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Does perturbation theory break in ultra slow roll (USR) inflation 
primordial black holes (PBH) dark matter (DM) models?
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Figure 2. Schematic representation of the kind of inflationary potential required to fit the CMB data,
produce PBHs and reheat the Universe after inflation.

this happens twice for each k-mode; first during inflation itself, when H = H/a is approximately
constant; and then after the end of it, when H

�1 grows in the subsequent epochs. In the usual
single field slow-roll framework, the cosmological perturbations of wavenumber k generated during
inflation remain essentially constant in between these two crossing times, with an amplitude, As,
that is approximately given by4
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V and V
0 are the inflationary potential and its first derivative and MP = 1/

p
8⇡G = 2.8435 ⇥

1018 GeV is the reduced Planck mass. Therefore, the mass of the PBHs is determined by the
dynamics of the Universe during inflation and can be linked to the number of e-folds of expansion
elapsed since the largest observable distance today became equal to H�1 during inflation.

The CMB constrains As to be of the order of 10�9 at those scales, whereas the values required
for creating PBHs are much larger, typically As ⇠ 10�3–10�2. If we assume that the potential
V is nearly constant during inflation (which is indeed the case in standard slow-roll, leading to a
quasi-de Sitter universe), the expression (1.2) tells that the required enhancement of As may be
achieved by significantly reducing the value of the slow-roll parameter ✏V . Since this parameter
quantifies the flatness of the potential, PBHs are produced provided that the rolling field encounters
a sufficiently flat region of the potential during the course of inflation, which generates a peak in
the spectrum of primordial fluctuations. To the best of our knowledge, this idea was first proposed
in [35], where it was pointed out that a single-field inflationary potential that produces a PBH
population capable of accounting for the DM must feature a near-inflection point.

A renormalizable potential that can have an inflection point is (see e.g. [36, 37]):

V (�) = a2 �
2 + a3 �

3 + a4 �
4
, (1.3)

4We will later show that this approximation cannot be safely used in the cases of interest, and we will indeed
require a more accurate expression. However, it is sufficient to illustrate well the point we want to convey now.
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Figure 4. Blue-continuous line: primordial power spectrum as a function of the number of e-folds and
the comoving wavenumber for the potential of Figure 3, computed using the Mukhanov-Sasaki formalim.
The black-dotted and the red-dashed curves are the approximations (3.15) and (3.19), respectively. In this
figure the number of e-folds, �N

⇤
e
, is set to zero at k⇤ = 0.05 Mpc�1 and the spectrum is cut approximately

where inflation ends, at �N
⇤
e
= 43.5.
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Figure 5. Slow-roll parameters ✏H (orange) and ⌘H (purple) as functions of the number of e-folds (with
the same convention as in Figure 4) for the potential of Figure 3. The horizontal dashed lines indicate the
values 1 and 3. The inset zooms into the relevant range of e-folds for PBH formation, where the slow-roll
approximation fails.
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where the ellipsis stand for higher powers of the logarithm, coming from higher order loops, which we

are neglecting. Therefore, we see that a plateau may arise from the interplay of the one- and two-loop

corrections to the e↵ective potential. Actually, the expression (2.7) shows that a plateau can arise

already at the two-loop leading log level, as we will discuss next.

Another way of understanding the potential is the following. Starting anew with the Coleman-

Weinberg expansion (2.3), we choose the renormalization scale to be µ = " � and keep only the terms

containing the fourth power of �. With this choice, the logarithms are e↵ectively resummed into an

e↵ective quartic coupling �(�), which multiplies �4, as we anticipated in (2.2). This e↵ective coupling

�(�) includes the quartic terms at all orders, arising from the the Coleman-Weinberg potential in the

large field limit. Then, we expand �(�) around the location of the plateau, �0, obtaining an expression

analogous to (2.5), i.e.

�(�) = �(�0) +
1

2
��(�0) log
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�2
0

+
1

8
�0
�
(�0)

✓
log

�2

�2
0

◆2

+ · · · . (2.8)

This shows explicitly that the coe�cients c1, c2, etc. of (2.5) are related to the beta function of the

e↵ective quartic coupling,

�� =
@�

@ logµ
, (2.9)

and its logarithmic derivatives, indicated with primes in (2.8). Therefore, the conditions (2.6) can be

interpreted in terms of the variation of the beta function of the e↵ective quartic coupling at the plateau.

The need of including two loops to describe a plateau also becomes automatically apparent in this

way, since �0
�
is of order two in the loop expansion. By construction, evaluating the e↵ective quartic

coupling � at �0 corresponds to evaluating the original couplings of the Lagrangian (and their beta

functions) at " �0 since we have chosen our renormalization scale to be µ0 = " �0. It is also important

to stress that ��, the beta function of the e↵ective quartic coupling �(�), is not the same as the one

of its tree-level counterpart, because �(�) absorbs the loop corrections from the Coleman-Weinberg

expansion.8 In the large field limit, a logarithmic expansion of the tree-level quartic coupling around

�0 would obviously lead to an expression for the potential with the same functional form as (2.4), but

failing to reproduce the loop e↵ects appropriately.

Coming back to the choice of renormalization scale, µ, it should be pointed out that the Callan-

Symanzik equation guarantees that the the e↵ective potential is independent of it, when computed to

all loop orders. The truncation of the loop expansion (needed for practical computations) introduces a

marginal scale dependence which is never worse than the precision of the truncation. In other words,

upon truncation, the e↵ective potential remains scale-invariant up to subleading terms. However, as

we mentioned before, the numerical e↵ect of these subleading terms at large field values can actually be

better accounted for with the choice µ / �, because it can suppress the potentially large logarithms of

the form (logM2
i
(�)/µ2) [68]. It is worth remarking that the energies of the virtual fluctuations inside

loops are related to their inflaton-dependent masses, which may remain well below the Planck mass

even when the field takes Planckian values (as it is generically the case in chaotic large-field inflation) if

the couplings are su�ciently small. This will be ensured in our concrete examples, for which successful

inflation demands a very flat potential, which implies that ⌘ ⌘ M2
P
V 00/V ⌧ 1, where MP denotes the

8In concrete examples, it is nonetheless straightforward to obtain �� and �0
� from the expression of �(�) in terms of

the rest of the couplings and their beta functions.
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Examples of potentials for USR PBH DM



Breakdown of perturbation theory in USR inflation?

Claim: a large enough tree-level primordial spectrum for PBH DM implies perturbation theory 
breaks at CMB scales. 

(with sharp transitions)

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t
SR USR SR

Kristiano and Yokoyama, 2022 & 2023 

c

c

<latexit sha1_base64="kyK+FhMsoIrxNiA0iXZH98o5tbU=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSkuiy6cVnBPqANYTK9aYdOJmFmotTYT3HjQhG3fok7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva2V1bX1js7RV3t7Z3du3KwdtFaeSQovGPJbdgCjgTEBLM82hm0ggUcChE4yvc79zD1KxWNzpSQJeRIaChYwSbSTfrvQjokeU8Kw59fuPoIlvV52aMwNeJm5BqqhA07e/+oOYphEITTlRquc6ifYyIjWjHKblfqogIXRMhtAzVJAIlJfNok/xiVEGOIyleULjmfp7IyORUpMoMJN5ULXo5eJ/Xi/V4aWXMZGkGgSdHwpTjnWM8x7wgEmgmk8MIVQykxXTEZGEatNW2ZTgLn55mbTPam69Vr89rzauijpK6Agdo1PkogvUQDeoiVqIogf0jF7Rm/VkvVjv1sd8dMUqdg7RH1ifP7H+lE0=</latexit>P⇣

<latexit sha1_base64="NsjKO6FvOGDmdJJbvTvwmNzF414=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD1heM+g==</latexit>

k

CMB (SR)

USR

15 decades

<latexit sha1_base64="4jm+qx9R8oiHpYv8vyJc4w8X+zc=">AAACEHicbZDLSgMxFIYzXmu9VV26CRbRhZQZkepGKLrpsoK9QKeUTHqmDWYyQ3JGKEMfwY2v4saFIm5duvNtTC+Ctx8CH/85J8n5g0QKg6774czNLywuLedW8qtr6xubha3tholTzaHOYxnrVsAMSKGgjgIltBINLAokNIOby3G9eQvaiFhd4zCBTsT6SoSCM7RWt3DgAzJ6Tv1QM575vRh9SIyQsRplX+QfVUfdQtEtuRPRv+DNoEhmqnUL7/YynkagkEtmTNtzE+xkTKPgEkZ5PzWQMH7D+tC2qFgEppNNFhrRfev0aBhrexTSift9ImORMcMosJ0Rw4H5XRub/9XaKYZnnUyoJEVQfPpQmEqKMR2nQ3tCA0c5tMC4FvavlA+YjQZthnkbgvd75b/QOC555VL56qRYuZjFkSO7ZI8cEo+ckgqpkhqpE07uyAN5Is/OvfPovDiv09Y5ZzazQ37IefsEKXCdVg==</latexit>

⌘ =
✏̇

✏H

<latexit sha1_base64="Y78vCyfzGonFwZ1m7TfgOTHQJR4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cF7tlcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzS6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HCKNgRv8eVl0ryoeNVK9f6yXLvJ4yjAMZzAGXhwBTW4gzo0gEEIz/AKb87IeXHenY9564qTzxzBHzifP+8IjPw=</latexit>�6



Breakdown of perturbation theory in USR inflation?

Claim: a large enough tree-level primordial spectrum for PBH DM implies perturbation theory 
breaks at CMB scales. 

(with sharp transitions)
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<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t
SR USR SR

Kristiano and Yokoyama, 2022 & 2023 

(for perturbation theory to hold)

<latexit sha1_base64="bUaeZsON8KKxwA2rEV5eBkCx78k="></latexit>

P⇣ ⌧ 1

(�⌘)2
' 0.03

<latexit sha1_base64="4jm+qx9R8oiHpYv8vyJc4w8X+zc=">AAACEHicbZDLSgMxFIYzXmu9VV26CRbRhZQZkepGKLrpsoK9QKeUTHqmDWYyQ3JGKEMfwY2v4saFIm5duvNtTC+Ctx8CH/85J8n5g0QKg6774czNLywuLedW8qtr6xubha3tholTzaHOYxnrVsAMSKGgjgIltBINLAokNIOby3G9eQvaiFhd4zCBTsT6SoSCM7RWt3DgAzJ6Tv1QM575vRh9SIyQsRplX+QfVUfdQtEtuRPRv+DNoEhmqnUL7/YynkagkEtmTNtzE+xkTKPgEkZ5PzWQMH7D+tC2qFgEppNNFhrRfev0aBhrexTSift9ImORMcMosJ0Rw4H5XRub/9XaKYZnnUyoJEVQfPpQmEqKMR2nQ3tCA0c5tMC4FvavlA+YjQZthnkbgvd75b/QOC555VL56qRYuZjFkSO7ZI8cEo+ckgqpkhqpE07uyAN5Is/OvfPovDiv09Y5ZzazQ37IefsEKXCdVg==</latexit>

⌘ =
✏̇

✏H

<latexit sha1_base64="Y78vCyfzGonFwZ1m7TfgOTHQJR4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cF7tlcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzS6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HCKNgRv8eVl0ryoeNVK9f6yXLvJ4yjAMZzAGXhwBTW4gzo0gEEIz/AKb87IeXHenY9564qTzxzBHzifP+8IjPw=</latexit>�6



Claim: a large enough tree-level primordial spectrum for PBH DM implies perturbation theory 
breaks at CMB scales 

Method: Primordial spectrum at one-loop with the in-in formalism.

A single cubic interaction:

UV divergence: Cut-off given by location of spectral peak

Kristiano and Yokoyama, 2022 & 2023 

<latexit sha1_base64="XrzqLKDcMatH1mFPiNCREuYw7bQ="></latexit>
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Breakdown of perturbation theory in USR inflation?

NOT FOR DISTRIBUTION JCAP_071P_0424 v1

<latexit sha1_base64="SBWvLG+bDnOrw6emAVpRlNx6yFo=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqeKq6KaurGAf0MYwmU7aoZNJmJkIIdRfceNCEbd+iDv/xkmbhbYeGDiccy/3zPEiRqWyrG+jsLK6tr5R3Cxtbe/s7pn7Bx0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepPrzO8+EiFpyO9VEhEnQCNOfYqR0pJrlgcBUmOMWHo7rTbdmwfr5NI1K1bNmgEuEzsnFZCj5Zpfg2GI44BwhRmSsm9bkXJSJBTFjExLg1iSCOEJGpG+phwFRDrpLPwUHmtlCP1Q6McVnKm/N1IUSJkEnp7MospFLxP/8/qx8i+clPIoVoTj+SE/ZlCFMGsCDqkgWLFEE4QF1VkhHiOBsNJ9lXQJ9uKXl0nntGbXa/W7s0rjKq+jCA7BEagCG5yDBmiCFmgDDBLwDF7Bm/FkvBjvxsd8tGDkO2XwB8bnD2qQk/o=</latexit>

O(H0
I ) :

<latexit sha1_base64="oReMX4gONy4XrHtBINg26KGM8fE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqeKq6KaurGAf0MYwmU7aoZNJmJkIIdRfceNCEbd+iDv/xkmbhbYeGDiccy/3zPEiRqWyrG+jsLK6tr5R3Cxtbe/s7pn7Bx0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepPrzO8+EiFpyO9VEhEnQCNOfYqR0pJrlgcBUmOMWHo7rTbdmwf75NI1K1bNmgEuEzsnFZCj5Zpfg2GI44BwhRmSsm9bkXJSJBTFjExLg1iSCOEJGpG+phwFRDrpLPwUHmtlCP1Q6McVnKm/N1IUSJkEnp7MospFLxP/8/qx8i+clPIoVoTj+SE/ZlCFMGsCDqkgWLFEE4QF1VkhHiOBsNJ9lXQJ9uKXl0nntGbXa/W7s0rjKq+jCA7BEagCG5yDBmiCFmgDDBLwDF7Bm/FkvBjvxsd8tGDkO2XwB8bnD2wWk/s=</latexit>

O(H1
I ) :

<latexit sha1_base64="C1CMDoRdR9WHPCJUDqkqi8foixQ=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRFqrgquqkrK9gHtDFMppN26GQSZiZCCPVX3LhQxK0f4s6/cdJmoa0HBg7n3Ms9c7yIUaks69tYWV1b39gsbBW3d3b39s2Dw44MY4FJG4csFD0PScIoJ21FFSO9SBAUeIx0vcl15ncfiZA05PcqiYgToBGnPsVIack1S4MAqTFGLL2dVpruzUPt9NI1y1bVmgEuEzsnZZCj5Zpfg2GI44BwhRmSsm9bkXJSJBTFjEyLg1iSCOEJGpG+phwFRDrpLPwUnmhlCP1Q6McVnKm/N1IUSJkEnp7MospFLxP/8/qx8i+clPIoVoTj+SE/ZlCFMGsCDqkgWLFEE4QF1VkhHiOBsNJ9FXUJ9uKXl0mnVrXr1frdWblxlddRAEfgGFSADc5BAzRBC7QBBgl4Bq/gzXgyXox342M+umLkOyXwB8bnD22ck/w=</latexit>

O(H2
I ) :

<latexit sha1_base64="NsjKO6FvOGDmdJJbvTvwmNzF414=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD1heM+g==</latexit>

k

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>

x
<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>

y

Figure 2. Diagrams arising from eq. (3.1) when calculating
⌦
��

2
↵
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a term
composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P⇣ .

canonical commutation rules for �� [33]. Their time evolution is

��k(⌧) = (�k⌧)3/2 (↵kJ⌫(�k⌧) + �kY⌫(�k⌧)) , (3.5)

where J⌫ and Y⌫ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ⌫

2 can be negative and therefore ⌫ can be imaginary. The
coe�cients ↵k and �k are obtained in each phase imposing that ��k and ��

0
k

are continuous
across the boundaries.

