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Outline 
On Loops in Inflation

• Introduction
–Learning to compute quantum corrections in Inflation
–Some have IR divergencies
–Eternal Inflation

• IR effects in Single Field Inflation
– Log running
– No effect from
–       is time in-dependent in standard slow roll 
– One true physical IR effect (already resumed)

• IR effects in multifield inflation
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• Tiny Effect

• We have more interacting theories (large non-Gaussianities! but still small)

• Weinberg cares: understand prediction of your theory

–These are the quantum corrections to the predictions of Inflation.

–This has been followed by lots of `amplitude’, `bootstrap’ activity.

• For ultra slow roll, recent claims suggest the effect is large.

• dS is a puzzling spacetime  (again, amplitudehidron, etc.), and inflation is a regularization

• Let us elaborate on this...

Who cares?
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• Tiny Effect

Who cares?
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⌥
+ ��

⌥
+

M4
3 (t + ⌅)⌅̇3

⌅

Ṁ4
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• One Loop in Quantum Gravity

Who cares?
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• What is Inflation?

• What is Eternal Inflation?
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where ⇤̇ is the classical velocity of the inflaton field.
Now it is straightforward to find a bound on the number of e-foldings for the classical inflaton

trajectory in single-field slow-roll inflation in the non-eternal regime. Namely, one writes

dSdS

dNc
⇥ M2

PldH�2

Hdt
= �2M2

PlḢ

H4
= 12� , (3)

where at the last step we made use of the second Friedmann equation. By integrating (3) and
using the condition (2) for the absence of eternal inflation we obtain (1) with the value c = 1/4,

3Nc ⇤
SdS

4
, (4)

where Nc is the number of e-foldings on the classical inflaton trajectory.
However, this does not establish the sharp version of the bound (1) yet. There is another

reason for the uncertainty in the bound (1). Namely, the above analysis (and that of [21]) is
restricted to the classical inflaton trajectory. This approximation clearly breaks down when �
is of order (but still larger than) one, so that inflation is close to be eternal. In this case, even
though inflation is not eternal, the typical inflaton trajectory is very di⇥erent from the classical
one and can be much longer. More generally, at the quantum level for any value of � there is
always a non-vanishing probability for the actual inflaton trajectory to be long enough to violate
the bound (1) for any value of c.

In this situation it is natural to study what is the probability distribution for inflaton trajec-
tories of di⇥erent lengths—in other words, what is the probability distribution for the volume of
the Universe ⇥(V ) after inflation. The natural generalization of the bound (1) at the quantum
level would be to establish that there exists a value of c such that the probability to violate (1) is
smaller than the uncertainty due to non-perturbative quantum gravity e⇥ects, that are of order
e�SdS .

To achieve this goal we obtained another result of independent interest. Namely, we calculated
in an explicit form the probability distribution for the volume of the Universe after slow-roll
inflation ⇥(V ) both in eternal and non-eternal regimes. This o⇥ers further insight in the actual
geometry of the eternally inflating spacetime. While, unlike the density perturbation spectrum,
this quantity is not of much interest for current observations, it still appears to be one of the natural
“theoretical” observables to look at in the study of eternally inflating Universes. In particular,
according to [16], the order parameter for the transition to eternal inflation is the normalization
of ⇥(V ),

Pext =

� ⇥

0

dV ⇥(V ) . (5)

At � > 1 this quantity is equal to 1, in agreement with the naive expectation. However, at � < 1
the normalization Pext becomes smaller then 1, indicating that there is a non-zero probability
(1 � Pext) for the reheating volume to be infinite, i.e. for inflation to last forever. In this paper
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• All of this fails if  

Eternal Inflation
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• If                                                                       when 

–if         is time in-dependent: ok

–if          is time-dependent, we need to know the history.

–this is a weakly coupled version of what could happen at other epochs

Predictivity of Inflation
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What does it mean to compute 
Loop Corrections?



• Expand fluctuations and choose gauge

• Action

• Quantize
• Solve equations

• Non-linear terms       Non-Gaussianities
• Non-linear terms       Loop corrections

Inflationary density fluctuations
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• Single Field Slow-Roll Inflation 

• .

