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̂ϕ∂μ ̂ϕ ̂Tϕ

μν = ∂μ
̂ϕ∂ν

̂ϕ −
1
2

ημν∂α
̂ϕ∂α ̂ϕ

Energy density ρ := − ⟨0 | ̂Tϕ
0

0 |0⟩ = ⟨0 |
1
2

∂0
̂ϕ∂0

̂ϕ +
1
2

∂i
̂ϕ∂i

̂ϕ |0⟩
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Solving EOM uk =
e−ikμxμ

2wk

[ ̂a ⃗k, ̂a†
⃗k′￼
] = (2π)3δ3( ⃗k − ⃗k′￼)where kμ = (wk, ⃗k) , w2

k = | ⃗k |2 ,

̂ϕ(x) = ∫
d3k

(2π)3 [ ̂a ⃗kuk + ̂a†
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 Introducing UV cutoff   and expanding in e−ϵ k2 + A2 ϵ

ρ =
1

32π2a(t)4
lim
ϵ→0 [48

ϵ4
+

4H2 − 8A2

ϵ2
+ A2(2H2 − A2)log ϵ] + 𝒪(ϵ0)

ρM ∼ | ⃗k |4

 a(t) = 1, A = H = 0

New!
Curvature!

•  Divergent energy ? (Curved spacetime)
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ρ =
1
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lim
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Renormalization 
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Divergences in terms of regulator:

  How UV divergencies are cured in QFT :

Renormalization Procedure

∫
kUV

d4k  ∼ lim
kUV→∞

kUV ( . . . )

2. Absorb divergence in the coupling constant & fields (Renormalization):

We define renormalized charge: eR = eb + ect

3. Fix finite leftover with experiments (Ren. conditions):

We measure  at some energy scaleeR …We have a predictive theory!
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(2)ρgw =
1

32πGNa2 ⟨h′￼ij(η, k)hij′￼(η, k)⟩

M. Maggiore Gravitational waves vol 1(2)

ρgw

Motivation
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cos kτ
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Multi-wavelength constraints on the inflationary consistency relation (2015)(3)
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Renormalization procedure:
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• Renormalization 
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Renormalizing in the Early Universe: what can go wrong?

Scalar case

Can  bounds constrain vacuum GWs?Neff

(cf. A.N S. Patil (2024) GWs case)
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  ⟨ ̂ϕ(τ, x) ̂ϕ(τ, x)⟩ = ∫
∞

0

dk
k

Pϕ(τ, k) , Pϕ(τ, k) =
k3

2π2
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• UV divergences: 
to be renormalized

• IR divergences: 
must disappear 
in observables!

IR divergences VS UV divergences



Comparison PS massless scalar field 

Power spectra evaluated at reheating ,  
where in units and  is set to 

a = aR
aI = 10−12aR H 2π
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Dashed/bold line: Infinite/finite inflation
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a(τ) = aR (2 −
τ
τI ) e−𝒩tot

= aR ( τI

τ ) e−𝒩tot

= aR (2 −
τ
τR )

τ < τI

τI < τ < τR

τR < τ

Radiation pre-inflationary era

De Sitter inflation

Radiation dominated era

H = −
1

aRτR
, 𝒩tot = log(aR/aI) = log(τI/τR)

We have some preferred UV / IR scales … Do they appear as UV cutoffs?
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Energy density massless scalar field during post-inflationary radiation dominated era

  ρRD
ϕ =

1
4π2a2 ∫

∞

0
k2 dk [k2 |ϕRD

k (τ) |2 + |ϕRD′￼
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k =

1
a
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2k [αR
k e−ikτR(2 − a

aR ) + βR
k eikτR(2 − a

aR )]

Finite duration inflation 
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k (τ) |2 + |ϕRD′￼

k (τ) |2 ] , ϕRD
k =

1
a

1

2k [αR
k e−ikτR(2 − a

aR ) + βR
k eikτR(2 − a
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Matching from initial Bunch Davies vacuum 

αI
k = (i − i

a2
I H2

2k2
+

aIH
k )

βI
k = i

a2
I H2

2k2
e2i k

aIH

αR
k = αI

k (−i +
aRH

k
+ i

a2
RH2

2k2 ) + iβI
k

a2
RH2

2k2
e−2i k

aRH

βR
k = − iαI

k
a2

RH2

2k2
e2i k

aRH + βI
k (i +

aRH
k

− i
a2

RH2

2k2 )

Finite duration inflation 
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Energy density results