4 Structure of P⇣

Due to momentum conservation,

h��(⌧,x)��(⌧,y)i ⌘
Z

d3
k

(2⇡)3
e
ik(x�y)

D(⌧, k) , (4.1)

at all loop orders, for some function D(⌧, k) = D(⌧, k)tl+D(⌧, k)1l+D(⌧, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
(ct) (see Figure 2), so that P⇣(⌧, k) = k

3
D(⌧, k)/(4⇡

2
M

2
P

✏). The tree-level contribution is
just

Ptl
⇣
(⌧, k) =

k
3

4⇡2M2
P
✏(⌧)

|��k(⌧)|2 . (4.2)

The one-loop can be separated into terms coming from cubic and quartic interactions. The
quartic part is

P1l,V4
⇣

(⌧, k) =
k
3

4⇡2M2
P
✏(⌧)

Im

⇢
��

2
k
(⌧)

Z
⌧

�1
d⌧

0
a
4(⌧ 0)V4(⌧

0)��⇤2
k

(⌧ 0)

Z
d3
p

(2⇡)3
����p(⌧

0)
��2
�

,

(4.3)

Since the transitions are instantaneous, the prescription ⌧
0
� = ⌧

0(1 � i!) has no e↵ect on

P1l,V4
⇣

and we omit it. The loop integral has no dependence on the external momentum k,
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Summary of the analysis we do

• Two-parameter piece-wise model of inflation.
1. Duration of USR phase:
2. Duration of transitions between SR and USR: 

• We study             at all     using the in-in formalism

•
<latexit sha1_base64="DYmHDMfuPx0PH/AnCfP8BeUbMDs=">AAACEHicbVA9SwNBEN3z2/gVtbRZDKJCDHciaiOINpYKJgZyIcxtJsni3ge7c2I88hNs/Cs2ForYWtr5b9zEFBp9MPB4b4aZeUGipCHX/XTGxicmp6ZnZnNz8wuLS/nllYqJUy2wLGIV62oABpWMsEySFFYTjRAGCq+C69O+f3WD2sg4uqRugvUQ2pFsSQFkpUZ+02+iIvCTjvQJbynbaUPaxp5f9It8y79DAn7E3e1GvuCW3AH4X+INSYENcd7If/jNWKQhRiQUGFPz3ITqGWiSQmEv56cGExDX0MaapRGEaOrZ4KEe37BKk7dibSsiPlB/TmQQGtMNA9sZAnXMqNcX//NqKbUO65mMkpQwEt+LWqniFPN+OrwpNQpSXUtAaGlv5aIDGgTZDHM2BG/05b+kslvy9kv7F3uF45NhHDNsja2zLeaxA3bMztg5KzPB7tkje2YvzoPz5Lw6b9+tY85wZpX9gvP+Bdnqm8w=</latexit>

��-gauge (⇣ = 0)

<latexit sha1_base64="4LAhfn2l/bINCYJV3iop1zrFuks=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuimJSHVZdOOygn1AE8LNdNIOnTyYmQg1FPwVNy4Ucet3uPNvnLRZaOuBgcM593LPHD/hTCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKghtk5jHoueDpJxFtK2Y4rSXCAqhz2nXH9/kfveBCsni6F5NEuqGMIxYwAgoLXnmkROCGhHgWWvqOY9UQW18hj2zatWtGfAysQtSRQVanvnlDGKShjRShIOUfdtKlJuBUIxwOq04qaQJkDEMaV/TCEIq3WwWf4pPtTLAQSz0ixSeqb83MgilnIS+nszDykUvF//z+qkKrtyMRUmqaETmh4KUYxXjvAs8YIISxSeaABFMZ8VkBAKI0o1VdAn24peXSee8bjfqjbuLavO6qKOMjtEJqiEbXaImukUt1EYEZegZvaI348l4Md6Nj/loySh2DtEfGJ8/sU+VUQ==</latexit>

P⇣(k)
<latexit sha1_base64="NsjKO6FvOGDmdJJbvTvwmNzF414=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD1heM+g==</latexit>

k

• Include ll relevant cubic and quartic interactions, plus counterterms

• We use a cut-off to regularize the UV divergences

• Result: perturbation theory does not necessarily break in USR PBH DM models

<latexit sha1_base64="rGmj0FNlLA+qsdJ2ZrOZDA+FgRU=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BPXiSCOYByRJmJ5NkyOzsOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5xbUSkHnAccz+kAyX6glG0UqtzwyVSctctltyyOwNZJl5GSpCh1i1+dXoRS0KukElqTNtzY/RTqlEwySeFTmJ4TNmIDnjbUkVDbvx0du+EnFilR/qRtqWQzNTfEykNjRmHge0MKQ7NojcV//PaCfYv/VSoOEGu2HxRP5EEIzJ9nvSE5gzl2BLKtLC3EjakmjK0ERVsCN7iy8ukcVb2KuXK/XmpepXFkYcjOIZT8OACqnALNagDAwnP8ApvzqPz4rw7H/PWnJPNHMIfOJ8/WW+PiQ==</latexit>

�N
<latexit sha1_base64="jcvXY04AVuqhNhoHmyJM2FP9uf0=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KolI9Vj04kkq2A9oQ9lsJu3SzSbuToRS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMc2jwRCa6HTADUihooEAJ7VQDiwMJrWB4M/VbT6CNSNQDjlLwY9ZXIhKcoZXa3RAkMnrXK5XdijsDXSZeTsokR71X+uqGCc9iUMglM6bjuSn6Y6ZRcAmTYjczkDI+ZH3oWKpYDMYfz+6d0FOrhDRKtC2FdKb+nhiz2JhRHNjOmOHALHpT8T+vk2F05Y+FSjMExeeLokxSTOj0eRoKDRzlyBLGtbC3Uj5gmnG0ERVtCN7iy8ukeV7xqpXq/UW5dp3HUSDH5IScEY9ckhq5JXXSIJxI8kxeyZvz6Lw4787HvHXFyWeOyB84nz+Kr4+p</latexit>

�N



Some key differences from previous works

• Previous analysis using a cutoff gave the cutoff a numerical value. Instead, 
we regularize in the UV with appropriate counterterms

• No complications with boundary terms thanks to the
<latexit sha1_base64="DYmHDMfuPx0PH/AnCfP8BeUbMDs=">AAACEHicbVA9SwNBEN3z2/gVtbRZDKJCDHciaiOINpYKJgZyIcxtJsni3ge7c2I88hNs/Cs2ForYWtr5b9zEFBp9MPB4b4aZeUGipCHX/XTGxicmp6ZnZnNz8wuLS/nllYqJUy2wLGIV62oABpWMsEySFFYTjRAGCq+C69O+f3WD2sg4uqRugvUQ2pFsSQFkpUZ+02+iIvCTjvQJbynbaUPaxp5f9It8y79DAn7E3e1GvuCW3AH4X+INSYENcd7If/jNWKQhRiQUGFPz3ITqGWiSQmEv56cGExDX0MaapRGEaOrZ4KEe37BKk7dibSsiPlB/TmQQGtMNA9sZAnXMqNcX//NqKbUO65mMkpQwEt+LWqniFPN+OrwpNQpSXUtAaGlv5aIDGgTZDHM2BG/05b+kslvy9kv7F3uF45NhHDNsja2zLeaxA3bMztg5KzPB7tkje2YvzoPz5Lw6b9+tY85wZpX9gvP+Bdnqm8w=</latexit>

��-gauge (⇣ = 0)

• We find that             explodes at one-loop in the limit
<latexit sha1_base64="AmIew5KWZQ2roUpjxiHAPo7KL+s=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IsniWAekF3C7OxsMmT2wUyvEJb8hhcPinj1Z7z5N06SPWi0oKGo6qa7y0+l0GjbX1ZpZXVtfaO8Wdna3tndq+4fdHSSKcbbLJGJ6vlUcyli3kaBkvdSxWnkS971xzczv/vIlRZJ/ICTlHsRHcYiFIyikVw34BIpuSNXxB5Ua3bdnoP8JU5BalCgNah+ukHCsojHyCTVuu/YKXo5VSiY5NOKm2meUjamQ943NKYR114+v3lKTowSkDBRpmIkc/XnRE4jrSeRbzojiiO97M3E/7x+huGll4s4zZDHbLEozCTBhMwCIIFQnKGcGEKZEuZWwkZUUYYmpooJwVl++S/pnNWdRr1xf15rXhdxlOEIjuEUHLiAJtxCC9rAIIUneIFXK7OerTfrfdFasoqZQ/gF6+MbMR+Qfg==</latexit>

�N = 0
<latexit sha1_base64="Oz7hrLfD2nKBL8P3M/0CE47yF2k=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIVJdFNy4r2Ac0IUymN+3QyYOZidCG4q+4caGIW//DnX/jpM1CWw8MHM65l3vm+AlnUlnWt7Gyura+sVnaKm/v7O7tmweHbRmngkKLxjwWXZ9I4CyClmKKQzcRQEKfQ8cf3eZ+5xGEZHH0oMYJuCEZRCxglCgteeaxExI1pIRnzannTECR6ujcMytWzZoBLxO7IBVUoOmZX04/pmkIkaKcSNmzrUS5GRGKUQ7TspNKSAgdkQH0NI1ICNLNZumn+EwrfRzEQr9I4Zn6eyMjoZTj0NeTeVa56OXif14vVcG1m7EoSRVEdH4oSDlWMc6rwH0mgCo+1oRQwXRWTIdEEKp0YWVdgr345WXSvqjZ9Vr9/rLSuCnqKKETdIqqyEZXqIHuUBO1EEUT9Ixe0ZvxZLwY78bHfHTFKHaO0B8Ynz9T/ZUn</latexit>

P⇣(k)



⌦PBH

⌦DM

⇠ 1
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� ⇠ P⇣ ⇠ 10�2

PBH dark matter
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<latexit sha1_base64="oijmQlfsDrm++Gm4TLQocfg+4Dc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6ojjN0=</latexit>

N

Figure 1. Evolution of ⌫
2 (black dotted), ⌘ (black continuous) and ✏ (orange continuous, right axis)

as functions of N for �N = 0.25, �N = 2 and ✏(N < 0) = 10�3. The transitions (of duration �N)
between SR (⌘ = 0) and USR (⌘ = �6) are shown as shaded bands.

and that of the transitions is �N . For �N = 0, we recover the model used in [14]. For the
(well-motivated) known potentials that lead to transient USR compatible with P⇣ ⇠ 10�2

[23, 24], the function ⌫
2 is indeed approximately constant during the transitions, which satisfy

�N . 1 < �N .
Since ⌫ is discontinuous at the beginning and at the end of each transition, the self-

interactions of �� (proportional to V3,4) are Dirac deltas centered on those instants. In the
limit �N ! 0, ⌫

2 satisfies
��⌫2

�� ! 3/�N during the transitions; i.e. the interactions diverge
in the limit of instantaneous transitions between SR and USR. It is therefore important to
consider smooth transitions. This e↵ect is not as transparent in the ⇣-gauge because the
dependence on ⌫

2 does not arise so naturally.
Although we use the ��-gauge, we are interested in P⇣ , defined, at any order in pertur-

bation theory, through the two-point correlation function:

h⇣(x)⇣(y)i =

Z
d3
k

4⇡k3
e
ik(x�y)P⇣(⌧, k) . (2.5)

For modes satisfying k ⌘ |k| ⌧ aH in the last SR phase (⌘ = 0) we have h��(x)��(y)i =
2✏M

2
P

h⇣(x)⇣(y)i (see Appendix D).2

3 In-In formalism, regularization and counterterms

In the in-in formalism [17, 28], at second order in the interaction Hamiltonian, HI , the
vacuum expectation value of an operator Q(⌧) can be obtained as (see Appendix A)

hQ(⌧)i = h0| QI(⌧) |0i + 2 Im

⇢Z
⌧

�1
d⌧

0 h0| QI(⌧)HI(⌧
0
�) |0i

�

+ 2 Re

⇢Z
⌧

�1
d⌧

0
Z

⌧

⌧ 0
d⌧

00 h0|
�
HI(⌧

00
+)QI(⌧) � QI(⌧)HI(⌧

00
�)

�
HI(⌧

0
�) |0i

�
. (3.1)

2
In a general model where in the last phase of inflation ⌘ 6= 0, this expression has corrections proportional

to the value of ⌘ in that phase.
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<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="sunoQv17T8A6sOaxxXmSoxc/HIs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq1au7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB58WjXA=</latexit>
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USR

SR

Piece-wise constant 
Equal to 9/4 in SR & USR          
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|⌫2| ! 3

�N
when �N ! 0
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N

Figure 1. Evolution of ⌫
2 (black dotted), ⌘ (black continuous) and ✏ (orange continuous, right axis)

as functions of N for �N = 0.25, �N = 2 and ✏(N < 0) = 10�3. The transitions (of duration �N)
between SR (⌘ = 0) and USR (⌘ = �6) are shown as shaded bands.

and that of the transitions is �N . For �N = 0, we recover the model used in [14]. For the
(well-motivated) known potentials that lead to transient USR compatible with P⇣ ⇠ 10�2

[23, 24], the function ⌫
2 is indeed approximately constant during the transitions, which satisfy

�N . 1 < �N .
Since ⌫ is discontinuous at the beginning and at the end of each transition, the self-

interactions of �� (proportional to V3,4) are Dirac deltas centered on those instants. In the
limit �N ! 0, ⌫

2 satisfies
��⌫2

�� ! 3/�N during the transitions; i.e. the interactions diverge
in the limit of instantaneous transitions between SR and USR. It is therefore important to
consider smooth transitions. This e↵ect is not as transparent in the ⇣-gauge because the
dependence on ⌫

2 does not arise so naturally.
Although we use the ��-gauge, we are interested in P⇣ , defined, at any order in pertur-

bation theory, through the two-point correlation function:

h⇣(x)⇣(y)i =

Z
d3
k

4⇡k3
e
ik(x�y)P⇣(⌧, k) . (2.5)

For modes satisfying k ⌘ |k| ⌧ aH in the last SR phase (⌘ = 0) we have h��(x)��(y)i =
2✏M

2
P

h⇣(x)⇣(y)i (see Appendix D).2

3 In-In formalism, regularization and counterterms

In the in-in formalism [17, 28], at second order in the interaction Hamiltonian, HI , the
vacuum expectation value of an operator Q(⌧) can be obtained as (see Appendix A)

hQ(⌧)i = h0| QI(⌧) |0i + 2 Im

⇢Z
⌧

�1
d⌧

0 h0| QI(⌧)HI(⌧
0
�) |0i

�

+ 2 Re

⇢Z
⌧

�1
d⌧

0
Z

⌧

⌧ 0
d⌧

00 h0|
�
HI(⌧

00
+)QI(⌧) � QI(⌧)HI(⌧

00
�)

�
HI(⌧

0
�) |0i

�
. (3.1)

2
In a general model where in the last phase of inflation ⌘ 6= 0, this expression has corrections proportional

to the value of ⌘ in that phase.

– 4 –
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On the right hand side of this expression, the fields are in the interaction picture (I), i.e.
they are described by the free Hamiltonian and satisfy canonical commutation rules. |0Í is
the vacuum in the interaction picture. We use ·± © ·(1 ± iÊ) (with Ê > 0) to guarantee
the correct projection onto the interaction vacuum in · æ ≠Œ.