• Only horizon-crossing time matters.

• Is this true at quantum level?

• ...Yes, but with care...
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1.2 CIS diagrams

The CIS diagram reads
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� t

�⇥
dt1

� t1

�⇥
dt2⇧[H3(t2), [ H3(t1), ⇥k(t)]] ⇥k(t)⌃ = (14)
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So the CIS diagrams are the integral of the Green functions on I1.
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so the CIM diagrams are the integral of the Green functions on I(n)
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1.4 Quartic Diagrams from Cubic Lagrangian

The fact that the cubic Lagrangian depends on ⇥̇, means that the quartic Hamiltonian receives a
contribution that we call H4,32 equal to
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??!?!?!?!!? the second line will be commented out after having checked this equation
!?!?!?!?!?!?!?!?!!?!? where we have performed an integrations by parts, we have have neglected
a tadpole term proportional to ⌥2⇤ that is a total derivative and finally we have used rotational
invariance of the expectation values to replace ⌥i⌥j ⇤ �ij ⌥2/3.

Equating the coe⌃cients of the linear terms, we obtain
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??!?!?!?!!? the second line will be commented out after having checked this equation
!?!?!?!?!?!?!?!?!!?!? where we have performed an integrations by parts, we have have neglected
a tadpole term proportional to ⌥2⇤ that is a total derivative and finally we have used rotational
invariance of the expectation values to replace ⌥i⌥j ⇤ �ij ⌥2/3.

Equating the coe⌃cients of the linear terms, we obtain

�3
�
�M4 + ��

⇥
= ⇥

⇧
3⇧⇤̇2⌃ � 1

a2
⇧(⌥i⇤)2⌃

⌃
(41)

�
�M4 � ��

⇥
= ⇥

⇧
6H⇧⇤⇤̇⌃ �

⇧
3� 2

3
⇥

⌃
⇧⇤̇2⌃+

2

3Ha2
⇧⌥i⇤⌥i⇤̇⌃

⌃
,

which can be solved leading to

�M4 = ⇥

⇧
�2

⇤
1� ⇥

6

⌅
⇧⇤̇2⌃+

1

6
· 1

a2
⇧(⌥i⇤)2⌃+ 3H⇧⇤⇤̇⌃+

1

3H
⇧⌥i⇤⌥i⇤̇⌃

⌃
, (42)

�� = ⇥

⇧⇤
1� ⇥

3

⌅
⇧⇤̇2⌃+

1

6
· 1

a2
⇧(⌥i⇤)2⌃ � 3H⇧⇤⇤̇⌃ � 1

3H
⇧⌥i⇤⌥i⇤̇⌃

⌃
.

?!?!?!!?!?!?!?!!?!?!? to be checked?!?!?!?!?!!?1?!/
... Here we have to add tadpoles to my code and possibly fixing it if there are

mistakes....
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??!?!?!?!!? the second line will be commented out after having checked this equation
!?!?!?!?!?!?!?!?!!?!? where we have performed an integrations by parts, we have have neglected
a tadpole term proportional to ⌥2⇤ that is a total derivative and finally we have used rotational
invariance of the expectation values to replace ⌥i⌥j ⇤ �ij ⌥2/3.
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1.2 CIS diagrams
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So the CIS diagrams are the integral of the Green functions on I1.
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1.4 Quartic Diagrams from Cubic Lagrangian

The fact that the cubic Lagrangian depends on ⇥̇, means that the quartic Hamiltonian receives a
contribution that we call H4,32 equal to
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??!?!?!?!!? the second line will be commented out after having checked this equation
!?!?!?!?!?!?!?!?!!?!? where we have performed an integrations by parts, we have have neglected
a tadpole term proportional to ⌥2⇤ that is a total derivative and finally we have used rotational
invariance of the expectation values to replace ⌥i⌥j ⇤ �ij ⌥2/3.

