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Context: Slow-Roll inflation

e Slow-roll inflation: hundreds of scenarios are competing®
e To discriminate: we derive the expected scalar and tensor power-spectra perturbatively

e Not perturbations in terms of h, (, these remain linear and independent
e Not loop corrections
e Deviations from a purely de Sitter background

Hubble flow functions

! Jerome Martin, Ringeval, and Vennin 2014.
2Liddle, Parsons, and Barrow 1994.
3V. Mukhanov 2013; Jerome Martin, Ringeval, and Vennin 2016.
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e Hubble flow function determined from the field’s potential V' (¢)?

e Determined by the equation-of-state parameter in fluid representations of single-field inflation®

! Jerome Martin, Ringeval, and Vennin 2014.
2Liddle, Parsons, and Barrow 1994.
3V. Mukhanov 2013; Jerome Martin, Ringeval, and Vennin 2016.



History of computation of perturbations

2001: Second-order corrections for the scalar spectral index*

2001: Fully expanded scalar power spectrum at second order (N2LO)>

e 2002: Tensor power spectrum at N2LO was derived soon after®

2004: Third-order corrections to the scalar amplitude for a minimal kinetic term’, but not fully
expanded around a pivot wavenumber

2013: Scalar and tensor power spectra with a non-minimal kinetic term at N2LO®

In this work, we compute third-order corrections completely, including a non-minimal kinetic term to
accommodate the next generation of CMB observations and the incoming large-scale structure surveys.

#Jin-Ook Gong and Stewart 2001.

SSchwarz, Terrero-Escalante, and Garcia 2001.

®each et al. 2002.

"Choe, Jinn-Ouk Gong, and Stewart 2004.

8)érébme Martin, Ringeval, and Vennin 2013; Beltran Jimenez, Musso, and Ringeval 2013.



Gravitational Wave power-spectrum from inflation
Challenges when going at N3LO
Curvature perturbations from inflation

Summary



Equation of motion for gravitational waves

o (1, k) = ha(n, k)a(n) verify, in Fourier space’ (prime = differentiation wrt conformal time 7)

1

w (n, k) + <k2 = %) w(n, k) =0,

e Parametric oscillator evolving in a time-dependent effective potential

Ur() = & = Hm) 2 - )],

where H(n) = a(n)H (n) is the conformal Hubble parameter

9V. F. Mukhanov, Feldman, and Brandenberger 1992.
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Perturbative expansion of the potential Ut (1/3)

Hubble flow functions are used to provide a perturbative expression for H
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Perturbative expansion of the potential Ut (1/3)

Hubble flow functions are used to provide a perturbative expression for H

/0_ dt /+oc /+oc 1 d
-1 = —_— = U,
t(n) a’(t) a(n) a H H

+oo +o0o
:l_ eld 1+61+/ 1d<€—1>da

H o a’H H ada \H
146 + €2+ eren /+°°1d €+ e1ez
== = =4 ———— ) da
H . ada H

Hence
M=—(1+e+6 +eae+O())



Perturbative expansion of the potential Ut (2/3)

1’ (n, k) + [K* — Ur(n)] p(n, k) =0,

e Ut can be expressed in terms of the Hubble flow functions ¢;
n*Ur(n) = (MH)*(2 — €1) = 2 + 3e1 + 4e; + 4deren + 0(63)

Notice that all €;(n) are still function of 7!
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Perturbative expansion of the potential Ut (3/3)

e One can now pick a peculiar time, say 7,, and Taylor expand

€i(n) = € — €n€iy1p (1 +en + €y + €1b52b) In (%)

+ €ib€i+1b

5 (€i41p + €iyop + €1p€2p + 2€1p€5415 + 2€15€5425) In’ (ﬂ> + 0(64)
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Perturbative expansion of the potential Ut (3/3)

e One can now pick a peculiar time, say 7,, and Taylor expand

ei(n) = e — ey (1+ €1, + el + €1p€) In (%)

€ib€q
+ 72+1b (€i+1p + €igop + €1p€2 + 2€15€,415 + 2€15€5425) In® (%) + 0(64)
e Using the dimensionless positive variable z = —kn, and a convenient pivot 7, (k) = %
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Perturbative expansion of the potential Ut (3/3)

e One can now pick a peculiar time, say 7,, and Taylor expand

€i(n) = € — €€y (14 €15 + €1, + €1p€25) In (77%)