In a model with cubic and quartic interactions, the topology of the diagrams generated
from equation (3.1) for the two-point function of ”„ are shown in figure 2.3 It can be checked
that we do not have to include the bubble diagrams to the actual computation we perform.
The calculation at one-loop of the two-point function gives an ultraviolet (UV) divergence
that needs to be renormalized, see [29, 30]. For the regularization of the divergences, we use
a UV cuto� �UV. Whereas the time integrals can be done explicitly, for the spatial part we
work in Fourier space. The cuto� goes into the momentum loops as usual, but its e�ect on
the time integrals needs to be worked out. In practice, we remove from the integral a domain
where the time intervals are smaller than those allowed by �UV [29], as follows:

⁄
·

≠Œ
d·

Õ
⁄

·

· Õ
d·

ÕÕ æ
⁄

·+1/(a(·)�UV)

≠Œ
d·

Õ
⁄

·

· Õ+1/(a(· Õ)�UV)

d·
ÕÕ

. (3.2)

Once the divergences have been regularized, we introduce counterterms to absorb the depen-
dence of the loops on the regulator �UV [31]. To obtain the counterterms we can think in
terms of the action for the inflaton, „. General covariance implies that the wave function
renormalization, „ æ Z„ „R (where the subscript R stands for renormalized) requires the
quantity Z„ © 1 + ”„ to be constant.4 Similar arguments may in principle be used for the
counterterms coming from the potential. However, in the model under consideration, V („) is
given by the background evolution described in the previous section. Therefore, just as Vn

are functions of time, by renormalizing Vn æ VR,n + ”Vn , the counterterms ”Vn are functions
of time. The counterterms that will a�ect the renormalization of the two-point correlation
will be ”„ and ”V2 © ”V . Including these counterterms in the action (2.1) we extract the
complete interaction Hamiltonian in the interaction picture:5

HI(·) =
⁄

d3
x

5
a

4

A
V3”„

3

3! + V4”„
4

4!

B

+ (a2
”„ ”„ ”„

Õ)Õ + 2a
2

”„

1
a

2
”̃V ≠ ”„Ò2

2
”„

6
, (3.3)

where ”̃V = ”„V2 + ”V /4. This Hamiltonian includes all possible interaction terms and
counterterms that a�ect P’ at one-loop at leading order in ‘.

We quantize ”„ — in the interaction picture — with creation and annihilation operators
satisfying standard commutation relations,

”„(x) =
⁄ d3

k

(2fi)3/2
e

ikx
1
”„k(·)ak + ”„

ú
k(·)a†

≠k
2

, (3.4)

3
Diagrams that are suppressed by powers of MP are not shown, e.g. the diagrams induced at second order

by the quartic interaction.
4
This renormalization also changes the background action. However, by introducing a renormalization of

the vacuum expectation value (VEV) of „, „0(t), one can impose that the background dynamics remains

unchanged, equivalent to what happens with the Higgs VEV (see e.g. [32]).
5
For convenience, we will omit the subscript R, always keeping in mind that we are working with renormalized

quantities.
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We work in the interaction picture:
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Figure 2. Diagrams arising from eq. (3.1) when calculating
+
”„

2,
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a
term composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P’ .

where ú indicates complex conjugation. The modes ”„k obey ”„
ÕÕ
k

+2aH”„
Õ
k

+(k2 +a
2
V2)”„k =

0 with Bunch-Davies initial conditions ”„k(· æ ≠Œ) = e
≠ik·

/

Ô
2ka2, which guarantee

canonical commutation rules for ”„ [33]. Their time evolution is

”„k(·) = (≠k·)3/2 (–kJ‹(≠k·) + —kY‹(≠k·)) , (3.5)

where J‹ and Y‹ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ‹

2 can be negative and therefore ‹ can be imaginary. The
coe�cients –k and —k are obtained in each phase imposing that ”„k and ”„

Õ
k

are continuous
across the boundaries.

4 Structure of P’

Due to momentum conservation,

È”„(·, x)”„(·, y)Í ©
⁄ d3

k

(2fi)3
e

ik(x≠y)
D(·, k) , (4.1)

at all loop orders, for some function D(·, k) = D(·, k)tl +D(·, k)1l +D(·, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
(ct) (see figure 2), so that P’(·, k) = k

3
D(·, k)/(4fi

2
M

2

P
‘). The tree-level contribution is just

Ptl

’ (·, k) = k
3

4fi2M
2

P
‘(·) |”„k(·)|2 . (4.2)

The one-loop can be separated into terms coming from cubic and quartic interactions. The
quartic part is

P1l,V4
’

(·, k) = k
3

4fi2M
2

P
‘(·) Im

I

”„
2

k(·)
⁄

·

≠Œ
d·

Õ
a

4(· Õ)V4(· Õ)”„
ú2

k (· Õ)
⁄ d3

p

(2fi)3

--”„p(· Õ)
--2

J

,

(4.3)
Since the transitions are instantaneous, the prescription ·

Õ
≠ = ·

Õ(1 ≠ iÊ) has no e�ect on
P1l,V4

’
and we omit it. The loop integral has no dependence on the external momentum k, so

– 6 –

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0 JCAP07(2024)052

<latexit sha1_base64="SBWvLG+bDnOrw6emAVpRlNx6yFo=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqeKq6KaurGAf0MYwmU7aoZNJmJkIIdRfceNCEbd+iDv/xkmbhbYeGDiccy/3zPEiRqWyrG+jsLK6tr5R3Cxtbe/s7pn7Bx0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepPrzO8+EiFpyO9VEhEnQCNOfYqR0pJrlgcBUmOMWHo7rTbdmwfr5NI1K1bNmgEuEzsnFZCj5Zpfg2GI44BwhRmSsm9bkXJSJBTFjExLg1iSCOEJGpG+phwFRDrpLPwUHmtlCP1Q6McVnKm/N1IUSJkEnp7MospFLxP/8/qx8i+clPIoVoTj+SE/ZlCFMGsCDqkgWLFEE4QF1VkhHiOBsNJ9lXQJ9uKXl0nntGbXa/W7s0rjKq+jCA7BEagCG5yDBmiCFmgDDBLwDF7Bm/FkvBjvxsd8tGDkO2XwB8bnD2qQk/o=</latexit>

O(H0
I ) :

<latexit sha1_base64="oReMX4gONy4XrHtBINg26KGM8fE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqeKq6KaurGAf0MYwmU7aoZNJmJkIIdRfceNCEbd+iDv/xkmbhbYeGDiccy/3zPEiRqWyrG+jsLK6tr5R3Cxtbe/s7pn7Bx0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepPrzO8+EiFpyO9VEhEnQCNOfYqR0pJrlgcBUmOMWHo7rTbdmwf75NI1K1bNmgEuEzsnFZCj5Zpfg2GI44BwhRmSsm9bkXJSJBTFjExLg1iSCOEJGpG+phwFRDrpLPwUHmtlCP1Q6McVnKm/N1IUSJkEnp7MospFLxP/8/qx8i+clPIoVoTj+SE/ZlCFMGsCDqkgWLFEE4QF1VkhHiOBsNJ9lXQJ9uKXl0nntGbXa/W7s0rjKq+jCA7BEagCG5yDBmiCFmgDDBLwDF7Bm/FkvBjvxsd8tGDkO2XwB8bnD2wWk/s=</latexit>

O(H1
I ) :

<latexit sha1_base64="C1CMDoRdR9WHPCJUDqkqi8foixQ=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRFqrgquqkrK9gHtDFMppN26GQSZiZCCPVX3LhQxK0f4s6/cdJmoa0HBg7n3Ms9c7yIUaks69tYWV1b39gsbBW3d3b39s2Dw44MY4FJG4csFD0PScIoJ21FFSO9SBAUeIx0vcl15ncfiZA05PcqiYgToBGnPsVIack1S4MAqTFGLL2dVpruzUPt9NI1y1bVmgEuEzsnZZCj5Zpfg2GI44BwhRmSsm9bkXJSJBTFjEyLg1iSCOEJGpG+phwFRDrpLPwUnmhlCP1Q6McVnKm/N1IUSJkEnp7MospFLxP/8/qx8i+clPIoVoTj+SE/ZlCFMGsCDqkgWLFEE4QF1VkhHiOBsNJ9FXUJ9uKXl0mnVrXr1frdWblxlddRAEfgGFSADc5BAzRBC7QBBgl4Bq/gzXgyXox342M+umLkOyXwB8bnD22ck/w=</latexit>

O(H2
I ) :

<latexit sha1_base64="NsjKO6FvOGDmdJJbvTvwmNzF414=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD1heM+g==</latexit>

k
<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

Figure 2. Diagrams arising from eq. (3.1) when calculating
+
”„

2,
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a
term composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P’ .
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row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a
term composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P’ .

where ú indicates complex conjugation. The modes ”„k obey ”„
ÕÕ
k

+2aH”„
Õ
k

+(k2 +a
2
V2)”„k =

0 with Bunch-Davies initial conditions ”„k(· æ ≠Œ) = e
≠ik·

/

Ô
2ka2, which guarantee

canonical commutation rules for ”„ [33]. Their time evolution is

”„k(·) = (≠k·)3/2 (–kJ‹(≠k·) + —kY‹(≠k·)) , (3.5)

where J‹ and Y‹ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ‹

2 can be negative and therefore ‹ can be imaginary. The
coe�cients –k and —k are obtained in each phase imposing that ”„k and ”„

Õ
k

are continuous
across the boundaries.

4 Structure of P’

Due to momentum conservation,

È”„(·, x)”„(·, y)Í ©
⁄ d3

k

(2fi)3
e

ik(x≠y)
D(·, k) , (4.1)

at all loop orders, for some function D(·, k) = D(·, k)tl +D(·, k)1l +D(·, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
(ct) (see figure 2), so that P’(·, k) = k

3
D(·, k)/(4fi

2
M

2

P
‘). The tree-level contribution is just

Ptl

’ (·, k) = k
3

4fi2M
2

P
‘(·) |”„k(·)|2 . (4.2)

The one-loop can be separated into terms coming from cubic and quartic interactions. The
quartic part is

P1l,V4
’

(·, k) = k
3

4fi2M
2

P
‘(·) Im

I

”„
2

k(·)
⁄

·

≠Œ
d·

Õ
a

4(· Õ)V4(· Õ)”„
ú2

k (· Õ)
⁄ d3

p

(2fi)3

--”„p(· Õ)
--2

J

,

(4.3)
Since the transitions are instantaneous, the prescription ·

Õ
≠ = ·

Õ(1 ≠ iÊ) has no e�ect on
P1l,V4

’
and we omit it. The loop integral has no dependence on the external momentum k, so

– 6 –

(free field)

(with canonical comm. rel. )

across phase boundaries
<latexit sha1_base64="0kqpEAlys4fQ/WLjQeoIpPkD/YQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIVJfFblxWsA9oYphMbtqhk0mYmQi1FH/FjQtF3Pof7vwbp4+Fth64cDjnXu69J8w4U9pxvq3Cyura+kZxs7S1vbO7Z+8ftFSaSwpNmvJUdkKigDMBTc00h04mgSQhh3Y4qE/89gNIxVJxp4cZ+AnpCRYzSrSRAvvIi4Br4mV9FgywxwSu37uBXXYqzhR4mbhzUkZzNAL7y4tSmicgNOVEqa7rZNofEakZ5TAuebmCjNAB6UHXUEESUP5oev0YnxolwnEqTQmNp+rviRFJlBomoelMiO6rRW8i/ud1cx1f+SMmslyDoLNFcc6xTvEkChwxCVTzoSGESmZuxbRPJKHaBFYyIbiLLy+T1nnFrVaqtxfl2vU8jiI6RifoDLnoEtXQDWqgJqLoET2jV/RmPVkv1rv1MWstWPOZQ/QH1ucPa0CUkA==</latexit>

��k 2 C1

(Bunch-Davies b.c.)

in each phase



Action for fluctuations in the                                               

JCAP07(2024)052

We find that whether perturbation theory breaks down depends on the duration of
the transition between slow-roll (SR) inflation and USR inflation. Our results indicate
that for P’ ≥ 10≠2 and well-motivated inflationary models considered in the literature [23,
24], cosmological perturbation theory is valid, in the sense that the one-loop spectrum is
significantly smaller than the tree-level one.

2 Model of USR inflation

We consider a two-parameter, piece-wise, description of the inflationary dynamics leading
to a large tree-level P’ . We assume a phase of SR followed by USR and then, again, SR.
The transitions between these phases are characterized by a single parameter, which controls
the duration of both transitions. The other parameter of the model is the duration of
the USR phase. Imposing a value for P’ establishes a one-to-one correspondence between
both parameters. The dynamics of the SR phases is controlled by the small quantity
0 < ‘ = ≠Ḣ/H

2 π 1, whose actual value is largely irrelevant in what follows. The quantity
÷ = ‘̇/(H‘) is, by definition, exactly equal to ≠6 in the USR phase and, will be assumed
to vanish during both SR phases. The transitions between phases are described in terms
of a third quantity, ‹, as we explain next.

Assuming a single inflaton „, with a canonical kinetic term and a potential V („),
working in conformal time, · , and neglecting terms suppressed by powers of ‘, the action
for fluctuations in the ”„-gauge is
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n. The interactions that arise from the metric fluctuations are suppressed
(see appendix B), and only the interactions coming from the potential survive at lowest
order in ‘:
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2
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where primes denote derivatives with respect to conformal time,
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and M
2

P
= 1/(8fi G) is the reduced Planck mass squared. In both SR (‘, |÷| π 1) and USR,

‹ = 3/2, see also [25–27]. We impose that ‹
2 is piece-wise constant. The function ‹

2 in the
transition from SR to USR and, also in the subsequent transition from USR to SR, is then
set by their (equal) duration. This in turn determines ÷ and ‘ completely, which are found
integrating their respective definitions. Figure 1 shows in an example ‹

2, ‘ and ÷ as functions
of the number of e-folds of inflation (N =

s
Hdt) elapsed from the beginning of the first

transition. In terms of this variable, the duration of the USR phase is denoted �N and that of
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Although we do not implement a full renormalization procedure, we are able to analyze the
validity of perturbation theory, providing an answer to the issue raised in [14].

We find that whether perturbation theory breaks down depends on the duration of the
transition between slow-roll (SR) inflation and USR inflation. Our results indicate that for
P⇣ ⇠ 10�2 and well-motivated inflationary models considered in the literature [23, 24], cos-
mological perturbation theory is valid, in the sense that the one-loop spectrum is significantly
smaller than the tree-level one.

2 Model of USR inflation

We consider a two-parameter, piece-wise, description of the inflationary dynamics leading
to a large tree-level P⇣ . We assume a phase of SR followed by USR and then, again, SR.
The transitions between these phases are characterized by a single parameter, which controls
the duration of both transitions. The other parameter of the model is the duration of the
USR phase. Imposing a value for P⇣ establishes a one-to-one correspondence between both
parameters. The dynamics of the SR phases is controlled by the small quantity 0 < ✏ =
�Ḣ/H

2 ⌧ 1, whose actual value is largely irrelevant in what follows. The quantity ⌘ =
✏̇/(H✏) is, by definition, exactly equal to �6 in the USR phase and, will be assumed to
vanish during both SR phases. The transitions between phases are described in terms of a
third quantity, ⌫, as we explain next.

Assuming a single inflaton �, with a canonical kinetic term and a potential V (�), work-
ing in conformal time, ⌧ , and neglecting terms suppressed by powers of ✏, the action for
fluctuations in the ��-gauge is
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n. The interactions that arise from the metric fluctuations are suppressed
(see Appendix B), and only the interactions coming from the potential survive at lowest order
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where primes denote derivatives with respect to conformal time,
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and M
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= 1/(8⇡ G) is the reduced Planck mass squared. In both SR (✏, |⌘| ⌧ 1) and USR,
⌫ = 3/2, see also [25–27]. We impose that ⌫

2 is piece-wise constant. The function ⌫
2 in

the transition from SR to USR and, also in the subsequent transition from USR to SR, is
then set by their (equal) duration. This in turn determines ⌘ and ✏ completely, which are
found integrating their respective definitions. Figure 1 shows in an example ⌫

2, ✏ and ⌘ as
functions of the number of e-folds of inflation (N =

R
Hdt) elapsed from the beginning of

the first transition. In terms of this variable, the duration of the USR phase is denoted �N
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Although we do not implement a full renormalization procedure, we are able to analyze the
validity of perturbation theory, providing an answer to the issue raised in [14].

We find that whether perturbation theory breaks down depends on the duration of the
transition between slow-roll (SR) inflation and USR inflation. Our results indicate that for
P⇣ ⇠ 10�2 and well-motivated inflationary models considered in the literature [23, 24], cos-
mological perturbation theory is valid, in the sense that the one-loop spectrum is significantly
smaller than the tree-level one.

