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Introducing the problem. ..

* Perturbative unitarity bounds



In quantum field theory, we use perturbation theory most of the time...
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How can we diagnhose the breakdown of the perturbative expansion?



In quantum field theory, we use perturbation theory most of the time...
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How can we diagnose the breakdown of the perturbative expansion?

Three ideas:
 (Calculate next order
* Power counting

* Unitarity



Expanding the amplitude in partial waves,

Ao o = 167 Z (21 4+ 1) a; P;(cos6)
=0

Unitarity requires:

DO | —

|Real| S



Expanding the amplitude in partial waves, / Legendre polynomial

Ao o = 167 Z (2[ -+ 1) a; PZ(COS 9)
[=0

| Partial wave coefficient
Unitarity requires:

|Real\§ V[
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Partial wave unitarity bounds



Expanding the amplitude in partial waves,

Ao o = 167 Z (21 4+ 1) a; P;(cos6)
=0

Unitarity requires:

1
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Partial wave unitarity bounds

Applied to WW scattering without the Higgs:

|Real\ §

S

2400 GeV

< = s < 1200 GeV

1
A 5

Lee, Quigg, Thacker 77



But what about de Sitter or other curved backgrounds?



But what about de Sitter or other curved backgrounds?

Some proposals to use S-matrix unitarity bounds:

* Take the flat space limit of a dS theory

Baumann, Green, Lee, Porto 15
Melville, Noller ‘19

» Study sub-horizon scattering
Grall, Melville *20
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 ...this neglects curvature effects
* ...the flat space limit does not always exist

* ...we expect different behaviour with energy scale



But what about de Sitter or other curved backgrounds?

Some proposals to use S-matrix unitarity bounds:

* Take the flat space limit of a dS theory

Baumann, Green, Lee, Porto 15
Melville, Noller ‘19

» Study sub-horizon scattering
Grall, Melville *20

However...

 ...this neglects curvature effects
* ...the flat space limit does not always exist

* ...we expect different behaviour with energy scale

We need bounds that can be defined in any spacetime!
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Froposing a solution. .

* Entanglement in QFT



The Hilbert space of a free QFT can be written as
"= Mz
k

In an interacting theory, entanglement between modes gives a measure of the strength of
interactions



The Hilbert space of a free QFT can be written as
"= Mz
k

In an interacting theory, entanglement between modes gives a measure of the strength of
interactions

It can be quantified by doing a bipartition between different sets of modes:

H=Hs ®H.

e.g.
Environment:  H. = ®H,;
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The Hilbert space of a free QFT can be written as
"= Mz
k

In an interacting theory, entanglement between modes gives a measure of the strength of
interactions

It can be quantified by doing a bipartition between different sets of modes:

H=H, R H._
e.g.
System: Hs = Hp Environment: He = ® ”H,;

Then, the reduced density matrix is

0s = 11 p



Different quantities measure the entanglement between system and environment:

[ = 0 (no entanglement)

Entanglement entropy: Sg = —Trg(ps log ps)
l > (0 (entanglement)



Different quantities measure the entanglement between system and environment:

[ = 0 (no entanglement)

Entanglement entropy: Sg = —Trg(ps log ps)
l > (0 (entanglement)

Some previous work on entanglement entropy in momentum space:

Balasubramanian, McDermott, Van Raamsdonk 11
Nishioka 18
Costa, van den Brink, Nogueira, Krein ‘22



Different quantities measure the entanglement between system and environment:

Purity: v = 1Ty ,03



Different quantities measure the entanglement between system and environment:
Purity: v = 1Ty ,03

Unitarity requires:

QTI'IO:1 1

. (Xlplx) =20 Vix) eH J



Different quantities measure the entanglement between system and environment:

[ = 1 (no entanglement)
Purity: v = Tr, p;
l = 0 (maximally entangled)

Unitarity requires:
o TI'IO — ] 1
. p=p" = 0<~<1

.« (X|plx) =0 VME?i_]



Different quantities measure the entanglement between system and environment:

] = 1 (no entanglement)
Purity: v = Tr, p;
l = 0 (maximally entangled)

Unitarity requires:
o Irp=1 1
e p=p = 0<y<1
. (X|plx) =0 Vwé?i_]

What about using the purity lower bound to diagnose the breakdown of perturbation theory?
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Froposing a solution. .