  ρRD
ϕ =
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∞

0

dk
k

k4 (2 +
a4

RH2

a2k2 ) (1 +
a4

RH4 + a4
I H4

2k4
+
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RH8

4k8 ) + {osc}

Finite duration inflation 
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Does not 
contribute in 

UV limit
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dk
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  ρRD,div
ϕ =

1
8π4a4 ∫

∞

−∞
d4k (1 +

H4aR4 + H4aI4

2k4 ) +
1

8π4a6 ∫
∞

−∞
d4k

a4
RH2

2k2

Divergent contribution energy density results

Finite duration inflation 
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Consider energy density and pressure of massless scalar field on de Sitter

ρ =
H4

8π2 ∫
∞

0

dk
k [( k

aH )
2

+ 2 ( k
aH )

4

] p =
H4

8π2 ∫
∞

0

dk
k [−

1
3 ( k

aH )
2

+
2
3 ( k

aH )
4

]
Regularizing using hard cutoffs:  

required counterterms cannot be constructed from geometric invariants (  …)∼ gμν , Rμν

Regularizing using schemes that preserve general covariance (  …) 
preferred in renormalizing stress energy tensor

∼ gμν , Rμν

,

From now on we only use dimensional regularization

/
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Renormalizing in the Early Universe: what can go wrong?

Can  bounds constrain vacuum GWs?Neff
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ρgw

ρRD,BBN
tot

ργ
= 1 +

7
8 ( 4

11 )
4
3

Neff ?

REMINDER !

∼ ∞ρRD,BBN
tot = ργ + ρν+ ρgw



23/33

 definition ρgw



23/33

 definition ρgw

ρgw =
1

32πGNa2 ⟨h′￼ij(η, k)hij′￼(η, k)⟩

 M. Maggiore Gravitational waves vol 1(4)

(4)



• High frequency GWs (wrt to curvature radius) 
•  Flat spacetime∼

 Isaacson definition 
assumptions:

(5)

23/33

 Gravitational Radiation in the Limit of High Frequency. II. Nonlinear Terms and the Effective Stress Tensor (1968)(5)

 definition ρgw

ρgw =
1

32πGNa2 ⟨h′￼ij(η, k)hij′￼(η, k)⟩

 M. Maggiore Gravitational waves vol 1(4)

(4)



• High frequency GWs 
• Flat spacetime 

  Isaacson definition 
assumptions:
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 RE-definition ρgw

ρgw =
1

64πa2GN
⟨ĥ′￼ijĥ′￼ij − 3∂kĥij∂kĥij − 4ĥij∂k∂kĥij + 2∂kĥij∂ jĥik + 8ℋĥj

iĥ′￼i
j⟩
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- Finite duration inflation ρgw

Consider tensor vacuum perturbations ( )∇ihij = 0, hi
i = 0

ĥij(τ, x) = ∑
r=+,x

∫
d3k

Mpl (2π)3 eix⋅k [ϵr
ij(k) ̂akγk(τ) + ϵr*

ij (−k) ̂a†
−kγ*k (τ)]
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- Finite duration inflation ρgw

Consider tensor vacuum perturbations

ĥRD
ij (τ, x) = ∑

r=+,x
∫

d3k
Mpl (2π)3 eix⋅k [ϵr

ij(k) ̂akγRD
k (τ) + ϵr*

ij (−k) ̂a†
−kγ

*RD
k (τ)]

during post-inflationary radiation dominated era

γRD
k (τ) =

1
a

1

2k [αR
k e−ikτR(2 − a

aR ) + βR
k eikτR(2 − a

aR )]
where

γ′￼RD
k (τ) =

aR

a2τR 2k [αR
k e−ikτR(2 − a

aR ) (1 −
iakτR

aR ) + βR
k eikτR(2 − a

aR ) (1 +
ikτRa

aR )]
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- Finite duration inflation ρgw

 resultsρgw

ρgw =
1

2π2a4 ∫
∞

0

dk
k

k4[(1 −
7a4

RH2

2a2k2 )(1 +
a4

RH4 + a4
I H4

2k4
+

a4
I a4

RH8

4k8 ) + {osc}]
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2π2a4 ∫
∞

0

dk
k

k4[(1 −
7a4
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a4

RH4 + a4
I H4

2k4
+

a4
I a4

RH8
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Does not 

contribute in  
UV limit
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- Finite duration inflation ρgw