2 Model of USR inflation

We consider a two-parameter, piece-wise, description of the inflationary dynamics leading
to a large tree-level P⇣ . We assume a phase of SR followed by USR and then, again, SR.
The transitions between these phases are characterized by a single parameter, which controls
the duration of both transitions. The other parameter of the model is the duration of the
USR phase. Imposing a value for P⇣ establishes a one-to-one correspondence between both
parameters. The dynamics of the SR phases is controlled by the small quantity 0 < ✏ =
�Ḣ/H

2 ⌧ 1, whose actual value is largely irrelevant in what follows. The quantity ⌘ =
✏̇/(H✏) is, by definition, exactly equal to �6 in the USR phase and, will be assumed to
vanish during both SR phases. The transitions between phases are described in terms of a
third quantity, ⌫, as we explain next.

Assuming a single inflaton �, with a canonical kinetic term and a potential V (�), work-
ing in conformal time, ⌧ , and neglecting terms suppressed by powers of ✏, the action for
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n. The interactions that arise from the metric fluctuations are suppressed
(see Appendix B), and only the interactions coming from the potential survive at lowest order
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⌫ = 3/2, see also [25–27]. We impose that ⌫

2 is piece-wise constant. The function ⌫
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the transition from SR to USR and, also in the subsequent transition from USR to SR, is
then set by their (equal) duration. This in turn determines ⌘ and ✏ completely, which are
found integrating their respective definitions. Figure 1 shows in an example ⌫
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Figure 2. Diagrams arising from eq. (3.1) when calculating
⌦
��

2
↵
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a term
composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P⇣ .

canonical commutation rules for �� [33]. Their time evolution is

��k(⌧) = (�k⌧)3/2 (↵kJ⌫(�k⌧) + �kY⌫(�k⌧)) , (3.5)

where J⌫ and Y⌫ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ⌫

2 can be negative and therefore ⌫ can be imaginary. The
coe�cients ↵k and �k are obtained in each phase imposing that ��k and ��

0
k

are continuous
across the boundaries.

4 Structure of P⇣

Due to momentum conservation,
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at all loop orders, for some function D(⌧, k) = D(⌧, k)tl+D(⌧, k)1l+D(⌧, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
(ct) (see Figure 2), so that P⇣(⌧, k) = k

3
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✏). The tree-level contribution is
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The one-loop can be separated into terms coming from cubic and quartic interactions. The
quartic part is
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Since the transitions are instantaneous, the prescription ⌧
0
� = ⌧

0(1 � i!) has no e↵ect on

P1l,V4
⇣

and we omit it. The loop integral has no dependence on the external momentum k,
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Figure 2. Diagrams arising from eq. (3.1) when calculating
⌦
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2
↵
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a term
composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P⇣ .

canonical commutation rules for �� [33]. Their time evolution is

��k(⌧) = (�k⌧)3/2 (↵kJ⌫(�k⌧) + �kY⌫(�k⌧)) , (3.5)

where J⌫ and Y⌫ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ⌫

2 can be negative and therefore ⌫ can be imaginary. The
coe�cients ↵k and �k are obtained in each phase imposing that ��k and ��

0
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are continuous
across the boundaries.
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Due to momentum conservation,

h��(⌧,x)��(⌧,y)i ⌘
Z

d3
k

(2⇡)3
e
ik(x�y)

D(⌧, k) , (4.1)

at all loop orders, for some function D(⌧, k) = D(⌧, k)tl+D(⌧, k)1l+D(⌧, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
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Since the transitions are instantaneous, the prescription ⌧
0
� = ⌧

0(1 � i!) has no e↵ect on

P1l,V4
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and we omit it. The loop integral has no dependence on the external momentum k,
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We find that whether perturbation theory breaks down depends on the duration of
the transition between slow-roll (SR) inflation and USR inflation. Our results indicate
that for P’ ≥ 10≠2 and well-motivated inflationary models considered in the literature [23,
24], cosmological perturbation theory is valid, in the sense that the one-loop spectrum is
significantly smaller than the tree-level one.

2 Model of USR inflation

We consider a two-parameter, piece-wise, description of the inflationary dynamics leading
to a large tree-level P’ . We assume a phase of SR followed by USR and then, again, SR.
The transitions between these phases are characterized by a single parameter, which controls
the duration of both transitions. The other parameter of the model is the duration of
the USR phase. Imposing a value for P’ establishes a one-to-one correspondence between
both parameters. The dynamics of the SR phases is controlled by the small quantity
0 < ‘ = ≠Ḣ/H

2 π 1, whose actual value is largely irrelevant in what follows. The quantity
÷ = ‘̇/(H‘) is, by definition, exactly equal to ≠6 in the USR phase and, will be assumed
to vanish during both SR phases. The transitions between phases are described in terms
of a third quantity, ‹, as we explain next.

Assuming a single inflaton „, with a canonical kinetic term and a potential V („),
working in conformal time, · , and neglecting terms suppressed by powers of ‘, the action
for fluctuations in the ”„-gauge is

S =
⁄

d· d3
x

S

Ua
2

2
1
(ˆ· ”„)2 ≠ (ˆi”„)2

2
≠ a

4
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nØ2

Vn ”„
n

n!

T

V (2.1)

and Vn = dn
V/d„

n. The interactions that arise from the metric fluctuations are suppressed
(see appendix B), and only the interactions coming from the potential survive at lowest
order in ‘:

a
2
V2 = ≠(aH)2(‹2 ≠ 9/4) , a

2
V3 = ≠aH(‹2)Õ

Ô
2‘MP

, (2.2)

a
2
V4 = ≠ 1

2‘M
2

P
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3
1 + ÷

2

44
, (2.3)

where primes denote derivatives with respect to conformal time,

‹
2 © 9

4 + 1
2

A

3 ÷ + ÷
2

2 + ÷
Õ

aH

B

œ R (2.4)

and M
2

P
= 1/(8fi G) is the reduced Planck mass squared. In both SR (‘, |÷| π 1) and USR,

‹ = 3/2, see also [25–27]. We impose that ‹
2 is piece-wise constant. The function ‹

2 in the
transition from SR to USR and, also in the subsequent transition from USR to SR, is then
set by their (equal) duration. This in turn determines ÷ and ‘ completely, which are found
integrating their respective definitions. Figure 1 shows in an example ‹

2, ‘ and ÷ as functions
of the number of e-folds of inflation (N =

s
Hdt) elapsed from the beginning of the first

transition. In terms of this variable, the duration of the USR phase is denoted �N and that of
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Although we do not implement a full renormalization procedure, we are able to analyze the
validity of perturbation theory, providing an answer to the issue raised in [14].

We find that whether perturbation theory breaks down depends on the duration of the
transition between slow-roll (SR) inflation and USR inflation. Our results indicate that for
P⇣ ⇠ 10�2 and well-motivated inflationary models considered in the literature [23, 24], cos-
mological perturbation theory is valid, in the sense that the one-loop spectrum is significantly
smaller than the tree-level one.

2 Model of USR inflation

We consider a two-parameter, piece-wise, description of the inflationary dynamics leading
to a large tree-level P⇣ . We assume a phase of SR followed by USR and then, again, SR.
The transitions between these phases are characterized by a single parameter, which controls
the duration of both transitions. The other parameter of the model is the duration of the
USR phase. Imposing a value for P⇣ establishes a one-to-one correspondence between both
parameters. The dynamics of the SR phases is controlled by the small quantity 0 < ✏ =
�Ḣ/H

2 ⌧ 1, whose actual value is largely irrelevant in what follows. The quantity ⌘ =
✏̇/(H✏) is, by definition, exactly equal to �6 in the USR phase and, will be assumed to
vanish during both SR phases. The transitions between phases are described in terms of a
third quantity, ⌫, as we explain next.

Assuming a single inflaton �, with a canonical kinetic term and a potential V (�), work-
ing in conformal time, ⌧ , and neglecting terms suppressed by powers of ✏, the action for
fluctuations in the ��-gauge is
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n. The interactions that arise from the metric fluctuations are suppressed
(see Appendix B), and only the interactions coming from the potential survive at lowest order
in ✏:
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and M
2
P

= 1/(8⇡ G) is the reduced Planck mass squared. In both SR (✏, |⌘| ⌧ 1) and USR,
⌫ = 3/2, see also [25–27]. We impose that ⌫

2 is piece-wise constant. The function ⌫
2 in

the transition from SR to USR and, also in the subsequent transition from USR to SR, is
then set by their (equal) duration. This in turn determines ⌘ and ✏ completely, which are
found integrating their respective definitions. Figure 1 shows in an example ⌫

2, ✏ and ⌘ as
functions of the number of e-folds of inflation (N =

R
Hdt) elapsed from the beginning of

the first transition. In terms of this variable, the duration of the USR phase is denoted �N
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<latexit sha1_base64="JuWf/sO9P2qDNR1h+q0WivG3fyE=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5Bqw8GHu/NMDMvTAQ31vO+UGltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nt7nffWTa8Fg92FnCAknGikecEptLA8PlsFrz6t4C+C/xC1KDAq1h9XMwimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGZU0Y4irUrZfFC/TmREWnMTIauUxI7MateLv7n9VMbXQcZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV1/+SzoXdb9Rb9xf1po3RRxlOIFTOAcfrqAJd9CCNlCYwBO8wCuS6Bm9ofdlawkVM8fwC+jjGyNBjlI=</latexit>�

<latexit sha1_base64="JuWf/sO9P2qDNR1h+q0WivG3fyE=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5Bqw8GHu/NMDMvTAQ31vO+UGltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nt7nffWTa8Fg92FnCAknGikecEptLA8PlsFrz6t4C+C/xC1KDAq1h9XMwimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGZU0Y4irUrZfFC/TmREWnMTIauUxI7MateLv7n9VMbXQcZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV1/+SzoXdb9Rb9xf1po3RRxlOIFTOAcfrqAJd9CCNlCYwBO8wCuS6Bm9ofdlawkVM8fwC+jjGyNBjlI=</latexit>�

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x <latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

<latexit sha1_base64="NsjKO6FvOGDmdJJbvTvwmNzF414=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD1heM+g==</latexit>

k

<latexit sha1_base64="BrhDiktSAOZJsCBnIfM1yoMi5qU=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJWklOqy6MaNUME+oKlhMp20Q2cmYWYilJiFv+LGhSJu/Q13/o3TNgttPXDhcM693HtPEDOqtON8W4WV1bX1jeJmaWt7Z3fP3j9oqyiRmLRwxCLZDZAijArS0lQz0o0lQTxgpBOMr6Z+54FIRSNxpycx6XM0FDSkGGkj+fZR2695inIvlAinbpbe+M37aubbZafizACXiZuTMsjR9O0vbxDhhBOhMUNK9Vwn1v0USU0xI1nJSxSJER6jIekZKhAnqp/O7s/gqVEGMIykKaHhTP09kSKu1IQHppMjPVKL3lT8z+slOrzop1TEiSYCzxeFCYM6gtMw4IBKgjWbGIKwpOZWiEfIJKFNZCUTgrv48jJpVytuvVK/rZUbl3kcRXAMTsAZcME5aIBr0AQtgMEjeAav4M16sl6sd+tj3lqw8plD8AfW5w95C5XF</latexit>

V4 � 1

M2
P

<latexit sha1_base64="e9ObyYKRXlWbKdfoYPuOoA48ImA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KoVJdFN26ECvYBTQiT6aQdOjMJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33hMmjCrtON9WaWl5ZXWtvF7Z2Nza3rF399oqTiUmLRyzWHZDpAijgrQ01Yx0E0kQDxnphKPrid95IFLRWNzrcUJ8jgaCRhQjbaTAPmgHZ56i3IskwpmbZ7dBMw/sqlNzpoCLxC1IFRRoBvaX149xyonQmCGleq6TaD9DUlPMSF7xUkUShEdoQHqGCsSJ8rPp9Tk8NkofRrE0JTScqr8nMsSVGvPQdHKkh2rem4j/eb1UR5d+RkWSaiLwbFGUMqhjOIkC9qkkWLOxIQhLam6FeIhMDtoEVjEhuPMvL5L2ac2t1+p359XGVRFHGRyCI3ACXHABGuAGNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QNDmZUg</latexit>

V3 � 1

MP

<latexit sha1_base64="e9ObyYKRXlWbKdfoYPuOoA48ImA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KoVJdFN26ECvYBTQiT6aQdOjMJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33hMmjCrtON9WaWl5ZXWtvF7Z2Nza3rF399oqTiUmLRyzWHZDpAijgrQ01Yx0E0kQDxnphKPrid95IFLRWNzrcUJ8jgaCRhQjbaTAPmgHZ56i3IskwpmbZ7dBMw/sqlNzpoCLxC1IFRRoBvaX149xyonQmCGleq6TaD9DUlPMSF7xUkUShEdoQHqGCsSJ8rPp9Tk8NkofRrE0JTScqr8nMsSVGvPQdHKkh2rem4j/eb1UR5d+RkWSaiLwbFGUMqhjOIkC9qkkWLOxIQhLam6FeIhMDtoEVjEhuPMvL5L2ac2t1+p359XGVRFHGRyCI3ACXHABGuAGNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QNDmZUg</latexit>

V3 � 1

MP

<latexit sha1_base64="e9ObyYKRXlWbKdfoYPuOoA48ImA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KoVJdFN26ECvYBTQiT6aQdOjMJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33hMmjCrtON9WaWl5ZXWtvF7Z2Nza3rF399oqTiUmLRyzWHZDpAijgrQ01Yx0E0kQDxnphKPrid95IFLRWNzrcUJ8jgaCRhQjbaTAPmgHZ56i3IskwpmbZ7dBMw/sqlNzpoCLxC1IFRRoBvaX149xyonQmCGleq6TaD9DUlPMSF7xUkUShEdoQHqGCsSJ8rPp9Tk8NkofRrE0JTScqr8nMsSVGvPQdHKkh2rem4j/eb1UR5d+RkWSaiLwbFGUMqhjOIkC9qkkWLOxIQhLam6FeIhMDtoEVjEhuPMvL5L2ac2t1+p359XGVRFHGRyCI3ACXHABGuAGNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QNDmZUg</latexit>

V3 � 1

MP

<latexit sha1_base64="XaMVDRG1elyo4wAZnbrWkY7kOlE=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUmKVJdFN26ECvYBTVsm05t26GQSZiZCCfkGN/6KGxeKuHXlzr9x+lho64ELh3Pu5d57/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJpFCnEY9kyycKOBNQ10xzaMUSSOhzaPqj64nffACpWCTu9TiGTkgGggWMEm2knn3mBZLQ1M3S216tW848TsSAg9cHrokXD1m37Mmp1LOLTsmZAi8Td06KaI5az/7y+hFNQhCacqJU23Vi3UmJ1IxyyApeoiAmdEQG0DZUkBBUJ52+lOETo/RxEElTQuOp+nsiJaFS49A3nSHRQ7XoTcT/vHaig8tOykScaBB0tihIONYRnuSD+0wC1XxsCKGSmVsxHRKTkTYpFkwI7uLLy6RRLrmVUuXuvFi9mseRR0foGJ0iF12gKrpBNVRHFD2iZ/SK3qwn68V6tz5mrTlrPnOI/sD6/AG/Yp4s</latexit>

1

M2
P

���2�

<latexit sha1_base64="tzVxstZL/BRaAVQGrftzwSP9Ugs=">AAACEnicbVBNS8NAEN34WetX1KOXYBH0UhIr1WPRixehgv2AJi2b7aRdutmE3Y1QQn+DF/+KFw+KePXkzX/jNs1BWx8MPN6bYWaeHzMqlW1/G0vLK6tr64WN4ubW9s6uubfflFEiCDRIxCLR9rEERjk0FFUM2rEAHPoMWv7oeuq3HkBIGvF7NY7BC/GA04ASrLTUM0/dQGCSOpP0tlfvViYuw3zAwO0DU9iNh7RbcUUm9cySXbYzWIvEyUkJ5aj3zC+3H5EkBK4Iw1J2HDtWXoqFooTBpOgmEmJMRngAHU05DkF6afbSxDrWSt8KIqGLKytTf0+kOJRyHPq6M8RqKOe9qfif10lUcOmllMeJAk5mi4KEWSqypvlYfSqAKDbWBBNB9a0WGWKdkdIpFnUIzvzLi6R5Vnaq5erdeal2lcdRQIfoCJ0gB12gGrpBddRABD2iZ/SK3own48V4Nz5mrUtGPnOA/sD4/AHCjJ4u</latexit>

1

M3
P

���3�

<latexit sha1_base64="8OgqspN6J5QhRBgZDwjXj0H0e3s=">AAACEnicbVBNS8NAEN3Ur1q/oh69BIugl5JIqR6LXrwIFewHNG3ZbCft0s0m7G6EEvIbvPhXvHhQxKsnb/4bt2kO2vpg4PHeDDPzvIhRqWz72yisrK6tbxQ3S1vbO7t75v5BS4axINAkIQtFx8MSGOXQVFQx6EQCcOAxaHuT65nffgAhacjv1TSCXoBHnPqUYKWlgXnm+gKTxEmT20GjX01dhvmIgTsEprAbjWm/6opMGphlu2JnsJaJk5MyytEYmF/uMCRxAFwRhqXsOnakegkWihIGacmNJUSYTPAIuppyHIDsJdlLqXWilaHlh0IXV1am/p5IcCDlNPB0Z4DVWC56M/E/rxsr/7KXUB7FCjiZL/JjZqnQmuVjDakAothUE0wE1bdaZIx1RkqnWNIhOIsvL5PWecWpVWp31XL9Ko+jiI7QMTpFDrpAdXSDGqiJCHpEz+gVvRlPxovxbnzMWwtGPnOI/sD4/AHFtp4w</latexit>

1

M4
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���4�

Figure 6. Complete set of diagrams that a�ect the calculation at one-loop of
+
’

2,
in terms of

correlations of ”„. Bubble diagrams and terms proportional to tadpoles have been omitted.