Equating the coe⌃cients of the linear terms, we obtain
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?!?!?!!?!?!?!?!!?!?!? to be checked?!?!?!?!?!!?1?!/
... Here we have to add tadpoles to my code and possibly fixing it if there are

mistakes....

4 Formule

⇧⇥|⇤(t)⇤(t)|⇥⌃ = ⇧0|Uint(t,�⌅+)†⇤I(t)⇤I(t)Uint(t,�⌅+)|0⌃ (43)
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1.2 CIS diagrams

The CIS diagram reads

CIS = �2 Re

� t

�⇥
dt1

� t1

�⇥
dt2⇧[H3(t2), [ H3(t1), ⇥k(t)]] ⇥k(t)⌃ = (14)

2 Re
⌥

n

i

� t

�⇥
dt1

� t1

�⇥
dt2⇧

⇧
H3(t2),

�L(n)
3 (t1)

�D(n)
a ⇥a(t1)

D(n)
a G�k

(t, t1)

⌃

k

⇥k(t)⌃ =

2 Re
⌥

n

� t

�⇥
dt1D(n)

a G�k
(t, t1)⇧

⇧
i

� t1

�⇥
dt2H3(t2),

�L(n)
3 (t1)

�D(n)
a ⇥a(t1)

⌃

k

⇥k(t)⌃

=
⌥

n

� t

�⇥
dt1G

(n)
�k

(t, t1) I(n)
1 (t1) .

So the CIS diagrams are the integral of the Green functions on I1.
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1.4 Quartic Diagrams from Cubic Lagrangian

The fact that the cubic Lagrangian depends on ⇥̇, means that the quartic Hamiltonian receives a
contribution that we call H4,32 equal to
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1.2 CIS diagrams

The CIS diagram reads

CIS = �2 Re
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So the CIS diagrams are the integral of the Green functions on I1.

1.3 CIM diagrams

The CIM diagrams read
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so the CIM diagrams are the integral of the Green functions on I(n)
2 .

1.4 Quartic Diagrams from Cubic Lagrangian

The fact that the cubic Lagrangian depends on ⇥̇, means that the quartic Hamiltonian receives a
contribution that we call H4,32 equal to
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1.4 Quartic Diagrams from Cubic Lagrangian

The fact that the cubic Lagrangian depends on ⇥̇, means that the quartic Hamiltonian receives a
contribution that we call H4,32 equal to
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??!?!?!?!!? the second line will be commented out after having checked this equation
!?!?!?!?!?!?!?!?!!?!? where we have performed an integrations by parts, we have have neglected
a tadpole term proportional to ⌥2⇤ that is a total derivative and finally we have used rotational
invariance of the expectation values to replace ⌥i⌥j ⇤ �ij ⌥2/3.

Equating the coe⌃cients of the linear terms, we obtain
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which can be solved leading to
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?!?!?!!?!?!?!?!!?!?!? to be checked?!?!?!?!?!!?1?!/
... Here we have to add tadpoles to my code and possibly fixing it if there are

mistakes....
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• .

• Green’s Function

• At one loop: 

Diagrammatic Representation

1.2 CIS diagrams

The CIS diagram reads
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So the CIS diagrams are the integral of the Green functions on I1.
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⌥⇤(3)⇤(1)�1�loop (27)
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ζL

ζS

t1 t′1

ζS
ζL

ζS

Green’s function

Correlation function

??!?!?!?!!? the second line will be commented out after having checked this equation
!?!?!?!?!?!?!?!?!!?!? where we have performed an integrations by parts, we have have neglected
a tadpole term proportional to ⌥2⇤ that is a total derivative and finally we have used rotational
invariance of the expectation values to replace ⌥i⌥j ⇤ �ij ⌥2/3.

