
ing this regime the non-constant mode of fluctuations,
which would decay exponentially in SR inflation, actually
grows, as observed in other models [81, 109], resulting in
enhanced power spectrum on specific scales. This may
also imply the importance of quantum e↵ects as we will
see below.

Many inflation models with a flat region or inflection
point of the potential have been proposed inspired by
high energy theories such as supergravity [42–48], ax-
ion monodromy [49, 50], scalaron in R

2-gravity [51], ↵-
attractor [52–54], and string theory [55–57], as well as in
Higgs inflation which does not require theories beyond
the standard model [58–62]. As an extension of USR
period, constant-roll inflation can also produce large am-
plitudes [75, 110].

Theoretically, the power spectrum is described by the
vacuum expectation value (VEV) of the fluctuation two-
point functions in quantum field theory, to which only
wavevectors with equal magnitude and opposite direction
contribute. As we expand the theory to higher-order in
fluctuations, we will get higher-order interaction terms,
which generate primordial non-Gaussianity or VEV of
the higher-point functions which are calculated by in-in
perturbation theory [111–113]. At the same time, such
interactions also generate back reaction to the two-point
function which is called loop correction [114–122]. These
corrections behave non-linearly, where fluctuations with
di↵erent wavenumber magnitude can contribute. There-
fore, small-scale fluctuations can contribute to the loop
corrections of the CMB-scale fluctuation two-point func-
tions.

As mentioned above, in order to realize PBH forma-
tion appropriately, we need an inflation model producing

ar
X

iv
:2

21
1.

03
39

5v
2 

 [h
ep

-th
]  

14
 A

ug
 2

02
3

2211.03395

S(3)[ζ]

kCMB
kPBH

≫

𝒫tree
ζ (kCMB) ∼ Δ𝒫1−loop
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Separate U. assumption

x

ζ

k−1
CMB

H−1

x

ζ

= − dt2 + a2(t)dx̃2
ds2 = − dt2 + a2(t)e2ζ(0)dx2

- ζ as NG boson of asymp. dilatation 
(e.g. Assassi, Baumann, Green ‘12) 

- (classically) soft ζ is conserved 
(Lyth, Malik, Sasaki ‘05) 

- Maldacena’s consistency relation (‘03)

S(3)[ζ] ⟨ζkL
ζkS

ζkS
⟩ ∝ 𝒫ζ(kL)

d𝒫ζ(kS)
d ln kS

merely scale-redefinition

Yuichiro TADACancellation of One-loop Corrections 4 /14



Soft th. on loops

kS

prop. under ζL

ζ ζ = +
×
ζL

+
×

ζL
×
ζL

+ ⋯

=
kS e−ζL

ζ ζ prop. w/o ζLMaldacena’s CR

×
ζL

×
ζL

×
ζL

+
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Soft th. on loops

kS

prop. under ζL

ζ ζ = +
×
ζL

+
×

ζL
×
ζL

+ ⋯

=
kS e−ζL

ζ ζ prop. w/o ζLMaldacena’s CR

×
ζL

×
ζL

×
ζL

+

∫ d ln q

q

=

bubble under ζL

∫ d ln q[ +

×
ζL

+
×

ζL
×
ζL

+

×
ζL

×
ζL

×

ζL

⋯+ ]
= ∫ d ln q

q e−ζL

= ∫ d ln q′ 

q′ 

Maldacena’s CR

all 1-loop corrections on pt. func.n

In bubble-vanishing QFT, 
all 1-loop corrections vanish?
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Transient USR
ϕ

V(ϕ)

η =
·ϵ

ϵH
=

0 for τ ≤ τs,
−6 for τs ≤ τ < τe,
0 for τe ≤ τ .

Kristiano & Yokoyama ‘22
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Squeezed Bispectrum

S(3) ⊃ ∫ dτd3x
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Squeezed Bispectrum

S(3) ⊃ ∫ dτd3x
a2ϵ
2

η′ ζ2ζ′ −
d
dτ ( a2ϵ

2
ηζ2ζ′ +

aϵ
H

ζζ′ 
2) ⟨ζkL

ζkS
ζkS

⟩ = (2π)3δ(3)(K)
12
5

fNL(kL, kS)Pζ(kL)Pζ(kS)
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during USR

- Boundary terms are relevant! 