D.3 Two-point correlation function of ’

At late times, the relation between the variables ’ and ”„ in their respective gauges is

’ = ≠ ”„Ô
2‘MP
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42
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2 ≠ ÷‘3
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+ O
3

”„

MP

44

. (D.41)

This relation is exact in the sense that it does not make any SR approximation. We compute
P’ at one-loop using correlations of ”„. Knowing the expression above, we can explain
why it is necessary to make the expansion up to third order. The two-point correlation
of ’ is, schematically,

e
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P

e
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M
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P

e
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4
f

+ O
3

H

MP

45

, (D.42)

where we introduce H as it is the only energy scale of inflation. Assuming the set of
interactions we work with in this paper, the contributions to the two-point correlation of
’ at order (H/MP )4 are shown in figure 6. Since V3 ≥ H(H/MP ) and V4 ≥ (H/MP )2,
the one-loop diagrams that contribute to È”„

2Í are of the same order in (H/MP ) as the
contribution to È’2Í coming from È”„

3Í and È”„
4Í.

In the model we consider, ÷ = 0 at late times and therefore only the first term of the
expansion (D.41) survives. However, we stress that (D.41) is valid for any inflationary model
as long as at late times Ï̇ Ã 1/(a3

‘) æ 0.

E Tadpoles

In this appendix we discuss why we do not need to include tadpoles in our calculations.
Since we work with a theory with cubic interactions, we inevitably get a non-zero one-
loop contribution to the correlator È”„(x)Í, as shown in figure 7. In principle, this type of
interaction implies the need of considering contributions to the power spectrum beyond those
studied in the main body of this work. However, by using counterterms we can avoid having
to include these e�ects, imposing that È”„(x)Í = 0.
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<latexit sha1_base64="RyDBfzOGHjN/gyU6AuRWJmzmhuw="></latexit>

P⇣ =
1

2✏M2
P

P��For
<latexit sha1_base64="p+bazRMKlHlGzCGPwvC3gdRhIzQ=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4aSq6J2yuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5vdOyGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmT5P+lwhM2JsCWWK21sJG1JFmbERFW0I3uLLy6R5XvGqler9Rbl2k8dRgGM4gTPw4BJqcAd1aAADAc/wCm/Oo/PivDsf89YVJ585gj9wPn8Arb2PGA==</latexit>

⌘ = 0

<latexit sha1_base64="DRS54ZiMSanY7RTA49IbPZzU0vk=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AIXiyJSPVY9OKxgv2AppTNdtou3U3C7kQsoXjxr3jxoIhXf4U3/43bNgdtfTDweG+GmXlBLLhG1/22ckvLK6tr+fXCxubW9o69u1fXUaIY1FgkItUMqAbBQ6ghRwHNWAGVgYBGMLye+I17UJpH4R2OYmhL2g95jzOKRurYB34XBFI/HvBTH+EBlUz7NOnDuGMX3ZI7hbNIvIwUSYZqx/7yuxFLJITIBNW65bkxtlOqkDMB44KfaIgpG9I+tAwNqQTdTqcvjJ1jo3SdXqRMhehM1d8TKZVaj2RgOiXFgZ73JuJ/XivB3mU75WGcIIRstqiXCAcjZ5KH0+UKGIqRIZQpbm512IAqytCkVjAhePMvL5L6Wckrl8q358XKVRZHnhySI3JCPHJBKuSGVEmNMPJInskrebOerBfr3fqYteasbGaf/IH1+QMO+Zfh</latexit>

��� gauge

<latexit sha1_base64="Rt5Wx7K9f9ssPc3lKXsiX4Nypj0=">AAAB/XicbVDJSgNBEO1xjXEbl5uXwSB4McyIRI9BLx4jmAUyQ+jp1CRNeha6a8RkCP6KFw+KePU/vPk3dpI5aOKDgsd7VVTV8xPBFdr2t7G0vLK6tl7YKG5ube/smnv7DRWnkkGdxSKWLZ8qEDyCOnIU0Eok0NAX0PQHNxO/+QBS8Ti6x2ECXkh7EQ84o6iljnnojgDpmYvwiDLMejTtwbhjluyyPYW1SJyclEiOWsf8crsxS0OIkAmqVNuxE/QyKpEzAeOimypIKBvQHrQ1jWgIysum14+tE610rSCWuiK0purviYyGSg1DX3eGFPtq3puI/3ntFIMrL+NRkiJEbLYoSIWFsTWJwupyCQzFUBPKJNe3WqxPJWWoAyvqEJz5lxdJ47zsVMqVu4tS9TqPo0COyDE5JQ65JFVyS2qkThgZkWfySt6MJ+PFeDc+Zq1LRj5zQP7A+PwBNaSVvA==</latexit>

⇣ � gauge
<latexit sha1_base64="MljI8Dvl5j2v+/w0DcR2oVgYJOQ="></latexit>

ds2 = �N2 dt2 + a2(t)
�
N i dt+ dxi

� �
N j dt+ dxj

�
exp (2 ⇣ �ij + hij) , � = �0

<latexit sha1_base64="8MoF6bdANSYh9AQLD8n6emLk47E="></latexit>

ds2 = �N2 dt2 + a2(t)
�
N i dt+ dxi

� �
N j dt+ dxj

�
exp (hij) , � = �0 + ��
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<latexit sha1_base64="SBWvLG+bDnOrw6emAVpRlNx6yFo=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqeKq6KaurGAf0MYwmU7aoZNJmJkIIdRfceNCEbd+iDv/xkmbhbYeGDiccy/3zPEiRqWyrG+jsLK6tr5R3Cxtbe/s7pn7Bx0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepPrzO8+EiFpyO9VEhEnQCNOfYqR0pJrlgcBUmOMWHo7rTbdmwfr5NI1K1bNmgEuEzsnFZCj5Zpfg2GI44BwhRmSsm9bkXJSJBTFjExLg1iSCOEJGpG+phwFRDrpLPwUHmtlCP1Q6McVnKm/N1IUSJkEnp7MospFLxP/8/qx8i+clPIoVoTj+SE/ZlCFMGsCDqkgWLFEE4QF1VkhHiOBsNJ9lXQJ9uKXl0nntGbXa/W7s0rjKq+jCA7BEagCG5yDBmiCFmgDDBLwDF7Bm/FkvBjvxsd8tGDkO2XwB8bnD2qQk/o=</latexit>

O(H0
I ) :

<latexit sha1_base64="oReMX4gONy4XrHtBINg26KGM8fE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqeKq6KaurGAf0MYwmU7aoZNJmJkIIdRfceNCEbd+iDv/xkmbhbYeGDiccy/3zPEiRqWyrG+jsLK6tr5R3Cxtbe/s7pn7Bx0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepPrzO8+EiFpyO9VEhEnQCNOfYqR0pJrlgcBUmOMWHo7rTbdmwf75NI1K1bNmgEuEzsnFZCj5Zpfg2GI44BwhRmSsm9bkXJSJBTFjExLg1iSCOEJGpG+phwFRDrpLPwUHmtlCP1Q6McVnKm/N1IUSJkEnp7MospFLxP/8/qx8i+clPIoVoTj+SE/ZlCFMGsCDqkgWLFEE4QF1VkhHiOBsNJ9lXQJ9uKXl0nntGbXa/W7s0rjKq+jCA7BEagCG5yDBmiCFmgDDBLwDF7Bm/FkvBjvxsd8tGDkO2XwB8bnD2wWk/s=</latexit>

O(H1
I ) :

<latexit sha1_base64="C1CMDoRdR9WHPCJUDqkqi8foixQ=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRFqrgquqkrK9gHtDFMppN26GQSZiZCCPVX3LhQxK0f4s6/cdJmoa0HBg7n3Ms9c7yIUaks69tYWV1b39gsbBW3d3b39s2Dw44MY4FJG4csFD0PScIoJ21FFSO9SBAUeIx0vcl15ncfiZA05PcqiYgToBGnPsVIack1S4MAqTFGLL2dVpruzUPt9NI1y1bVmgEuEzsnZZCj5Zpfg2GI44BwhRmSsm9bkXJSJBTFjEyLg1iSCOEJGpG+phwFRDrpLPwUnmhlCP1Q6McVnKm/N1IUSJkEnp7MospFLxP/8/qx8i+clPIoVoTj+SE/ZlCFMGsCDqkgWLFEE4QF1VkhHiOBsNJ9FXUJ9uKXl0mnVrXr1frdWblxlddRAEfgGFSADc5BAzRBC7QBBgl4Bq/gzXgyXox342M+umLkOyXwB8bnD22ck/w=</latexit>
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Figure 2. Diagrams arising from eq. (3.1) when calculating
+
”„

2,
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a
term composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P’ .

where ú indicates complex conjugation. The modes ”„k obey ”„
ÕÕ
k

+2aH”„
Õ
k

+(k2 +a
2
V2)”„k =

0 with Bunch-Davies initial conditions ”„k(· æ ≠Œ) = e
≠ik·

/

Ô
2ka2, which guarantee

canonical commutation rules for ”„ [33]. Their time evolution is

”„k(·) = (≠k·)3/2 (–kJ‹(≠k·) + —kY‹(≠k·)) , (3.5)

where J‹ and Y‹ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ‹

2 can be negative and therefore ‹ can be imaginary. The
coe�cients –k and —k are obtained in each phase imposing that ”„k and ”„

Õ
k

are continuous
across the boundaries.

4 Structure of P’

Due to momentum conservation,

È”„(·, x)”„(·, y)Í ©
⁄ d3

k

(2fi)3
e

ik(x≠y)
D(·, k) , (4.1)

at all loop orders, for some function D(·, k) = D(·, k)tl +D(·, k)1l +D(·, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
(ct) (see figure 2), so that P’(·, k) = k

3
D(·, k)/(4fi

2
M

2

P
‘). The tree-level contribution is just

Ptl

’ (·, k) = k
3

4fi2M
2

P
‘(·) |”„k(·)|2 . (4.2)

The one-loop can be separated into terms coming from cubic and quartic interactions. The
quartic part is

P1l,V4
’

(·, k) = k
3

4fi2M
2

P
‘(·) Im

I

”„
2

k(·)
⁄

·

≠Œ
d·

Õ
a

4(· Õ)V4(· Õ)”„
ú2

k (· Õ)
⁄ d3

p

(2fi)3

--”„p(· Õ)
--2

J

,

(4.3)
Since the transitions are instantaneous, the prescription ·

Õ
≠ = ·

Õ(1 ≠ iÊ) has no e�ect on
P1l,V4

’
and we omit it. The loop integral has no dependence on the external momentum k, so
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Figure 4. The dotted curves represent lines of constant P⇣ (with values 1, 10�2, 10�4 and 10�6

from top to bottom), computed at tree-level. In the shaded region, the one-loop contribution to P⇣ is
larger than its tree-level counterpart at the scales near the maximum of the latter. The three black
dots correspond to the three examples shown in Figure 5. The region where P1l

⇣ > Ptl
⇣ is approximately

scale invariant, as can be seen in Figure 8.

the counterterms cannot absorb its finite part for all k. Therefore, the only relevant contri-
bution at one-loop –and the only one we include– comes from P1l,V3

⇣
⌘ P1l

⇣
. Since the only

UV divergence appearing in the one-loop calculation is reabsorbed with the counterterms,
the two-point correlation is, after this procedure, completely finite.

We note that in Figure 2 there are diagrams that are not relevant in our calculation
at one-loop. These diagrams fall in one of the following three categories: 1) bubble dia-
grams (whose contribution vanishes), 2) diagrams that do not contribute to P⇣ ,11 and 3)
diagrams proportional to the tadpole (which vanishes imposing h��i = 0 at loop level, using
counterterms, as shown in Appendix E).

5 Discussion

A full renormalization procedure would require imposing a set of conditions on P⇣ allowing
us to extract the finite part of the counterterms that make the theoretical prediction of the
total power spectrum coincide with the one inferred from observations, which is currently
unconstrained at small enough scales. Although we have not performed a full renormalization,
which would have required working with a tractable functional form for the potential, we can
use our results to draw conclusions about the validity of perturbation theory. The validity of
eq. (3.1), which is the basis of our analysis, assumes P1l

⇣
⌧ Ptl

⇣
. For consistency, eq. (3.1) also

requires Pct
⇣

⇠ P1l
⇣

⌧ Ptl
⇣
. The contributions to P⇣ coming from the counterterms must be

of the same order as those coming from the loops because otherwise the divergences cannot
be absorbed. Taking the condition P1l

⇣
⇠ Ptl

⇣
as a proxy for perturbation theory breakdown,

we find that whether perturbation theory breaks or not depends on the values chosen for

11
We have only one diagram in this category, the disconnected one formed by two tadpoles (last diagram

of the last row of Figure 2). Although this diagram does a↵ect the two-point correlation, its momentum

structure is di↵erent from that of the power spectrum, so it does not modify P⇣ .
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is observed in the limit t
Õ
, t

ÕÕ æ ≠Œ, introducing a damping in the time integrals, which
is interpreted as a projection onto the interaction vacuum. Now we use the definition of
time ordering to rewrite
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Therefore, F and its inverse are
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so that the VEV of Q can be written as
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Using that
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we can rewrite the last term of the first line of (A.24) as
⁄
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so that the final expression is
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We emphasize that this expression does not include the bubble diagrams and we stress the
importance of the prescription iÊ (represented by t±) for the convergence of the time integrals.