 Computing the purity



The density matrix of the interacting vacuum |€2) is

p= )&



The density matrix of the interacting vacuum |€2) is

p= )&

In the basis of field eigenstates,
o) =ole) +  I= [ Dsley

it takes the form

b= (O = / DEDS|6) (6]92)(26) (J)



The density matrix of the interacting vacuum |€2) is

p= )&

In the basis of field eigenstates,
o) =ole) +  I= [ Dsley
it takes the form

p= 1909 = [ DoDEI0)(619)(246)(3

\—\/—_J

(P)pg = V]| ¥|o]"



We parameterise the vacuum wavefunction of a field theory as

Wlp;to] = (¢5t0|S2) = exp

Z%/;;’ wn(gaﬁ()) ¢E1 ERNC
n=2 a

—

Kn




We parameterise the vacuum wavefunction of a field theory as

U[p;to] = (d;t0|Q) =exp | Y = [ talkaito) o, -~ Op,

It gives the probability amplitude of finding some spatial field configuration at time o:

Field configuration ¢(Z)

Time




We parameterise the vacuum wavefunction of a field theory as

= )
Ulo; to] = (h;t0|Q2) = exp _7;2 - /Ea Un(kaito) O, - 05

It gives the probability amplitude of finding some spatial field configuration at time o:

Field configuration ¢(Z)

VAP Correlation functions are then:
T AL (65, -+ 65,)t0) = [ Doy, -0, [Wl6itall

£2)



We parameterise the vacuum wavefunction of a field theory as

= )
Ulo; to] = (h;t0|Q2) = exp _,,;2 - /Ea Un(kaito) O, - 05

It gives the probability amplitude of finding some spatial field configuration at time o:

Field configuration ¢(Z)

VAP Correlation functions are then:
T AL (65, -+ 65,)t0) = [ Doy, -0, [Wl6itall

We will separate the dependence on system and
environment:

\Ij[¢] — \Ij[¢s> ¢€]
€2)



Ps = Trg,O
4

- / Do Vo, 5| V[, bs]*
e =0@¢

¢



0s = 11z p
4

(0s) .5, = / Doe (Plos| = / Dé. Wb, 6] U[de, o'

¢

In order to compute the purity we need

1rs ps = /D¢s (ps)¢s¢s ~ /D¢SD¢€ ‘\Ij[gb€7¢8]|2

Tr, p; = /D¢SD<55 (P5)p.5.(Ps) g0, = /D<b573<5573¢57?<55\If[cbe,%]‘I’[@:,is]*w[cgs,qgs]\lf[qga,qbs]*



0s = 11z p
4

= [ Do () - / Do. Wé., 6:]¥[o.. 6.

In order to compute the purity we need

1rs ps = /D¢s (ps)¢s¢s ~ /D¢SD¢€ ‘\Ij[¢€7¢8]|2

1T, ,05 /D¢3D¢s ,03) ( /D¢3D¢3D¢5D¢e [¢€7¢S] [¢ea¢s]*qj[¢sy¢s] [¢aa¢s]

We...
* ...worked at finite spatial volume, then took the infinite limit

* ...developed some diagrammatic rules to streamline the computation



With the help of diagrams we actually computed the N-th traces:

Ir pg

Trps)¥ PPN VN 23




With the help of diagrams we actually computed the N-th traces:

1T pg

(Tr ps)™

= exp(—ND)

N-th Renyi
entropy:

1r pg

(Trps)™




With the help of diagrams we actually computed the N-th traces:

Tr pd
T pSS) — = exp(—ND)
N-th Renyi
entropy:

* Valid to all orders in perturbation theory

* Only for infinite spatial volume

1r pg

(Trps)™




With the help of diagrams we actually computed the N-th traces:

Tr o
s = exp(—ND) Vv N > 9

(Tr ps)™

* Valid to all orders in perturbation theory

* Only for infinite spatial volume

The purity is then Tr p%
T (Tr ps)?

= exp(—2D)



Let us focus on theories with just a cubic interaction: g¢°, go(9¢)~, ...