€ip€;
+ % (€i+1p + €igop + €1p€2 + 2€15€,415 + 2€15€5425) In® (%) + 0(64)
e Using the dimensionless positive variable z = —kn, and a convenient pivot 7, (k) = %
d’p 2 g[n(z)]
el 1—- = =
daz? + ( m2) K 2z M

with
glln(z)] = g1y + g2» In(z) + g3, In’(z) + O(e*) = O(e),



Perturbative solution using Green’s function (1/2)

e LHS = Riccati-Bessel equation

a2y 2 _ glin(@)
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Perturbative solution using Green’s function (1/2)

e LHS = Riccati-Bessel equation

a2y 2 _ glin(@)
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e Advanced Green's function using the Wronskian method
7

Gy(2) = 5 [u(z)aly) - u(y)a(2)] 6y - 2),

where u(x) is the Riccati-Hankel function of order one

u(z) = (1 + ;) e,
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e Advanced Green's function using the Wronskian method
7

Gy(2) = 5 [u(z)aly) - u(y)a(2)] 6y - 2),

where u(x) is the Riccati-Hankel function of order one

u(z) = (1 + i) e,

e The exact solution therefore reads
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Perturbative solution using Green’s function (1/2)

e LHS = Riccati-Bessel equation
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Perturbative solution using Green’s function (2/2)

u(@) = pofe) + 5 [ D y) (o) — wleyut) ay

e Defining the rescaled mode function ji(x) = Vku(z), we expand it as
() = fio(x) + fir (z) + f2(z) + fis(x) + O(e*), with fi, = O(e")

e The zeroth order term is fixed by imposing a Bunch-Davis vacuum for x = —kn — oo
po(@) = 22— io(2) = ula)

e One obtains the recursive solutions

fia (z )_le/waigx) o(y) dy
) = g2 / G@WW) 40 + g1, / b Gy(f)m(y)dy

fs(z )ZQBb/ w o(y )dy+92b/ % 1(y )d?ﬁ'gw/L>c> Gy(m)ﬂz(y)dy
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Challenging integrals of the Green’s method

Our perturbative expansion depends on the asymptotic expansion z — 0"

co _+2iy
Fn(x)z/ ey In"(y)dy,forn=0,n=1and n =2

These then enter into the definition of three other two-dimensional integrals

oo e—Qiy
FOO(JJ):/ ; Fo(y) dy,
oo e*2iy
Fm(x):/ ; Fi(y)dy,

Fio() = [ h efy”’ In(y) Fo(y) dy

Finally, the third-order terms involve the three-dimensional integral

oo e+2iy
Fooo(x) :/ 7 Foo(y) dy

Similar to polylogs but with an oscillatory term, convergent at oo and divergent at 0
12



The F,(z) hierarchy (1/2)

e Let us define the generating functional

flv,z) = Z %TF”(JL), hence F,,(z) = %

n v=0
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n v=0

e |t is easy to find the form of the functional f(v,z).

=) n1," 2iu oo )
f(v,x) :/ (Z Y :3 u> eu du :/ e du = 2By, (—2iz)

n

in which E;1_, is the generalized exponential integral.
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e Let us define the generating functional

flv,z) = Z %TF”(JL), hence F,,(z) = %

n v=0

e |t is easy to find the form of the functional f(v,z).

=) n1," 2iu oo )
f(v,x) :/ (Z Y :3 u> eu du :/ e du = 2By, (—2iz)

n

in which E;1_, is the generalized exponential integral.

e In the limit x — 0"

45" v
~ 97V 17ru/2r )
f(V7 x) z—0t 14 i ¢ (V)
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The F),(z) hierarchy (2/2)

From this expression, we obtain systematically the asymptotic behavior of all the functions F},

Fo(z) = —Inxz — B+ O(x)

1 B? 2
Fi(z) = —5In’o+ — + 7= + O(@)
1 B? 2 2
Fy(a) = —zIn’e — = - %B ~ 3¢(3) +Oa)

where .
B =~g+1n(2) — %

and with yg the Euler-Mascheroni constant
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Gravitational wave power spectrum

The constancy of p/a after Hubble exit allows us to derive the observable power spectrum of

gravitational waves generated during inflation
91.3 1|2

a

5 lim
T z—0*1

Pr(k) =

2H?2
Pu(k) = —3

1 1

{1 =2C+ e + 5 (72 +4C? + 4C — 6)é2, + E(WQ — 1202 — 24C — 24)eq €04
1 1
-~ [4C3 + 3(n? — 8)C + 14¢(3) — 16]€3, + 5 [24C3 + 1372 + 2(57% — 36)C + 36C2 — 96] €1, €2+
S
12

1
— 2614 + 2(2C + 1)€3, — 2(C + 1)ernens — (w2 +4C? — 8)ed, + é(57r2 +36C2 + 36C — 36)e7, €24