B Action for fluctuations in the ”„-gauge

In the ADM formalism [45, 46, 52] the spacetime metric is written as follows:

ds
2 = ≠N

2dt
2 + “ij

1
N

idt + dx
i
2 1

N
jdt + dx

j
2

, (B.1)
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t

tÕ
dt

ÕÕ
HI(tÕÕ

≠)HI(tÕ
≠) , (A.22)

F
≠1(t, ≠Œ+) = 1 + i

⁄
t

≠Œ
dt

Õ !
HI(tÕ

≠)
"† ≠

⁄
t

≠Œ
dt

Õ
⁄

t

tÕ
dt

ÕÕ !
HI(tÕÕ

≠)HI(tÕ
≠)

"†
, (A.23)

so that the VEV of Q can be written as

ÈQ(t)Í = È0| QI(t) |0Í + 2 Im
;⁄

t

≠Œ
dt

Õ È0| QI(t)HI(tÕ
≠) |0Í

<

+
⁄

t

≠Œ
dt

Õ
⁄

t

≠Œ
dt

ÕÕ È0| HI(tÕÕ
+)QI(t)HI(tÕ

≠) |0Í

≠ 2 Re
;⁄

t

≠Œ
dt

Õ
⁄

t

tÕ
dt

ÕÕ È0| QI(t)HI(tÕÕ
≠)HI(tÕ

≠) |0Í
<

. (A.24)

Using that

È0| HI(tÕ
+)QI(t)HI(tÕÕ

≠) |0Í = È0| HI(tÕÕ
+)QI(t)HI(tÕ

≠) |0Íú (A.25)

we can rewrite the last term of the first line of (A.24) as
⁄

t

≠Œ
dt

Õ
⁄

t

≠Œ
dt

ÕÕ È0|HI(tÕÕ
+)QI(t)HI(tÕ

≠) |0Í = 2Re
;⁄

t

≠Œ
dt

Õ
⁄

t

tÕ
dt

ÕÕ È0|HI(tÕÕ
+)QI(t)HI(tÕ

≠) |0Í
<

,

(A.26)
so that the final expression is

ÈQ(t)Í = È0| QI(t) |0Í + 2 Im
;⁄

t

≠Œ
dt

Õ È0| QI(t)HI(tÕ
≠) |0Í

<

+ 2 Re
;⁄

t

≠Œ
dt

Õ
⁄

t

tÕ
dt

ÕÕ È0|
!
HI(tÕÕ

+)QI(t) ≠ QI(t)HI(tÕÕ
≠)

"
HI(tÕ

≠) |0Í
<

. (A.27)

We emphasize that this expression does not include the bubble diagrams and we stress the
importance of the prescription iÊ (represented by t±) for the convergence of the time integrals.

B Action for fluctuations in the ”„-gauge

In the ADM formalism [45, 46, 52] the spacetime metric is written as follows:

ds
2 = ≠N

2dt
2 + “ij

1
N

idt + dx
i
2 1

N
jdt + dx

j
2

, (B.1)
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and we obtain the following useful relation between the vacuum in the interaction and
Heisenberg picture:13

F (t, ≠Œ≠) |�Í
H

= F (t, ≠Œ≠) |0Í
I

H
È�|0Í

I

© N F (t, ≠Œ≠) |0Í
I

(A.14)

and
H

È�| F
≠1(t, ≠Œ+) = N ú

I
È0| F

≠1(t, ≠Œ+) , (A.15)

where Œ+ © Œ(1 + iÊ). This allows us to write all the elements of the VEV in the
interaction picture:

ÈQ(t)Í = |N |2
I
È0| F

≠1(t, ≠Œ+)QI(t)F (t, ≠Œ≠) |0Í
I

, (A.16)

where F
≠1(t, ≠Œ+) can be read from (A.9). The last piece we need to understand is what

is |N |2. Assuming that |�Í
H

is properly normalized, i.e.
H

È�|�Í
H

= 1, if we calculate the
VEV of the identity operator (Q = 1), we get that

1
|N |2

=
I
È0| F

≠1(t, ≠Œ+)F (t, ≠Œ≠) |0Í
I

. (A.17)

Making a perturbative expansion, it becomes clear that |N |≠2 is the sum over the bubble-
type diagrams, defined as the set of diagrams with at least one part disconnected from
any external leg. Thus, the final formula to be used for the calculation of the VEV of any
operator Q(t) is (see also [51])

ÈQ(t)Í = I
È0| F

≠1(t, ≠Œ+)QI(t)F (t, ≠Œ≠) |0Í
I

I
È0| F ≠1(t, ≠Œ+)F (t, ≠Œ≠) |0Í

I

=
I
È0| F

≠1(t, ≠Œ+)QI(t)F (t, ≠Œ≠) |0Í
I

----
no bubbles

. (A.18)

For brevity, we write |0Í
I

as |0Í in what follows (and in the main body of this work) and,
even if we will not write it explicitly, bubble diagrams will be assumed to be removed.

The main expression we use in this paper, eq. (3.1), is a second order expansion in the
interaction Hamiltonian of the in-in formalism for the calculation of a VEV. To derive it
we proceed by first expanding F (t, ≠Œ≠) from eq. (A.9):

F (t, ≠Œ≠) = 1 ≠ i

⁄
t

≠Œ≠
dt

Õ
HI(tÕ) ≠ 1

2T

⁄
t

≠Œ≠
dt

Õ
⁄

t

≠Œ≠
dt

ÕÕ
HI(tÕ)HI(tÕÕ) . (A.19)

Now, we make a redefinition of time such that the prescription iÊ passes from the lower
integration limit to the time of the Hamiltonian, t æ t≠ = t(1 ≠ iÊ), such that

F (t, ≠Œ≠) = 1 ≠ i

⁄
t

≠Œ
dt

Õ
HI(tÕ

≠) ≠ 1
2T

⁄
t

≠Œ
dt

Õ
⁄

t

≠Œ
dt

ÕÕ
HI(tÕ

≠)HI(tÕÕ
≠) . (A.20)

In principle, the upper integration limit should also be modified, but this change has no e�ect
when, at the end of the calculation, we take Ê æ 0. The only e�ect of the prescription iÊ

13
We interpret the prescription iÊ as a way to turn o� the interactions in the limit t æ ≠Œ, well motivated

by the Bunch-Davies initial conditions.
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Figure 2. Diagrams arising from eq. (3.1) when calculating
+
”„

2,
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a
term composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P’ .

where ú indicates complex conjugation. The modes ”„k obey ”„
ÕÕ
k

+2aH”„
Õ
k

+(k2 +a
2
V2)”„k =

0 with Bunch-Davies initial conditions ”„k(· æ ≠Œ) = e
≠ik·

/

Ô
2ka2, which guarantee

canonical commutation rules for ”„ [33]. Their time evolution is

”„k(·) = (≠k·)3/2 (–kJ‹(≠k·) + —kY‹(≠k·)) , (3.5)

where J‹ and Y‹ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ‹

2 can be negative and therefore ‹ can be imaginary. The
coe�cients –k and —k are obtained in each phase imposing that ”„k and ”„

Õ
k

are continuous
across the boundaries.

4 Structure of P’

Due to momentum conservation,

È”„(·, x)”„(·, y)Í ©
⁄ d3

k

(2fi)3
e

ik(x≠y)
D(·, k) , (4.1)

at all loop orders, for some function D(·, k) = D(·, k)tl +D(·, k)1l +D(·, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
(ct) (see figure 2), so that P’(·, k) = k

3
D(·, k)/(4fi

2
M

2

P
‘). The tree-level contribution is just

Ptl

’ (·, k) = k
3

4fi2M
2

P
‘(·) |”„k(·)|2 . (4.2)

The one-loop can be separated into terms coming from cubic and quartic interactions. The
quartic part is

P1l,V4
’

(·, k) = k
3

4fi2M
2

P
‘(·) Im

I

”„
2

k(·)
⁄

·

≠Œ
d·

Õ
a

4(· Õ)V4(· Õ)”„
ú2

k (· Õ)
⁄ d3

p

(2fi)3

--”„p(· Õ)
--2

J

,

(4.3)
Since the transitions are instantaneous, the prescription ·

Õ
≠ = ·

Õ(1 ≠ iÊ) has no e�ect on
P1l,V4

’
and we omit it. The loop integral has no dependence on the external momentum k, so
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On the right hand side of this expression, the fields are in the interaction picture (I), i.e.
they are described by the free Hamiltonian and satisfy canonical commutation rules. |0Í is
the vacuum in the interaction picture. We use ·± © ·(1 ± iÊ) (with Ê > 0) to guarantee
the correct projection onto the interaction vacuum in · æ ≠Œ.

In a model with cubic and quartic interactions, the topology of the diagrams generated
from equation (3.1) for the two-point function of ”„ are shown in figure 2.3 It can be checked
that we do not have to include the bubble diagrams to the actual computation we perform.
The calculation at one-loop of the two-point function gives an ultraviolet (UV) divergence
that needs to be renormalized, see [29, 30]. For the regularization of the divergences, we use
a UV cuto� �UV. Whereas the time integrals can be done explicitly, for the spatial part we
work in Fourier space. The cuto� goes into the momentum loops as usual, but its e�ect on
the time integrals needs to be worked out. In practice, we remove from the integral a domain
where the time intervals are smaller than those allowed by �UV [29], as follows:

⁄
·

≠Œ
d·

Õ
⁄

·

· Õ
d·

ÕÕ æ
⁄

·+1/(a(·)�UV)

≠Œ
d·

Õ
⁄

·

· Õ+1/(a(· Õ)�UV)

d·
ÕÕ

. (3.2)

Once the divergences have been regularized, we introduce counterterms to absorb the depen-
dence of the loops on the regulator �UV [31]. To obtain the counterterms we can think in
terms of the action for the inflaton, „. General covariance implies that the wave function
renormalization, „ æ Z„ „R (where the subscript R stands for renormalized) requires the
quantity Z„ © 1 + ”„ to be constant.4 Similar arguments may in principle be used for the
counterterms coming from the potential. However, in the model under consideration, V („) is
given by the background evolution described in the previous section. Therefore, just as Vn

are functions of time, by renormalizing Vn æ VR,n + ”Vn , the counterterms ”Vn are functions
of time. The counterterms that will a�ect the renormalization of the two-point correlation
will be ”„ and ”V2 © ”V . Including these counterterms in the action (2.1) we extract the
complete interaction Hamiltonian in the interaction picture:5

HI(·) =
⁄

d3
x

5
a

4

A
V3”„

3

3! + V4”„
4

4!

B
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where ”̃V = ”„V2 + ”V /4. This Hamiltonian includes all possible interaction terms and
counterterms that a�ect P’ at one-loop at leading order in ‘.

We quantize ”„ — in the interaction picture — with creation and annihilation operators
satisfying standard commutation relations,

”„(x) =
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1
”„k(·)ak + ”„

ú
k(·)a†

≠k
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, (3.4)

3
Diagrams that are suppressed by powers of MP are not shown, e.g. the diagrams induced at second order

by the quartic interaction.
4
This renormalization also changes the background action. However, by introducing a renormalization of

the vacuum expectation value (VEV) of „, „0(t), one can impose that the background dynamics remains

unchanged, equivalent to what happens with the Higgs VEV (see e.g. [32]).
5
For convenience, we will omit the subscript R, always keeping in mind that we are working with renormalized

quantities.
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On the right hand side of this expression, the fields are in the interaction picture (I), i.e.
they are described by the free Hamiltonian and satisfy canonical commutation rules. |0Í is
the vacuum in the interaction picture. We use ·± © ·(1 ± iÊ) (with Ê > 0) to guarantee
the correct projection onto the interaction vacuum in · æ ≠Œ.

In a model with cubic and quartic interactions, the topology of the diagrams generated
from equation (3.1) for the two-point function of ”„ are shown in figure 2.3 It can be checked
that we do not have to include the bubble diagrams to the actual computation we perform.
The calculation at one-loop of the two-point function gives an ultraviolet (UV) divergence
that needs to be renormalized, see [29, 30]. For the regularization of the divergences, we use
a UV cuto� �UV. Whereas the time integrals can be done explicitly, for the spatial part we
work in Fourier space. The cuto� goes into the momentum loops as usual, but its e�ect on
the time integrals needs to be worked out. In practice, we remove from the integral a domain
where the time intervals are smaller than those allowed by �UV [29], as follows:
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Once the divergences have been regularized, we introduce counterterms to absorb the depen-
dence of the loops on the regulator �UV [31]. To obtain the counterterms we can think in
terms of the action for the inflaton, „. General covariance implies that the wave function
renormalization, „ æ Z„ „R (where the subscript R stands for renormalized) requires the
quantity Z„ © 1 + ”„ to be constant.4 Similar arguments may in principle be used for the
counterterms coming from the potential. However, in the model under consideration, V („) is
given by the background evolution described in the previous section. Therefore, just as Vn

are functions of time, by renormalizing Vn æ VR,n + ”Vn , the counterterms ”Vn are functions
of time. The counterterms that will a�ect the renormalization of the two-point correlation
will be ”„ and ”V2 © ”V . Including these counterterms in the action (2.1) we extract the
complete interaction Hamiltonian in the interaction picture:5
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, (3.3)

where ”̃V = ”„V2 + ”V /4. This Hamiltonian includes all possible interaction terms and
counterterms that a�ect P’ at one-loop at leading order in ‘.

We quantize ”„ — in the interaction picture — with creation and annihilation operators
satisfying standard commutation relations,

”„(x) =
⁄ d3

k

(2fi)3/2
e

ikx
1
”„k(·)ak + ”„

ú
k(·)a†

≠k
2

, (3.4)

3
Diagrams that are suppressed by powers of MP are not shown, e.g. the diagrams induced at second order

by the quartic interaction.
4
This renormalization also changes the background action. However, by introducing a renormalization of

the vacuum expectation value (VEV) of „, „0(t), one can impose that the background dynamics remains

unchanged, equivalent to what happens with the Higgs VEV (see e.g. [32]).
5
For convenience, we will omit the subscript R, always keeping in mind that we are working with renormalized

quantities.
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On the right hand side of this expression, the fields are in the interaction picture (I), i.e.
they are described by the free Hamiltonian and satisfy canonical commutation rules. |0Í is
the vacuum in the interaction picture. We use ·± © ·(1 ± iÊ) (with Ê > 0) to guarantee
the correct projection onto the interaction vacuum in · æ ≠Œ.

In a model with cubic and quartic interactions, the topology of the diagrams generated
from equation (3.1) for the two-point function of ”„ are shown in figure 2.3 It can be checked
that we do not have to include the bubble diagrams to the actual computation we perform.
The calculation at one-loop of the two-point function gives an ultraviolet (UV) divergence
that needs to be renormalized, see [29, 30]. For the regularization of the divergences, we use
a UV cuto� �UV. Whereas the time integrals can be done explicitly, for the spatial part we
work in Fourier space. The cuto� goes into the momentum loops as usual, but its e�ect on
the time integrals needs to be worked out. In practice, we remove from the integral a domain
where the time intervals are smaller than those allowed by �UV [29], as follows:
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Once the divergences have been regularized, we introduce counterterms to absorb the depen-
dence of the loops on the regulator �UV [31]. To obtain the counterterms we can think in
terms of the action for the inflaton, „. General covariance implies that the wave function
renormalization, „ æ Z„ „R (where the subscript R stands for renormalized) requires the
quantity Z„ © 1 + ”„ to be constant.4 Similar arguments may in principle be used for the
counterterms coming from the potential. However, in the model under consideration, V („) is
given by the background evolution described in the previous section. Therefore, just as Vn

are functions of time, by renormalizing Vn æ VR,n + ”Vn , the counterterms ”Vn are functions
of time. The counterterms that will a�ect the renormalization of the two-point correlation
will be ”„ and ”V2 © ”V . Including these counterterms in the action (2.1) we extract the
complete interaction Hamiltonian in the interaction picture:5

HI(·) =
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, (3.3)

where ”̃V = ”„V2 + ”V /4. This Hamiltonian includes all possible interaction terms and
counterterms that a�ect P’ at one-loop at leading order in ‘.