- Maldacena’s CR holds at any time!

fNL(kL, kS) =
5

12 (1 − ns(kS)) = −
5

12
d ln 𝒫ζ(kS)

d ln kS

Motohashi & YT ‘23
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CR in diagrams

<latexit sha1_base64="BQ8G1nvsFIICFwymTdyvoZFlpbc="></latexit>

⇣ ⇣ ⇣

kL

kS

kS

= �2⇡2

k3S
P⇣(kL)

dP⇣(kS)

d ln kS

<latexit sha1_base64="COsAmdQQFv4yY1H1vUCbl1ev1s8="></latexit>

⇣ ⇣ 0 ⇣

kL

kS

k0S

+ (kS $ k0S) = �2⇡2

k3S
P⇣(kL)

d(@⌧P⇣(kL))

d ln kL

YT, Terada, Tokuda ‘23
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One-loop Cancellation
<latexit sha1_base64="Y5WZ4oEYfCDvrw9oF9gbgG3r9mc="></latexit>

P (soft)
⇣ (kL) =

Z ⌧

d⌧ 0
Z

d3q

(2⇡)3

"
⌧ 0kL

q

kL � q

kL

<latexit sha1_base64="wMpYDbNfpb2oWqZgtG2VGPuaxZU="></latexit>

+ ⌧ 0kL

q

kL � q

kL + ⌧ 0kL

q

kL � q

kL

#
YT, Terada, Tokuda ‘23
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One-loop Cancellation
<latexit sha1_base64="Y5WZ4oEYfCDvrw9oF9gbgG3r9mc="></latexit>

P (soft)
⇣ (kL) =

Z ⌧

d⌧ 0
Z

d3q

(2⇡)3

"
⌧ 0kL

q

kL � q

kL

<latexit sha1_base64="wMpYDbNfpb2oWqZgtG2VGPuaxZU="></latexit>

+ ⌧ 0kL

q

kL � q

kL + ⌧ 0kL

q

kL � q

kL

#

∝ Pζ(kL)∫ d ln q
d𝒫ζ(q)
d ln q

∝ Pζ(kL)∫ d ln q
d(∂τ𝒫ζ(q))

d ln q
∝ Pζ(kL)∫ d ln q

d(∂τ𝒫ζ(q))
d ln q

YT, Terada, Tokuda ‘23
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One-loop Cancellation
<latexit sha1_base64="Y5WZ4oEYfCDvrw9oF9gbgG3r9mc="></latexit>

P (soft)
⇣ (kL) =

Z ⌧

d⌧ 0
Z

d3q

(2⇡)3

"
⌧ 0kL

q

kL � q

kL
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q

kL � q

kL + ⌧ 0kL

q

kL � q

kL

#

∝ Pζ(kL)∫ d ln q
d𝒫ζ(q)
d ln q

∝ Pζ(kL)∫ d ln q
d(∂τ𝒫ζ(q))

d ln q
∝ Pζ(kL)∫ d ln q

d(∂τ𝒫ζ(q))
d ln q

= Pζ(kL)𝒫ζ(q)
q→∞

q→kL

= Pζ(kL)(∂τ𝒫ζ(q))
q→∞

q→kL

= Pζ(kL)(∂τ𝒫ζ(q))
q→∞

q→kL

→ 0 by iε (i.e. τ → (1+iε)τ)

→ 0 → 0∼ 𝒪(10−9)

YT, Terada, Tokuda ‘23

Yuichiro TADA 10Cancellation of One-loop Corrections /14



One-loop Cancellation
<latexit sha1_base64="Y5WZ4oEYfCDvrw9oF9gbgG3r9mc="></latexit>

P (soft)
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kL
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#
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d𝒫ζ(q)
d ln q
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d(∂τ𝒫ζ(q))

d ln q
∝ Pζ(kL)∫ d ln q

d(∂τ𝒫ζ(q))
d ln q

= Pζ(kL)𝒫ζ(q)
q→∞

q→kL

= Pζ(kL)(∂τ𝒫ζ(q))
q→∞

q→kL

= Pζ(kL)(∂τ𝒫ζ(q))
q→∞

q→kL

→ 0 by iε (i.e. τ → (1+iε)τ)

→ 0 → 0∼ 𝒪(10−9)

∼ 𝒪(10−9) × Pζ(kL) ≪ Pζ(kL)

Conserved ζ @ tree ⇔ Maldacena’s CR ⇔ Cancellation of One-loop
cf. Ward—Takahashi by asymptotic dilatation
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Comments

<latexit sha1_base64="8PTvK/1WLqCk0nfUodpbsfdhBjg="></latexit>

P (induced)
⇣ (kL) / kL

kS

k0S

kL /
✓
kL
kS

◆3

- induced scalar (cf. induced GW)

- tadpole
<latexit sha1_base64="mZDDlloux68WK4ls75+nTVmCG5g="></latexit>

h⇣i

<latexit sha1_base64="nzcbADOixejx3wzkdNh8xWmz7TE="></latexit>

k k

p = 0

= �h⇣i dP⇣(k)

d ln k

Pren
ζ (k) := Pζ(ke−⟨ζ⟩)

cf. stochastic-δN
⟨ζ⟩ = ⟨𝒩⟩ − Ncl

- tensor (Ota, Sasaki, Wang ‘22x2)

Bhλζζ(kL, kS, kS) = −
1
2

Phλ
(kL)Pζ(kS)eλ

ij(k̂L) ̂ki
S

̂kj
S

d ln Pζ(kS)
d ln kS

P(soft)
h (kL) ∝ Ph(kL)∫ d ln q q5

dPζ(q)
d ln q

not total derivative…  
(2311.11053; no mass correction in dS?)