Y3 ~0(g) >4 ~ O(g°)



Let us focus on theories with just a cubic interaction: g¢°, go(9¢)~, ...
3~ O0(g9) 5 Unza~O0(g°)

At leading order in the coupling, the purity is

27)3 9Re 5 () 2Re 2 (k) 2Re oo (5 + F)
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with 1 > 0



Let us focus on theories with just a cubic interaction: g¢°, go(9¢)~, ...
3~ O0(g9) 5 Unza~O0(g°)

At leading order in the coupling, the purity is

37 5 k. —5 — k)2
7:1_2/ d ]‘Cg ‘wS(paka g )‘ = 92[
(27)° 2Re 1y () 2Re 12 (k) 2Re o (5 + k)

with 1 > 0
Hence



Let us focus on theories with just a cubic interaction: ¢¢°, gé(9¢)?,
3~ O0(9) 3 Ypza~ O0(g%)

At leading order in the coupling, the purity is

d3F 3 (7, k, —p — k)2 >
—1-2 = Il
! /( 27)3 2Re 15 (p) 2Re 12 (k) 2Re 1o (5 + 7

'@l
;m
N—"

with 1 > 0
Hence

v >0 s 92]<1

For a theory with just a quartic interaction, and at leading order:

—ky, —ko, F+ k1 + k2)|?

y=1-3

/dglﬂ A3k W4(Z?ak’1>k’2a—l? ky — E2)‘2+|¢4
3

(277) (277) 2Re wg( )QRG ?7@2(]{71) 2Re ?7@2(

(P,
ks )2Rew2<p+k1 + ky)



In general, an EFT is valid in some range of scales:

Ar < FEF < Ayvy

so we should be more careful with our definition of the environment:

.= X  H;

k#p
Mr<E(k)<Auv



In general, an EFT is valid in some range of scales:
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so we should be more careful with our definition of the environment:

H,. = X H:

k#p
Mr<E(k)<Auv

The purity integral is then a function of the cutofts:

7:1_2/ A3k s (p, ky, —p — k)|
(27)3 2Re o () 2Re 1o (k) 2Re tha (5 + k)
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In general, an EFT is valid in some range of scales:

Ar < FEF < Ayvy

so we should be more careful with our definition of the environment:

H, = X H:

k#p
Mr<E(k)<Auv

The purity integral is then a function of the cutofts:

7:1_2/ A3k s (p, ky, —p — k)|
(27)3 2Re o () 2Re 1o (k) 2Re tha (5 + k)

=1—g¢%I(p, A1r, Auv)

Air = 0 and/or Auyyv —+ o0 couldleadto v <0

We get bounds on the EFT validity regime!
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We can fix the coupling and vary the cutoffs
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Fix Auv
Vary Air

We can fix the coupling and vary the cutoffs
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Outline

Reporting on the results. ..

 Bounds in flat space
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The partial wave coefficient diverges

Purity bound:
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The bounds are qualitatively similar



Under a field redefinition, this theory becomes free:

o — aﬁ(w):é(l

L) —  L]o(v)

so there Is no partial wave bound




Under a field redefinition, this theory becomes free:

1 30\ 1
¢ — qﬁ(@):g(ll 2990) - —

L(¢) — E{qb(w)} = —5(Oup)’

so there Is no partial wave bound

However, the wavefunction and the purity depend on the choice of fields:

A
v >0 = A%VSJQZIWQﬂ



Under a field redefinition, this theory becomes free:
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L(@) — ﬁ{qb(w)} = —5(Oup)’

so there Is no partial wave bound

However, the wavefunction and the purity depend on the choice of fields:

A
v >0 = A%VSJQZLWQﬂ

Purity bounds exist even in absence of partial wave bounds
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Reporting on the results. ..

 Bounds in de Sitter space
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- Lo o The integral diverges due to the
Vo1 2/ d°k Y3(p k, —p — k) squeezed configurations:
(27)% 2Re 19 (p) 2Re Y2 (k) 2Re tha (5 + k)
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EFTs in de Sitter fail to describe large energy hierarchies
and folded momentum configurations
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High-dimension operators

/ t e A J(E'S)in Minkowsk
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We studied: A 4>'2
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The usual suppression is not enough, we need;
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The dS power-counting scheme is different!
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* General relativity

A naive application of our purity bounds to three-graviton interaction in flat space yields

2
V>0 N AR > 1 (Auy
AUV 457’(’2 Mpl

More investigation is required on the effect of constraint equations and choice of gauge

* | ocal non-Gaussianity

For a dS theory with only a 3-point wavefunction coefficient corresponding to local NG:

(loc)| O ( Kmin )3/2 0.8
NL ~ ~ Y.
6vV A \ Fmax

Inflationary models with local NG avoid this problem by working non-perturbatively
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