We quantize ”„ — in the interaction picture — with creation and annihilation operators
satisfying standard commutation relations,

”„(x) =
⁄ d3

k

(2fi)3/2
e

ikx
1
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ú
k(·)a†
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, (3.4)

3
Diagrams that are suppressed by powers of MP are not shown, e.g. the diagrams induced at second order

by the quartic interaction.
4
This renormalization also changes the background action. However, by introducing a renormalization of

the vacuum expectation value (VEV) of „, „0(t), one can impose that the background dynamics remains

unchanged, equivalent to what happens with the Higgs VEV (see e.g. [32]).
5
For convenience, we will omit the subscript R, always keeping in mind that we are working with renormalized

quantities.
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Figure 2. Diagrams arising from eq. (3.1) when calculating
⌦
��

2
↵
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a term
composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P⇣ .

canonical commutation rules for �� [33]. Their time evolution is

��k(⌧) = (�k⌧)3/2 (↵kJ⌫(�k⌧) + �kY⌫(�k⌧)) , (3.5)

where J⌫ and Y⌫ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ⌫

2 can be negative and therefore ⌫ can be imaginary. The
coe�cients ↵k and �k are obtained in each phase imposing that ��k and ��

0
k

are continuous
across the boundaries.

4 Structure of P⇣

Due to momentum conservation,
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at all loop orders, for some function D(⌧, k) = D(⌧, k)tl+D(⌧, k)1l+D(⌧, k)ct , where we have
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Since the transitions are instantaneous, the prescription ⌧
0
� = ⌧

0(1 � i!) has no e↵ect on

P1l,V4
⇣

and we omit it. The loop integral has no dependence on the external momentum k,
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Figure 2. Diagrams arising from eq. (3.1) when calculating
⌦
��

2
↵
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a term
composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P⇣ .

canonical commutation rules for �� [33]. Their time evolution is
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where J⌫ and Y⌫ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ⌫

2 can be negative and therefore ⌫ can be imaginary. The
coe�cients ↵k and �k are obtained in each phase imposing that ��k and ��
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are continuous
across the boundaries.
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at all loop orders, for some function D(⌧, k) = D(⌧, k)tl+D(⌧, k)1l+D(⌧, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
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Since the transitions are instantaneous, the prescription ⌧
0
� = ⌧

0(1 � i!) has no e↵ect on

P1l,V4
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and we omit it. The loop integral has no dependence on the external momentum k,
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Figure 2. Diagrams arising from eq. (3.1) when calculating
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. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a
term composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P’ .
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where J‹ and Y‹ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ‹

2 can be negative and therefore ‹ can be imaginary. The
coe�cients –k and —k are obtained in each phase imposing that ”„k and ”„
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across the boundaries.
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at all loop orders, for some function D(·, k) = D(·, k)tl +D(·, k)1l +D(·, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
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Since the transitions are instantaneous, the prescription ·
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and we omit it. The loop integral has no dependence on the external momentum k, so
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Figure 3. The orange shaded region represents the integration domain of the (cosmic) time integrals
that arises calculating P’ at second-order in HI . The red diagonal line represents t

Õ = t
ÕÕ. The

(thinner) black line parallel to it restricts the integration regime due to the cuto�, see eq. (3.2). The
separation between the two lines is given by �≠1

UV. The green lines mark the times of the transitions
between di�erent phases. Their intersections within the shaded area correspond to the points (black
dots) contributing to the time integrals in our model. At each point, the interaction is a Dirac delta
in time, which simplifies the integration greatly.

interaction in the ’-gauge, whereas we obtain a finite result thanks to the regulator we
use (and the appropriate use of the iÊ prescription). However, l shows an infrared (IR)
divergent part (lIR), which we regularize with an IR cuto� �IR. This type of IR divergence
arises from eq. (3.1) in perturbation theory for massless free fields. In this work we are
only concerned with UV divergences, and assume that IR divergences are either unphysical
and disappear when calculating physical observables [35–37] or can be addressed beyond
perturbation theory [38].10 Therefore, in practice, we redefine l as follows: l æ l≠ l

IR. Finally,
the contribution of the counterterms (ct) will be
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the (divergent and finite) contributions of P1l,V4
’

can be completely absorbed by the countert-
erms — as it happens in ⁄„

4 in Minkowski. We stress that we can make this redefinition
thanks to the arbitrary time dependence of ”̃V . The situation is di�erent for P1l,V3

’
, where the

counterterms cannot absorb its finite part for all k. Therefore, the only relevant contribution
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In the latter case, we will assume that the finite contribution of the IR e�ect will not be larger than the

finite part of the rest of the calculation we make.
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Figure 3. The orange shaded region represents the integration domain of the (cosmic) time integrals
that arises calculating P’ at second-order in HI . The red diagonal line represents t

Õ = t
ÕÕ. The

(thinner) black line parallel to it restricts the integration regime due to the cuto�, see eq. (3.2). The
separation between the two lines is given by �≠1

UV. The green lines mark the times of the transitions
between di�erent phases. Their intersections within the shaded area correspond to the points (black
dots) contributing to the time integrals in our model. At each point, the interaction is a Dirac delta
in time, which simplifies the integration greatly.

interaction in the ’-gauge, whereas we obtain a finite result thanks to the regulator we
use (and the appropriate use of the iÊ prescription). However, l shows an infrared (IR)
divergent part (lIR), which we regularize with an IR cuto� �IR. This type of IR divergence
arises from eq. (3.1) in perturbation theory for massless free fields. In this work we are
only concerned with UV divergences, and assume that IR divergences are either unphysical
and disappear when calculating physical observables [35–37] or can be addressed beyond
perturbation theory [38].10 Therefore, in practice, we redefine l as follows: l æ l≠ l

IR. Finally,
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4 in Minkowski. We stress that we can make this redefinition
thanks to the arbitrary time dependence of ”̃V . The situation is di�erent for P1l,V3
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, where the
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In the latter case, we will assume that the finite contribution of the IR e�ect will not be larger than the
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Figure 3. The orange shaded region represents the integration domain of the (cosmic) time integrals
that arises calculating P⇣ at second-order in HI . The red diagonal line represents t

0 = t
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(thinner) black line parallel to it restricts the integration regime due to the cuto↵, see eq. (3.2). The
separation between the two lines is given by ⇤�1

UV. The green lines mark the times of the transitions
between di↵erent phases. Their intersections within the shaded area correspond to the points (black
dots) contributing to the time integrals in our model. At each point, the interaction is a Dirac delta
in time, which simplifies the integration greatly.

interaction in the ⇣-gauge, whereas we obtain a finite result thanks to the regulator we use
(and the appropriate use of the i! prescription). However, l shows an infrared (IR) divergent
part (lIR), which we regularize with an IR cuto↵ ⇤IR. This type of IR divergence arises from
eq. (3.1) in perturbation theory for massless free fields. In this work we are only concerned
with UV divergences, and assume that IR divergences are either unphysical and disappear
when calculating physical observables [35–37] or can be addressed beyond perturbation theory
[38].10 Therefore, in practice, we redefine l as follows: l ! l � l

IR. Finally, the contribution
of the counterterms (ct) will be
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the (divergent and finite) contributions of P1l,V4
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can be completely absorbed by the coun-

terterms –as it happens in ��
4 in Minkowski–. We stress that we can make this redefinition

thanks to the arbitrary time dependence of �̃V . The situation is di↵erent for P1l,V3
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, where
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In the latter case, we will assume that the finite contribution of the IR e↵ect will not be larger than the

finite part of the rest of the calculation we make.
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Figure 2. Diagrams arising from eq. (3.1) when calculating
⌦
��

2
↵
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a term
composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P⇣ .

canonical commutation rules for �� [33]. Their time evolution is

��k(⌧) = (�k⌧)3/2 (↵kJ⌫(�k⌧) + �kY⌫(�k⌧)) , (3.5)

where J⌫ and Y⌫ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ⌫

2 can be negative and therefore ⌫ can be imaginary. The
coe�cients ↵k and �k are obtained in each phase imposing that ��k and ��

0
k

are continuous
across the boundaries.

4 Structure of P⇣

Due to momentum conservation,
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at all loop orders, for some function D(⌧, k) = D(⌧, k)tl+D(⌧, k)1l+D(⌧, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
(ct) (see Figure 2), so that P⇣(⌧, k) = k

3
D(⌧, k)/(4⇡

2
M

2
P

✏). The tree-level contribution is
just
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The one-loop can be separated into terms coming from cubic and quartic interactions. The
quartic part is
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Since the transitions are instantaneous, the prescription ⌧
0
� = ⌧

0(1 � i!) has no e↵ect on

P1l,V4
⇣

and we omit it. The loop integral has no dependence on the external momentum k,
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Becomes UV finite after removing the 
points along the diagonal with the cutoff.
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⌧± ⌘ ⌧(1± i!) prescription is key

Cubic

If we had kept those points, there would be 
a UV div. that cannot be absorbed by the 
counterterms (different k dependence).

We expect that in dim. reg. the difference 
is compensated by the finite part of the 
counterterms.



Tadpoles

In general, they can contribute to the power spectrum, but we can remove 
them using the counterterms, imposing                         .
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<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="+NA/HcW90lbcpk3sHonLiHKJgqU=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSpHosevEiVLAf0May2W7apZtN2N0INeSXePGgiFd/ijf/jds2B219MPB4b4aZeX7MmdKO820V1tY3NreK26Wd3b39sn1w2FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7me+Z1HKhWLxL2extQL8UiwgBGsjTSwy/1AYpK6WXo7aD7UsoFdcarOHGiVuDmpQI7mwP7qDyOShFRowrFSPdeJtZdiqRnhNCv1E0VjTCZ4RHuGChxS5aXzwzN0apQhCiJpSmg0V39PpDhUahr6pjPEeqyWvZn4n9dLdHDppUzEiaaCLBYFCUc6QrMU0JBJSjSfGoKJZOZWRMbYJKFNViUTgrv88ipp16puvVq/O680rvI4inAMJ3AGLlxAA26gCS0gkMAzvMKb9WS9WO/Wx6K1YOUzR/AH1ucPaCGS8Q==</latexit>

1

M2
P

<latexit sha1_base64="VBAdjHqmJqOtwJmS++U+bJW8Pnk=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KolKdVl040aoYB/QxjCZTtqhk0mYmSgl5lPcuFDErV/izr9x+lho64ELh3Pu5d57goQzpR3n21paXlldWy9sFDe3tnd27dJeU8WpJLRBYh7LdoAV5UzQhmaa03YiKY4CTlvB8Grstx6oVCwWd3qUUC/CfcFCRrA2km+XuqHEJHPz7Mav35/mCPl22ak4E6BF4s5IGWao+/ZXtxeTNKJCE46V6rhOor0MS80Ip3mxmyqaYDLEfdoxVOCIKi+bnJ6jI6P0UBhLU0Kjifp7IsORUqMoMJ0R1gM1743F/7xOqsMLL2MiSTUVZLooTDnSMRrngHpMUqL5yBBMJDO3IjLAJgtt0iqaENz5lxdJ86TiVivV27Ny7XIWRwEO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumTNZvbhD6zPHyBhk0Y=</latexit>

1

M3
P

<latexit sha1_base64="wqCwv75aV3k03xbrLda1kOVl7FU=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FL16ECvYD2hg22027dLMJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORldTv/1ApWKxuNPjhHoRHggWMoK1kXy73AslJpk7yW78xv3ZBCHfrjhVZwa0TNycVCBHw7e/ev2YpBEVmnCsVNd1Eu1lWGpGOJ2UeqmiCSYjPKBdQwWOqPKy2ekTdGyUPgpjaUpoNFN/T2Q4UmocBaYzwnqoFr2p+J/XTXV44WVMJKmmgswXhSlHOkbTHFCfSUo0HxuCiWTmVkSG2GShTVolE4K7+PIyaZ1W3Vq1dntWqV/mcRThEI7gBFw4hzpcQwOaQOARnuEV3qwn68V6tz7mrQUrnzmAP7A+fwAh6JNH</latexit>

1

M4
P

<latexit sha1_base64="UR9440LRX5kF7dK0tFqWu0tCuls=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9FxA0h/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1V1K7xs/m9U3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZPU8GQnOGcmIJZVrYWwkbUU0Z2ohKNgRv+eVV0rqoerVq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gYGEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH2nGj5M=</latexit>�

<latexit sha1_base64="UR9440LRX5kF7dK0tFqWu0tCuls=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9FxA0h/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1V1K7xs/m9U3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZPU8GQnOGcmIJZVrYWwkbUU0Z2ohKNgRv+eVV0rqoerVq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gYGEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH2nGj5M=</latexit>�

<latexit sha1_base64="UR9440LRX5kF7dK0tFqWu0tCuls=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9FxA0h/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1V1K7xs/m9U3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZPU8GQnOGcmIJZVrYWwkbUU0Z2ohKNgRv+eVV0rqoerVq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gYGEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH2nGj5M=</latexit>�

<latexit sha1_base64="JuWf/sO9P2qDNR1h+q0WivG3fyE=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5Bqw8GHu/NMDMvTAQ31vO+UGltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nt7nffWTa8Fg92FnCAknGikecEptLA8PlsFrz6t4C+C/xC1KDAq1h9XMwimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGZU0Y4irUrZfFC/TmREWnMTIauUxI7MateLv7n9VMbXQcZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV1/+SzoXdb9Rb9xf1po3RRxlOIFTOAcfrqAJd9CCNlCYwBO8wCuS6Bm9ofdlawkVM8fwC+jjGyNBjlI=</latexit>�

<latexit sha1_base64="JuWf/sO9P2qDNR1h+q0WivG3fyE=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5Bqw8GHu/NMDMvTAQ31vO+UGltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nt7nffWTa8Fg92FnCAknGikecEptLA8PlsFrz6t4C+C/xC1KDAq1h9XMwimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGZU0Y4irUrZfFC/TmREWnMTIauUxI7MateLv7n9VMbXQcZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV1/+SzoXdb9Rb9xf1po3RRxlOIFTOAcfrqAJd9CCNlCYwBO8wCuS6Bm9ofdlawkVM8fwC+jjGyNBjlI=</latexit>�

<latexit sha1_base64="JuWf/sO9P2qDNR1h+q0WivG3fyE=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5Bqw8GHu/NMDMvTAQ31vO+UGltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nt7nffWTa8Fg92FnCAknGikecEptLA8PlsFrz6t4C+C/xC1KDAq1h9XMwimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGZU0Y4irUrZfFC/TmREWnMTIauUxI7MateLv7n9VMbXQcZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV1/+SzoXdb9Rb9xf1po3RRxlOIFTOAcfrqAJd9CCNlCYwBO8wCuS6Bm9ofdlawkVM8fwC+jjGyNBjlI=</latexit>�

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x <latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

<latexit sha1_base64="NsjKO6FvOGDmdJJbvTvwmNzF414=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD1heM+g==</latexit>

k

<latexit sha1_base64="BrhDiktSAOZJsCBnIfM1yoMi5qU=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJWklOqy6MaNUME+oKlhMp20Q2cmYWYilJiFv+LGhSJu/Q13/o3TNgttPXDhcM693HtPEDOqtON8W4WV1bX1jeJmaWt7Z3fP3j9oqyiRmLRwxCLZDZAijArS0lQz0o0lQTxgpBOMr6Z+54FIRSNxpycx6XM0FDSkGGkj+fZR2695inIvlAinbpbe+M37aubbZafizACXiZuTMsjR9O0vbxDhhBOhMUNK9Vwn1v0USU0xI1nJSxSJER6jIekZKhAnqp/O7s/gqVEGMIykKaHhTP09kSKu1IQHppMjPVKL3lT8z+slOrzop1TEiSYCzxeFCYM6gtMw4IBKgjWbGIKwpOZWiEfIJKFNZCUTgrv48jJpVytuvVK/rZUbl3kcRXAMTsAZcME5aIBr0AQtgMEjeAav4M16sl6sd+tj3lqw8plD8AfW5w95C5XF</latexit>