 resultsρgw

ρgw =
1

2π2a4 ∫
∞

0

dk
k

k4[(1 −
7aR4H2

2a2k2 )(1 +
aR4H4+aI4H4

2k4
+

a4
I a4

RH8

4k8 ) + {osc}]
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- Finite duration inflation ρgw

 resultsρgw

ρgw =
1

2π2a4 ∫
∞

0

dk
k

k4[(1 −
7aR4H2

2a2k2 )(1 +
aR4H4 + aI4H4

2k4
+

a4
I a4

RH8

4k8 ) + {osc}]
Divergent contribution that necessitates subtraction 

ρgw,div =
1

4π4a4 ∫
∞

−∞
d4k (1 +

a4
RH4 + a4

I H4

2k4
−

7 a4
RH2

2a2k2 )
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- Finite duration inflation ρgw

 resultsρgw

ρgw =
1

2π2a4 ∫
∞

0

dk
k

k4[(1 −
7aR4H2

2a2k2 )(1 +
aR4H4 + aI4H4

2k4
+

a4
I a4

RH8

4k8 ) + {osc}]
Divergent contribution that necessitates subtraction 

ρgw,div =
1

4π4a4 ∫
∞

−∞
d4k (1 +

a4
RH4 + a4

I H4

2k4
−

7 a4
RH2

2a2k2 )
Regularising using dimensional regularization

ρgw,div = lim
δUV→0

H4 (1 + e−4𝒩tot)
4π2(a/aR)4 [ 1

δUV
+ 1 − γE + log ( μ

H )]



28/33

Absorbing divergences, Einstein equations during radiation domination

1
8πGB (Rμν −

1
2

Rgμν) = Tbg
μν + ⟨ ̂Tgw

μν ⟩ + ⟨ ̂Tct
μν⟩

- Finite duration inflation ρgw



28/33

Absorbing divergences, Einstein equations during radiation domination

1
8πGB (Rμν −
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00 component results

−
R0

0

8πGB
= ρcl

bg + ρgw + ρct

- Finite duration inflation ρgw
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1
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1
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Rgμν) = Tbg
μν + ⟨ ̂Tgw

μν ⟩ + ⟨ ̂Tct
μν⟩

00 component results

1
8πGB

3H2

(a/aR)4
= ρcl

bg +
H4 (1 + e−4𝒩tot)

4π2(a/aR)4 [ 1
δUV

+ 1 − γE + log ( μ
H )] + ρct + ρgw,finite

- Finite duration inflation ρgw
Absorbing divergences, Einstein equations during radiation domination
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Finite 00 component results

1
8πGB

( 3H2

(a/aR)4 ) = ρcl
bg + ρgw,finite + ( 3H2

(a/aR)4 )[
H2 (1 + e−4𝒩tot)

12π2 (1 − γE + log ( μ
H )) + B0]

- Finite duration inflation ρgw
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1
8πGB
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=
1

8πGB
− B0 −

H2

12π2
(1 + e−4𝒩tot)[1 − γE + log ( μ
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We define finite renormalized Newtonian constant as

So that 00 component results

1
8πGN(μ)

3H2

(a/aR)4
= ρcl

bg + ρgw,finite

- Finite duration inflation ρgw

Can we use this result to 
constrain  ?ρgw,finite
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Finite 00 component results

1
8πGB

( 3H2

(a/aR)4 ) = ρcl
bg + ρgw,finite + ( 3H2

(a/aR)4 )[
H2 (1 + e−4𝒩tot)

12π2 (1 − γE + log ( μ
H )) + B0]

1
8πGN(μ)

=
1

8πGB
− B0 −

H2

12π2
(1 + e−4𝒩tot)[1 − γE + log ( μ

H )]

We define finite renormalized Newtonian constant as

So that 00 component results

1
8πGN(μ)

3H2

(a/aR)4
= ρcl

bg + ρgw,finite

- Finite duration inflation ρgw

 and  
to be fixed by Renormalization 

Conditions

ρgw,finite GN(μ)
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Can we constrain primordial GWs 
with  bounds?Neff

1
8πGN(μ)

3H2

(a/aR)4
= ρcl

bg + ρgw,finite = ρmeas

+  …+
We do not separately measure  

“classical quantities” and 
“quantum corrections” 

σmeas =

No!  
Primordial GWs are indistinguishable from the “classical background”
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Pro: Less constraints, more freedom!