Equating the coe⌃cients of the linear terms, we obtain

�3
�
�M4 + ��

⇥
= ⇥

⇧
3⇧⇤̇2⌃ � 1

a2
⇧(⌥i⇤)2⌃

⌃
(41)

�
�M4 � ��

⇥
= ⇥

⇧
6H⇧⇤⇤̇⌃ �

⇧
3� 2

3
⇥

⌃
⇧⇤̇2⌃+

2

3Ha2
⇧⌥i⇤⌥i⇤̇⌃

⌃
,

which can be solved leading to

�M4 = ⇥

⇧
�2

⇤
1� ⇥

6

⌅
⇧⇤̇2⌃+

1

6
· 1

a2
⇧(⌥i⇤)2⌃+ 3H⇧⇤⇤̇⌃+

1

3H
⇧⌥i⇤⌥i⇤̇⌃

⌃
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1� ⇥

3

⌅
⇧⇤̇2⌃+

1

6
· 1

a2
⇧(⌥i⇤)2⌃ � 3H⇧⇤⇤̇⌃ � 1

3H
⇧⌥i⇤⌥i⇤̇⌃

⌃
.

?!?!?!!?!?!?!?!!?!?!? to be checked?!?!?!?!?!!?1?!/
... Here we have to add tadpoles to my code and possibly fixing it if there are

mistakes....

4 Formule

⇧⇥|⇤(t)⇤(t)|⇥⌃ = ⇧0|Uint(t,�⌅+)†⇤I(t)⇤I(t)Uint(t,�⌅+)|0⌃ (43)

+2 Re⇧
⌥
i

 t

�⇥
dt1H4(t1), ⇤(t)

�

k

⇤k(t)⌃ (44)

⇧⇤(3)⇤(1)⌃ (45)

⇧⇤(2)⇤(2)⌃ (46)

(47)
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1.2 CIS diagrams

The CIS diagram reads

CIS = �2 Re

� t

�⇥
dt1

� t1

�⇥
dt2⇧[H3(t2), [ H3(t1), ⇥k(t)]] ⇥k(t)⌃ = (14)

2 Re
⌥

n

i

� t

�⇥
dt1

� t1

�⇥
dt2⇧

⇧
H3(t2),

�L(n)
3 (t1)

�D(n)
a ⇥a(t1)

D(n)
a G�k

(t, t1)

⌃

k

⇥k(t)⌃ =

2 Re
⌥

n

� t

�⇥
dt1D(n)

a G�k
(t, t1)⇧

⇧
i

� t1

�⇥
dt2H3(t2),

�L(n)
3 (t1)

�D(n)
a ⇥a(t1)

⌃

k

⇥k(t)⌃

=
⌥

n

� t

�⇥
dt1G

(n)
�k

(t, t1) I(n)
1 (t1) .

So the CIS diagrams are the integral of the Green functions on I1.

1.3 CIM diagrams

The CIM diagrams read

CIM = �⇧
�� t

�⇥
dt1 H(t1), ⇥k(t)

⇥ �� t

�⇥
dt2 H(t2), ⇥k(t)

⇥
⌃ (15)

=
⌥

n,m,a,b

� t

�⇥
dt1 D(n)

a G(n)
�k

(t, t1)⇧
⇧

�L(n)
3 (t1)

�D(n)
a ⇥a(t1)

⌃

k

� t

�⇥
dt2D(m)

b G�k
(t, t2)

⇧
�L(m)

3 (t2)

�D(m)
b ⇥b(t2)

⌃

k

⌃

= 2
⌥

n,m,a,b

� t

�⇥
dt1 D(n)

a G(n)
�k

(t, t1)⇧
⇧

�L(n)
3 (t1)

�D(n)
a ⇥a(t1)

⌃

k

� t1

�⇥
dt2D(m)

b G�k
(t, t2)

⇧
�L(m)

3 (t2)

�D(m)
b ⇥b(t2)

⌃

k

⌃

=
⌥

n

� t

�⇥
dt1 D(n)

a G�k
(t, t1) I(n)

2 (t1)

so the CIM diagrams are the integral of the Green functions on I(n)
2 .