V4 � 1

M2
P

<latexit sha1_base64="e9ObyYKRXlWbKdfoYPuOoA48ImA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KoVJdFN26ECvYBTQiT6aQdOjMJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33hMmjCrtON9WaWl5ZXWtvF7Z2Nza3rF399oqTiUmLRyzWHZDpAijgrQ01Yx0E0kQDxnphKPrid95IFLRWNzrcUJ8jgaCRhQjbaTAPmgHZ56i3IskwpmbZ7dBMw/sqlNzpoCLxC1IFRRoBvaX149xyonQmCGleq6TaD9DUlPMSF7xUkUShEdoQHqGCsSJ8rPp9Tk8NkofRrE0JTScqr8nMsSVGvPQdHKkh2rem4j/eb1UR5d+RkWSaiLwbFGUMqhjOIkC9qkkWLOxIQhLam6FeIhMDtoEVjEhuPMvL5L2ac2t1+p359XGVRFHGRyCI3ACXHABGuAGNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QNDmZUg</latexit>

V3 � 1

MP

<latexit sha1_base64="e9ObyYKRXlWbKdfoYPuOoA48ImA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KoVJdFN26ECvYBTQiT6aQdOjMJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33hMmjCrtON9WaWl5ZXWtvF7Z2Nza3rF399oqTiUmLRyzWHZDpAijgrQ01Yx0E0kQDxnphKPrid95IFLRWNzrcUJ8jgaCRhQjbaTAPmgHZ56i3IskwpmbZ7dBMw/sqlNzpoCLxC1IFRRoBvaX149xyonQmCGleq6TaD9DUlPMSF7xUkUShEdoQHqGCsSJ8rPp9Tk8NkofRrE0JTScqr8nMsSVGvPQdHKkh2rem4j/eb1UR5d+RkWSaiLwbFGUMqhjOIkC9qkkWLOxIQhLam6FeIhMDtoEVjEhuPMvL5L2ac2t1+p359XGVRFHGRyCI3ACXHABGuAGNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QNDmZUg</latexit>

V3 � 1

MP

<latexit sha1_base64="e9ObyYKRXlWbKdfoYPuOoA48ImA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KoVJdFN26ECvYBTQiT6aQdOjMJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33hMmjCrtON9WaWl5ZXWtvF7Z2Nza3rF399oqTiUmLRyzWHZDpAijgrQ01Yx0E0kQDxnphKPrid95IFLRWNzrcUJ8jgaCRhQjbaTAPmgHZ56i3IskwpmbZ7dBMw/sqlNzpoCLxC1IFRRoBvaX149xyonQmCGleq6TaD9DUlPMSF7xUkUShEdoQHqGCsSJ8rPp9Tk8NkofRrE0JTScqr8nMsSVGvPQdHKkh2rem4j/eb1UR5d+RkWSaiLwbFGUMqhjOIkC9qkkWLOxIQhLam6FeIhMDtoEVjEhuPMvL5L2ac2t1+p359XGVRFHGRyCI3ACXHABGuAGNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QNDmZUg</latexit>

V3 � 1

MP

<latexit sha1_base64="XaMVDRG1elyo4wAZnbrWkY7kOlE=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUmKVJdFN26ECvYBTVsm05t26GQSZiZCCfkGN/6KGxeKuHXlzr9x+lho64ELh3Pu5d57/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJpFCnEY9kyycKOBNQ10xzaMUSSOhzaPqj64nffACpWCTu9TiGTkgGggWMEm2knn3mBZLQ1M3S216tW848TsSAg9cHrokXD1m37Mmp1LOLTsmZAi8Td06KaI5az/7y+hFNQhCacqJU23Vi3UmJ1IxyyApeoiAmdEQG0DZUkBBUJ52+lOETo/RxEElTQuOp+nsiJaFS49A3nSHRQ7XoTcT/vHaig8tOykScaBB0tihIONYRnuSD+0wC1XxsCKGSmVsxHRKTkTYpFkwI7uLLy6RRLrmVUuXuvFi9mseRR0foGJ0iF12gKrpBNVRHFD2iZ/SK3qwn68V6tz5mrTlrPnOI/sD6/AG/Yp4s</latexit>

1
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���2�
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Figure 6. Complete set of diagrams that a�ect the calculation at one-loop of
+
’

2,
in terms of

correlations of ”„. Bubble diagrams and terms proportional to tadpoles have been omitted.

D.3 Two-point correlation function of ’

At late times, the relation between the variables ’ and ”„ in their respective gauges is
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. (D.41)

This relation is exact in the sense that it does not make any SR approximation. We compute
P’ at one-loop using correlations of ”„. Knowing the expression above, we can explain
why it is necessary to make the expansion up to third order. The two-point correlation
of ’ is, schematically,
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45

, (D.42)

where we introduce H as it is the only energy scale of inflation. Assuming the set of
interactions we work with in this paper, the contributions to the two-point correlation of
’ at order (H/MP )4 are shown in figure 6. Since V3 ≥ H(H/MP ) and V4 ≥ (H/MP )2,
the one-loop diagrams that contribute to È”„

2Í are of the same order in (H/MP ) as the
contribution to È’2Í coming from È”„

3Í and È”„
4Í.

In the model we consider, ÷ = 0 at late times and therefore only the first term of the
expansion (D.41) survives. However, we stress that (D.41) is valid for any inflationary model
as long as at late times Ï̇ Ã 1/(a3

‘) æ 0.

E Tadpoles

In this appendix we discuss why we do not need to include tadpoles in our calculations.
Since we work with a theory with cubic interactions, we inevitably get a non-zero one-
loop contribution to the correlator È”„(x)Í, as shown in figure 7. In principle, this type of
interaction implies the need of considering contributions to the power spectrum beyond those
studied in the main body of this work. However, by using counterterms we can avoid having
to include these e�ects, imposing that È”„(x)Í = 0.
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Figure 7. Diagrams that contribute to the tadpole È”„(x)Í (left) or are proportional to it and
contribute to two-point correlation È”„(x)”„(y)Í (right).

The interaction Hamiltonian we are going to use is

HI(·) =
⁄

d3
x

C

a
4
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3

3! + ”tp”„

D

. (E.1)

The coupling of the counterterm, ”tp, will be responsible for the renormalization of the
tadpole. Since this counterterm comes from renormalizing the potential (in particular, from
making V1 æ V1 + ”V1), ”tp will have an arbitrary time dependence, as well as ”V © ”V2 . The
reason why we do not include the quartic interaction here is that it contributes to the next
order in loops. Using eq. (3.1), we see that if we impose
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in order for this equation to be satisfied, we need the counterterm to be

2”tp(·) = ≠a
4(·)V3(·)

⁄ d3
p

(2fi)3
|”„p(·)|2 . (E.3)

Considering this functional form of ”tp, it is easy to see that the tadpole contribution to the
two-point correlation (diagrams on the right of figure 7) through the eq. (3.1) vanish.

F Asymptotic limits

In this appendix we analyze in detail some aspects of the calculation of P’ at one-loop.
First, we consider the limit k æ 0, concluding that all the contributions to P’ are scale
invariant in this limit, but di�erent from zero in general. For completeness, we also discuss
briefly the limit k æ Œ. Finally, we study the parameter dependence of P’ and use this
dependence to estimate its magnitude.

F.1 Limit k æ 0

Looking at the equation of motion for ”„k,

”„
ÕÕ
k + 2Ha”„

Õ
k + (k2 + a

2
V2)”„k = 0 , (F.1)

and the Bunch-Davies initial conditions ”„k(· æ ≠Œ) æ e
≠ik·

/

Ô
2ka2, we note that ”„k

admits a series expansion around k = 0

”„k(·) = 1
k3/2

Œÿ

n=0

k
n
”„n(·) . (F.2)
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Figure 7. Diagrams that contribute to the tadpole È”„(x)Í (left) or are proportional to it and
contribute to two-point correlation È”„(x)”„(y)Í (right).

The interaction Hamiltonian we are going to use is
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The coupling of the counterterm, ”tp, will be responsible for the renormalization of the
tadpole. Since this counterterm comes from renormalizing the potential (in particular, from
making V1 æ V1 + ”V1), ”tp will have an arbitrary time dependence, as well as ”V © ”V2 . The
reason why we do not include the quartic interaction here is that it contributes to the next
order in loops. Using eq. (3.1), we see that if we impose
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in order for this equation to be satisfied, we need the counterterm to be
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Considering this functional form of ”tp, it is easy to see that the tadpole contribution to the
two-point correlation (diagrams on the right of figure 7) through the eq. (3.1) vanish.

F Asymptotic limits

In this appendix we analyze in detail some aspects of the calculation of P’ at one-loop.
First, we consider the limit k æ 0, concluding that all the contributions to P’ are scale
invariant in this limit, but di�erent from zero in general. For completeness, we also discuss
briefly the limit k æ Œ. Finally, we study the parameter dependence of P’ and use this
dependence to estimate its magnitude.

F.1 Limit k æ 0

Looking at the equation of motion for ”„k,
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Figure 7. Diagrams that contribute to the tadpole È”„(x)Í (left) or are proportional to it and
contribute to two-point correlation È”„(x)”„(y)Í (right).

The interaction Hamiltonian we are going to use is

HI(·) =
⁄

d3
x

C

a
4
V3”„

3

3! + ”tp”„

D

. (E.1)

The coupling of the counterterm, ”tp, will be responsible for the renormalization of the
tadpole. Since this counterterm comes from renormalizing the potential (in particular, from
making V1 æ V1 + ”V1), ”tp will have an arbitrary time dependence, as well as ”V © ”V2 . The
reason why we do not include the quartic interaction here is that it contributes to the next
order in loops. Using eq. (3.1), we see that if we impose
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Considering this functional form of ”tp, it is easy to see that the tadpole contribution to the
two-point correlation (diagrams on the right of figure 7) through the eq. (3.1) vanish.

F Asymptotic limits

In this appendix we analyze in detail some aspects of the calculation of P’ at one-loop.
First, we consider the limit k æ 0, concluding that all the contributions to P’ are scale
invariant in this limit, but di�erent from zero in general. For completeness, we also discuss
briefly the limit k æ Œ. Finally, we study the parameter dependence of P’ and use this
dependence to estimate its magnitude.

F.1 Limit k æ 0

Looking at the equation of motion for ”„k,
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Interaction Hamiltonian in the interaction picture (the conjugate momentum only sees the free action):

See also Firouzjahi, 2023

Instantaneous transition limit               in both gauges
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We also checked that the bispectrum of      agrees in both gauges in the same limit.
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We obtain, as it should be, that both contributions to the power spectrum are dimensionless.
The factor that controls (naively) the perturbative expansion is H

2
/M

2

P
. Moreover, we

find that the dependence on k0 disappears. This was expected since k0 is only a reference
value without physical meaning.

Finally, we will make an estimate of the value of P1l

’
/Ptl

’
in a general scenario, i.e.
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However, it is challenging to determine the k-dependence because it requires an analytical
estimate of the loop integral l(k; i, j). Hence, to estimate the magnitude of the ratio P1l
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we resort to numerical calculations. In figure 8 we illustrate its variation with di�erent values
of ”N and Ptl
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is a good estimate for all di�erent values of ”N and �N and all the scales k.

G.1 The limit ”N æ 0

As we have seen, by analysing the dimensions of P1l

’
and through a numerical estimation,

we obtain that P1l

’
Ã 1/”N

2. In the limit ”N æ 0, P1l

’
is therefore divergent, a di�erence

with respect to previous results (see e.g. [14, 20]). It is natural to ask what is the origin
of this di�erence.

In order to compare with the literature, we abandon in this appendix the cuto� regular-
ization that we have been using so far. This means that we now have to include the points
along the symmetrical (red) diagonal of figure 3, which up until now we have left out due to
the regulator. Doing so, P1l

’
becomes UV divergent, and its therefore necessary to introduce

another regulator that does not eliminate the diagonal contributions, e.g. dimensional regu-
larization or Pauli-Villars. We will left the specific nature of the regulator unspecified and
simply assume that we can indeed regularize the integrals in the UV. We will work directly
in the limit ”N æ 0, and for simplicity we will focus exclusively on the last transition from
USR to SR, i.e. for times · œ [·3 , ·4]. As we shall see, this is enough to understand the
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removing the diagonal points
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P1l
⇣ / 1/�N not removing them (a different kind of regulator)



Limit  <latexit sha1_base64="/rvJ3da6TsLaNg/2z9tnQugC094=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcCK5kdBpgwO7uZ6ZWQDf/hxYPGePVfvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbmd+84lrIyL1gJOY+yEdKNEXjKKVHkcdLQZDpFpHY+J2iyW37M5BVomXkRJkqHWLX51exJKQK2SSGtP23Bj9lGoUTPJpoZMYHlM2ogPetlTRkBs/nV89JWdW6ZF+pG0pJHP190RKQ2MmYWA7Q4pDs+zNxP+8doL9az8VKk6QK7ZY1E8kwYjMIiA9oTlDObGEMi3srYQNqaYMbVAFG4K3/PIqaVyUvUq5cn9Zqt5kceThBE7hHDy4gircQQ3qwEDDM7zCmzN2Xpx352PRmnOymWP4A+fzB1+eknE=</latexit>

k ! 0

Tree-level, one-loop and counterterm contributions 
to                  are all scale invariant in this limit
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P⇣(⌧, k)

Do we find a difference between tree-level and one-loop in this limit?

Yes, but the freedom in the time-dependence 
of the counterterms can keep     constant 
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⇣
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P⇣ = Ptree
⇣ + P1l

⇣ + Pct
⇣



Summary and outlook

• Perturbation theory does not necessarily break in USR PBH DM models:

1. Duration of USR phase:
2. Duration of transitions between SR and USR: 

• Modes that leave well before USR cannot be used to answer the question:

1. Scale invariance
2. Separation of scales



Summary and outlook

• The freedom in the time dependence of the “couplings” of the model (EFT 
coeffs.) is both:

• What would be better: a complete calculation for a potential            with a 
symmetry preserving regularization scheme.
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V (�)

1. A blessing: simplifies the calculation greatly
2. A curse: it prevents us from doing a full renormalization

1. Finite parts from counterterms
2. Show conservation of    explicitly. 
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⇣

Lacking that, we have used                          as a proxy for the 
validity of perturbation theory.  

JCAP07(2024)052
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Figure 4. The dotted curves represent lines of constant P’ (with values 1, 10≠2, 10≠4 and 10≠6 from
top to bottom), computed at tree-level. In the shaded region, the one-loop contribution to P’ is larger
than its tree-level counterpart at the scales near the maximum of the latter. The three black dots
correspond to the three examples shown in figure 5. The region where P1l

’ > Ptl
’ is approximately

scale invariant, as can be seen in figure 8.

at one-loop — and the only one we include — comes from P1l,V3
’

© P1l

’
. Since the only UV

divergence appearing in the one-loop calculation is reabsorbed with the counterterms, the
two-point correlation is, after this procedure, completely finite.

We note that in figure 2 there are diagrams that are not relevant in our calculation
at one-loop. These diagrams fall in one of the following three categories: 1) bubble dia-
grams (whose contribution vanishes), 2) diagrams that do not contribute to P’ ,11 and 3)
diagrams proportional to the tadpole (which vanishes imposing È”„Í = 0 at loop level, using
counterterms, as shown in appendix E).

5 Discussion

A full renormalization procedure would require imposing a set of conditions on P’ allowing
us to extract the finite part of the counterterms that make the theoretical prediction of the
total power spectrum coincide with the one inferred from observations, which is currently
unconstrained at small enough scales. Although we have not performed a full renormalization,
which would have required working with a tractable functional form for the potential, we can
use our results to draw conclusions about the validity of perturbation theory. The validity of
eq. (3.1), which is the basis of our analysis, assumes P1l

’
π Ptl

’
. For consistency, eq. (3.1) also

requires Pct

’
≥ P1l

’
π Ptl

’
. The contributions to P’ coming from the counterterms must be

of the same order as those coming from the loops because otherwise the divergences cannot
be absorbed. Taking the condition P1l

’
≥ Ptl

’
as a proxy for perturbation theory breakdown,

11
We have only one diagram in this category, the disconnected one formed by two tadpoles (last diagram of

the last row of figure 2). Although this diagram does a�ect the two-point correlation, its momentum structure

is di�erent from that of the power spectrum, so it does not modify P’ .
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