YT, Terada, Tokuda ‘23
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Comments
- other works

Yuichiro TADA 12

e.g. Firouzjahi 2311.0408

SEFT[δϕ] : large corrections on coupling consts. are possible 
but it simultaneously changes B.G. and relation δϕ ↔ ζ

ϕ

V(ϕ)

ϕ

V(ϕ)

 may change but -conservation  
should NOT depend on the details of 
V(ϕ) ζ

V(ϕ)

Riotto, Choundhury+, Fumagalli, Tasinato, Maity+, Mulryne+, etc., etc., …

Cancellation of One-loop Corrections

cf. Inomata ‘24

See also Kawaguchi, Tsujikawa, Yamada ’24 for the path integral formalisation. 

There, the EoM terms  are relevant rather than the boundary terms.2f(ζ)
δL
δζ

1

/14



Comments

Yuichiro TADA 13

- symmetry?
e.g. Soft dS Effective Theory by Cohen & Green ‘20

“conservation of ‘const.’-modes of  and  is preserved @ all orders”ζ h

Cancellation of One-loop Corrections

- 4pt couplings

tadpole cancellation:  so that ζ̃ := ζ − ⟨ζ⟩ ⟨ζ̃⟩ = 0

×
tadpole counter term

dilatation sym. counter term

×
mass counter term

cancel
Pimentel, Senatore, Zaldarriaga ’12 
Kawaguchi, Tsujikawa, Yamada ‘24

/14



- Asymp. Dilatation ensures One-loop Cancellation 

- Loops in Lattice (e.g., Butterfly-effect, STOLAS, …)? 

- Tensor may be serious…

Summary



Appendices



Field Redefinition?
Kristiano & Yokoyama ‘22

S(3)[ζ] = ∫ d4x ( tedious terms.)

  &  comoving gauge S = ∫ d4x −g [ 1
2

M2
PlR −

1
2

(∂ϕ)2 − V(ϕ)] (δϕ = 0)

= ∫ d4x 𝒪(ϵ2) +
a3ϵ
2

·ηζ2 ·ζ + 2f(ζ)
δL
δζ

1

+
d
dt ((ζ3-terms) −

a3ϵ
2

ηζ2 ·ζ −
a3ϵ
H

ζ ·ζ2 + 𝒪(ϵ2))
Arroja & Tanaka ‘11

 : tree EoM,      
δL
δζ

1

= 0 f(ζ) =
η
4

·ζ2 +
1
H

ζ ·ζ + ⋯
field redef. : ζ = ζ̃ + f(ζ̃)

S(3)[ζ̃] = ∫ d4x [𝒪(ϵ2) +
a3ϵ
2

·ηζ̃2 ·̃
ζ] unique relevant vertex

Maldacena ‘02

→ Hint



Field Redefinition?
Kristiano & Yokoyama ‘22

⟨ ̂̃ζkL
(τe)

̂̃ζk′ L
(τe)⟩(1) = ⟨ T̄ exp (i∫

τe

−∞
Ĥint(τ)dτ) ̂̃ζI,kL

(τe)
̂̃ζI,k′ L

(τe) T exp (−i∫
τe

−∞
Ĥint(τ)dτ) ⟩

(1)

= i2 ∫
τe

dτ1 ∫
τ1

dτ2⟨[Ĥint(τ1), [Ĥint(τ2),
̂ζ̃I,kL

(τe)
̂ζ̃I,k′ L

(τe)]]⟩

Weinberg ‘05

∼ η2Pζ(kL)∫
ke

ks

d ln k 𝒫ζ(k) ∼ Pζ(kL)

PTB approach breaks down even on CMB scale?