[4C3 — % — (7% — 24)C + 12C? + 8((3) + 8] (e14€3, + e14€a4€34)

+

—_

k
+ 1—2(7r2 —12C2% — 24C — 24)(e1x€3, + 61*62*63*):| In (k—)

*

k
+ [26%* — €1x€0x — 4CES, + 3(2C + 1)€7, €24 — (C + 1)(e1x€3, + 61*62*63*)] In? <—>

*

. k
A g ( - 46?* + 66%*52* — 61*65* - 61*62*63*) ta (E) } 1



Equation of motion and mapping method (1/2)

Mukhanov-Sasaki variable v(n, k) = a(n)+/2e1(n)¢(n, k) satisfies™
d%v 5 1d°z
d772 +<k _7ﬁ)’l):07
where z(n) = a(n)\/e1(n) is a “generalized scale factor”
Mapping method Bgeitran Jimenez, Musso, and Ringeval 2013
Introduce a generalized Hubble parameter and e-fold number
- _ N .
N=lInz, HEZ—:d—, H. — H..
z dn
Define a hierarchy of generalized Hubble-flow functions
< _ dln|a] ~ din H
aiy1(N) = — ai(N)= ————, €iv —> Qlix
+1(NV) e 1(N) B

0V, F. Mukhanov, Feldman, and Brandenberger 1992.
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Equation of motion and mapping method (2/2)

Only work: expressing the generalized parameters in terms of the standard Hubble flow functions.

~ H €9 ~ 1
Hzi(l 7)7 N=N+=-Ine,
NG + 2 ar 5 neg,
From which we get
de1 + €2 (24 2e1 + €2 — 2¢3)
a1 = 2
(e2+2)
€2\ dln|a;]
= (1+9)
Gt ( ty) Tan

17



Scalar power

spectrum

e 2 S
* 7‘ 2 2 7’ 2
{172(c+1)51*7ce2*+ L o o — a4 (2 6P = @ = 6)|cic

8m2eq, 2 12
1 1 1

2 2 2 2 2 3 2 3 3
Z (7% +4c? —8)e2, + — (72 —12C%)en,e30 — — [4C3 4+ 3(n2 — 8)C + 14¢(3) — 16| (83, + ¢
o R oo~ 5 +3(s3-5) J(ot. + )

1

— [137\'2 — 8(x2 — 9)C +36C2 — 84@(3)}5%*52* S [803 — 1572 + 6(x2 — 4)C — 12C2 + 100¢(3) + 15]51*65*
12 24
1 1
o [wzc — 463 — 8¢(3) + 16} (e2xe3u + 52*53*64*> + [1203 4 (5«2 = 48)0}53*63*
1
- [803 + 72+ 6(7r2 —12)C — 1202 — 8¢(3) — 8] e1xensesn

1
[— 2e14 — €2y + 2(2C + 1)€2, + (2C — 1)eqqeny + Cea, — Cegyezy — g(w2 +4C? —8)(8ed, + 5,)

z(wg —9C —9)ef ean — i(wg +4C% —4C —4)ey, 3, + %(12 +4C% —4C —12) e en ens
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a2 2 2 2
S [4ehe  2ernean + Bu — canega +Oelean — (20 - 1) (€145 — 2€1x €234 )

k
3 3 2 2 2
C (8¢}, + 3, — 3e3,eu + c2u€Fu + caucsucan) ] In (?)
o

1 k
3 2 3 2 2 3
g(*gﬁ* T 2€1x €0, T A€1x€2uE3x — €24 T €5, €34 — €2x€3y — 52*53*64*) In (k )}
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Current status and detection prospects

Datasets

mm Strongly disfavoured  mmmModerately disfavoured Weakly disfavoured i Favoured |

e 2020 post-legacy release Planck 100
e South Pole Telescope third gen £ o » 1 18
e BAO data from Sloan Digital Sky Survey IV H
=2
Rule of thumb B
e Tensor-to-scalar ratio 0
r~16e; = log(e1) < —2.6 (95%) .
Planck Planck/BKP D
e Spectral index ns — 1 & ea = €2 ~ 0.035 2013 2015

° Running of the spectral index s ~ _62(261 + 63) Jerome Martin, Ringeval, and Vennin 2024a
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Current status and detection prospects

Datasets ) B
Unnormalized posterior distributions
e 2020 post-legacy release Planck Lo ooy
e BICEP/Keck array 2021 data 0s

e South Pole Telescope third gen R

]

e BAO data from Sloan Digital Sky Survey IV &
Rule of thumb

e Tensor-to-scalar ratio
r & 16e;1 = log(e1) < —2.6 (95%)