Cons: More freedom, less constraints… Working progress

Can we constrain primordial GWs 
with  bounds?Neff

No!  
Primordial GWs are indistinguishable from the “classical background”
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Take home message
 Infinities appear in cosmology: IR divergence

It should not be there
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 Infinities appear in cosmology: UV divergence
Keep calm and use the Renormalization Procedure

• Regularize:

• Renormalize:

• Fix Renormalization Conditions:

Physical scales are not UV cutoffs (and the other way around!)

Using counterterms that respect symmetries of background

33/33

Take home message

• Predictive theory! Thank you!

Vacuum GWs cannot be constrained by  boundsNeff





Backup slides



Scaleless integrals and dim-reg 

lim
τ→0

⟨ ̂ϕ(τ, x) ̂ϕ(τ, x)⟩ =
H2

8π4 ∫
∞

−∞

d4k
k4

=
H2

8π4 ∫
∞

−∞
d4k [ 1

k2(k2 + m2)
+

m2

k4(k2 + m2) ]
Two point function massless non interacting scalar field on pure de Sitter (late time)

Using dimensional regularization we obtain equal but opposite contributions

H2

4π2

1
δ

−
1
2 (log

m2

4πμ2
+ γE − 1)+/-

lim
τ→0

⟨ ̂ϕ(τ, x) ̂ϕ(τ, x)⟩ = ( H
2π )

2

[ 1
δUV

−
1

δIR
+log

μUV

μIR ] “=“ ( H
2π )

2

[ 1
δUV

+ log
4πμUV

m ]

Keeping separate UV/IR contributions (assuming IR div disappear in well defined obs)



Massless field on de Sitter 

  ⟨ ̂ϕ(τ, x) ̂ϕ(τ, x)⟩ = ( H
2π )

2

∫
∞

0

dk
k [1 + ( k

aH )2]
Two point function

Regularizing using dimensional regularization

  ⟨ ̂ϕ(τ, x) ̂ϕ(τ, x)⟩ =
H2

8π4 ∫
∞

−∞

d4q
q4

(1 + q2) =
H2

8π4 ∫
∞

−∞
d4q [ 1

(q2 + m̃ 2)
+

1 + m̃ 2

q2(q2 + m̃ 2)
+

m̃ 2

q4(q2 + m̃ 2) ]
Counterterm that subtracts UV divergence results (ignoring IR divergences)

  c . t . = ( H
2π )

2

[log ( μ
H ) −

1
δUV

+
1
2 (γE − 1 − log 4π)]

• UV divergent

• IR divergent



Massless field on de Sitter 

  ⟨ ̂ϕ(τ, x) ̂ϕ(τ, x)⟩ = ( H
2π )

2

∫
∞

0

dk
k [1 + ( k

aH )2]
Two point function

Regularizing using dimensional regularization

  ⟨ ̂ϕ(τ, x) ̂ϕ(τ, x)⟩ =
H2

8π4 ∫
∞

−∞

d4q
q4

(1 + q2) =
H2

8π4 ∫
∞

−∞
d4q [ 1

(q2 + m̃ 2)
+

1 + m̃ 2

q2(q2 + m̃ 2)
+

m̃ 2

q4(q2 + m̃ 2) ]
Counterterm that subtracts UV divergence results (ignoring IR divergences)

  c . t . = ( H
2π )

2

[log ( μ
H ) −

1
δUV

+
1
2 (γE − 1 − log 4π)]

 (  and  ):q := k/(aH) m̃ := μ/H

• UV divergent

• IR divergent



Finite duration inflation 

  ⟨ ̂ϕRD(τ, x) ̂ϕRD(τ, x)⟩ =
1

2π2a2 ∫
∞

0

dk
k

k2

2 [1 + 2 |βR
k |2 + αR

k βR*
k e

2ik
aRH (2 − a

aR ) + αR*
k βR

k e− 2ik
aRH (2 − a

aR )]
Two point function massless non interacting scalar field

=
1

2π2a2 ∫
∞

0

dk
k

k2

2 [1 +
a4

RH4 + a4
I H4

2k4
+

a4
I a4

RH8

4k8
+ {osc}]

lim
k→0

{osc} = − 1 −
a4

RH4 + a4
I H4

2k4
−

a4
I a4

RH8

4k8
+

(3a3
I aR + 2a(a3

R − a3
I ))2

9a2
I a6

R

Having a pre-inflationary era  
cures IR divergences!



Result energy density from Isaacson stress tensor (dashed lines) 
compared with improved result (blue line). 

Comparison Isaacson and Improved ρgw ρgw

Grey shaded regions correspond to super-horizon scales (outside domain of validity of 
Isaacson stress tensor, and also where improved becomes negative )