Rmk:
•  @ SR2ζ̃(τ) → ζ(τ) •  ?S(4)[ζ̃] • non-lin. field-redef. works @ one-loop? ⋯



Closed Time Path
Schwinger ’65, Keldysh ‘65

−∞

−∞

+∞
Nτ

ζ+

ζ−
TC

× ×

×

̂ζI+,k1
(τ1) ̂ζI+,k2

(τ2)

̂ζI−,k3
(τ3)

⟨ ̂ζk3
(τ3) ̂ζk2

(τ2) ̂ζk1
(τ1)⟩ = ⟨TC

̂ζI−,k3
(τ3) ̂ζI+,k2

(τ2) ̂ζI+,k1
(τ1)e−i ∫ Ĥintdτ⟩

= ⟨Û†(τ3, − ∞) ̂ζI,k3
(τ3)Û†(τ2, τ3) ̂ζI,k2

(τ2)Û(τ2, τ1) ̂ζI,k1
(τ1)Û(τ1, − ∞)⟩

Example

=

Θ(τ − τ′ )⟨ ̂ζI(x) ̂ζI(x′ )⟩ + Θ(τ′ − τ)⟨ ̂ζI(x′ ) ̂ζI(x)⟩, (a, b) = ( + , + )

⟨ ̂ζI(x′ ) ̂ζI(x)⟩, (a, b) = ( + , − )

⟨ ̂ζI(x) ̂ζI(x′ )⟩, (a, b) = ( − , + )

Θ(τ′ − τ)⟨ ̂ζI(x) ̂ζI(x′ )⟩ + Θ(τ − τ′ )⟨ ̂ζI(x′ ) ̂ζI(x)⟩, (a, b) = ( − , − )

Gab(x, x′ ) = ⟨TC
̂ζIa(x) ̂ζIb(x′ )⟩

Propagator



Closed Time Path
Schwinger ’65, Keldysh ‘65

Gαβ(x, x′ ) =

1
2 ⟨{ ̂ζI(x), ̂ζI(x′ )}⟩, (α, β) = (c, c)

Θ(τ − τ′ )⟨[ ̂ζI(x), ̂ζI(x′ )]⟩, (α, β) = (c, Δ)

Θ(τ′ − τ)⟨[ ̂ζI(x′ ), ̂ζI(x)]⟩, (α, β) = (Δ, c)
0, (α, β) = (Δ, Δ)

ζc =
ζ+ + ζ−

2
, ζΔ = ζ+ − ζ−Shcwinger—Keldysh basis

Gαβ(τ, τ′ ; k) =

ℜζk(τ)ζ*k (τ′ ), (α, β) = (c, c)
2iΘ(τ − τ′ )ℑζk(τ)ζ*k (τ′ ), (α, β) = (c, Δ)
2iΘ(τ′ − τ)ℑζk(τ′ )ζ*k (τ), (α, β) = (Δ, c)
0, (α, β) = (Δ, Δ)

ζc ζc

Gcc(k)
ζc ζΔ

GcΔ(k)

ζc ζ′ c = ∂τζc

Gcc̄(k)
ζ′ c ζ′ c

Gc̄c̄(k)

ζc ζ′ Δ

GcΔ̄(k)
ζ′ c ζΔ

Gc̄Δ(k)
ζ′ c ζ′ Δ

Gc̄Δ̄(k)



Boundary Vertices
Motohashi & YT ‘23

ℒ(3)
bulk =

a2ϵ
2

η′ (ζ2
+ζ′ + − ζ2

−ζ′ −)

= a2ϵη′ (ζcζΔζ′ c +
1
2

ζ2
c ζ′ Δ) + 𝒪(ζ3

Δ)

Δ

c c

Δ

c c

ia2ϵη′ ia2ϵη′ 

Boundary Vertices ℒ(3)
B =

d
dτ

ℬ

⟨TC �̂�(τ1, τ2, ⋯)
d
dτ

ℬ̂(τ)⟩
=

d
dτ

⟨TC �̂�(τ1, τ2, ⋯)ℬ̂(τ)⟩

+δ(τ1 − τ)GcΔ(τ1, τ)Gcc(τ2, τ)⋯ + ⋯
d
dτ

Θ(τ1 − τ) in GcΔ(τ1, τ)

Δ

c c

Δ

c c

−iδ(τ̃ − τ)a2ϵη

Δ

c c

Δ

c c
−2iδ(τ̃ − τ)

aϵ
H

partner of Δ

S(3) ⊃ ∫ dτd3x
a2ϵ
2

η′ ζ2ζ′ −
d
dτ ( a2ϵ

2
ηζ2ζ′ +

aϵ
H

ζζ′ 
2)



Bispectrum
Motohashi & YT ‘23

Bζζζ(kL, kS, k′ S; τ) =
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1
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∝ GcΔ(τ, τ) = 0



Bispectrum
Motohashi & YT ‘23
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Bispectrum
Motohashi & YT ‘23
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Bispectrum
Motohashi & YT ‘23

during USR  τs < τ < τe
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