-0.010 —0.005 0.000 0.005 0.010

e Spectral index ny — 1 &~ ea = €2 ~ 0.035 B

® Running of the spectral index a; ~ —ea(2¢1 + €3) Jerome Martin, Ringeval, and Vennin 2024b
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e Reviewed the Green's function method for the tensor and scalar primordial power spectra...
e extended to N3LO thanks to new asymptotic behaviors of integrals...
e and with non-minimal kinetic term (skipped here).

e Interesting for extrapolations of the power spectra. For instance, if one needs to estimate the
amplitude of the curvature perturbations, or gravitational waves, at wavenumbers significantly
different than k., all higher order terms may play a significant role.

e Highly accurate formulas for the semi-classical slow-roll predictions allow for searching in the data
unexpected deviations, such as quantum backreaction

20
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The Fy~ hierarchy (1/4)

e Let us introduce the hierarchy of integrals I,, defined by

+oo e+2iy7
In+1 :/ y In(y) dy, I() = 1

e From this definition, we see that

[Qn(l’) = F02n (I), I2n+1(x) = F02n+1 (13),
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The Fy~ hierarchy (1/4)

e Let us introduce the hierarchy of integrals I,, defined by

+oo e+2iy7
In+1 :/ y In(y) dy, I() = 1

e From this definition, we see that
[Qn(l’) = F02n (I), I2n+1(x) = F02n+1 (13),

e A generating functional h(v,z) can be constructed as

h — +Oc[ k hat T 1 0"h(v,x)
(I/, T) = Z k(ﬂ:)l/ , SO that n(T) = ﬁ 87 .
k=0 v=

e h(v,x) verifies a complex differential equation

Oh(v, x) 0 ve?®

5 o h(v,z) =0




The Fy. hierarchy (2/4)

% " VeQi:t

B " h(z) =0

e |t can be recast into a matrix equation

e _%AX, with X (z) = {‘;((ﬁ)} and A(z) = [

cos(2xz)  sin(2x) :|
dx

sin(2z) — cos(2x)



The Fy. hierarchy (2/4)

Oh  wve*®
% =

h(z) =0

e |t can be recast into a matrix equation

dX v .
4 = —;AX, with X (z)

|:a(£):| and A(z)

cos(2xz)  sin(2x)
b(z)

sin(2z) — cos(2x)

o If one tries to diagonalize A = PAP ™!, with Z(z) = P~ X then

14
4z v _,dP —
e _([IA+P )z = z Z.
dz (:c + da:) <_1 V)
T



The Fy~ hierarchy (2/4)

Oh  wve*®
% =

h(z) =0

e |t can be recast into a matrix equation

dX

dz

= —%AX, with X (z) {Z((jﬂ and A(z)

o If one tries to diagonalize A = PAP ™!, with Z(z) = P~ X then

sin(2x) — cos(2x)

[005(21’) sin(2x) :|

Az _
dz

|
A~
=
-
+
N
ey
)
~—
N
I
|
8|

Z.

SHN

e This system has no longer any oscillatory terms and can be decoupled by differentiation

d?z; v(v+1) dz1 v
=—|1———*%|21, 22=
dz?

= — z1.
dx 48



The Fy~ hierarchy (3/4)

e The first of these equations is a Riccati-Bessel differential equation which admits the exact
solutions
21(2) = CL(v) @i (2) + Ca(v) . (),

where j, and y, are the spherical Bessel functions of first and second kind™

1 Abramowitz and Stegun 1970.
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The Fy~ hierarchy (3/4)

e The first of these equations is a Riccati-Bessel differential equation which admits the exact
solutions

21(2) = C1 (v) @ (@) + Co(v) ays (2),
where j, and y, are the spherical Bessel functions of first and second kind™

e One finally obtains the exact expression

h,@) = ~we” {sin (%) liv(@) + igo-1(@)] + cos () o (@) + ivor ()]}

e In the limit z — 0T

sr isin (%)
2" T 1 x¥\/m 2
~ (T 1

h(v,z) ~ = ( 5 ) (1/ + ) Y cos(mv) (1/ N l)

2

1 Abramowitz and Stegun 1970.



The Fy. hierarchy (4/4)

Finally, we can extract our hierarchy of functions Fyn () around z — 0

Fo(z) = —B —In(z) + O(z)

Foolx) = %+%+Bln( )+ 5 % (@) + O(a)
Fooo(z) = —-¢(3) — T B- éB - (% + %) @) — 2 @) - L ’(z) + Oz)
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