1.4 Quartic Diagrams from Cubic Lagrangian

The fact that the cubic Lagrangian depends on ⇥̇, means that the quartic Hamiltonian receives a
contribution that we call H4,32 equal to

H4,32 =

⇤
�L̃3

�P

⌅† ⇤
�L̃3

�P

⌅
=

⌥

b,n

D(n,out)
b

⇤
�L̃3

�P

⌅† ⇤
�L(n)

3

�Pb

⌅
, (16)

4

Diagrammatic Representation
⌃ (1)

th.c. (2)

⇤S ⇤L (3)

⌥2
t ⇤ ⇧ ⇤2 + ⇤3 + . . . ⌃ ⇤(2)(t) ⇥

⌃
G(t� t⇥)⇤(1)(t⇥)2 (4)

Nbeginning ⇥ log(kL) (5)

⌥⇥⌅2
k� ⇥ H2

⇤⇤
th.c.

where
k

a(th.c)
⇥ H(th.c.) (6)

⌥⇤2
k�1/2 ⇥ H⇥tk ⇥ H

⇥⌅k

⌅̇
⇥

⌅
H

ḢM2
Pl

⇧1/2
⇤⇤⇤⇤⇤⇤
th.c.

(7)

⇤̂ = ⇤cl(k, t)ak + ⇤cl,(k, t)⌥a†
k (8)

⌥⇤k⇤k�� ⇥ ⇥(3)(k + k⇥)
1

k3

H4

ḢM2
Pl

(9)

S =

⌃
d4x a3 ḢM2

Pl

H2
(⌥⇤)2 + . . . (10)

⇥⌅ = 0 (11)

ds2 = �N2dt2 + ⇥ija(t)2e2�
�
dxi + N idt

⇥ �
dxj + N jdt

⇥
, ⇥⌅ = 0 (12)

Nc (13)

⌥⇥N� ⇥ ⌥⌥⇤�Nc (14)

⇥� ⇥ H4 (15)

K ⇥ ⌥2⇤L (16)

Sint =

⌃
d4x
 
�gLgµ⇤

L ⌥µ⇤S⌥⇤⇤S + . . . (17)

⇤L (18)

N i
L = 0 (19)

⇤S (20)

gL,ijdxidxj = ⇥ija
2e2�Ldxidxj ⌅ (21)

⌃
⌃

gµ⇤⌥µ⇤S⌥⇤⇤S ⇤
⌃

1

⌥2
⌥i⇤L⇤̇S⌥i⇤S (22)

� (23)

(ns � 1)2 (24)

⌥⇤(2)⇤(2)�1�loop (25)

⇤(2)(t) =

⌃
G(t� t⇥)⇤(1)(t⇥)2 (26)

⌥⇤(3)⇤(1)�1�loop (27)
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• You need to renormalize the history

• and define        accordingly

• Add counterterms:

• Tadpole cancellation:

• Define         here.

Tadpole Diagrams

x

ζL

∂ζS

∂ζS

ds2 = �dt2 + a(t)2
Be2�dx2 (1)

�Nmax
quantum ⇧ Nc/2 (2)

( ⌅)2 (3)

= 2Nc (4)

⇤ 1/⌃⌥⇥2� (5)

⌥V � = ⌥e3�B� ⇧ e
3Nc

2

1+
⌅

1�1/� (6)

⌃⌥⇥2� ⇤ 1 (7)

�Nquantum ⇤ Nc
⌃⌥⇥2� (8)

⌥�N2
quantum�1/2 ⇤ ⌃⌥⇥2�

1/2
(9)

⌥⇥2
k� ⇤

H4

⇧̇2

⇤⇤⇤⇤
tc

⌅
1 + (ns � 1)Nc

⌃⌥⇥2�
⇧

(10)

k eNc(1+�⇥�2⇤) = H(th.c.) ⌃ �N ⇤ ⌃⌥⇥2�Nc (11)

⌥e�B(treh.)��B(th.c.)� ⇤ 1 + ⌥⇥(x)2�th.c.
treh.

⇤ 1 + ⌃⌥⇥2�Nc , ⌃⌥⇥2� ⇤ 10�10 (12)

a(t(reh.))

a(th.c.)
⇤ eNc , Nc ⇤ 60 (13)

k

a(th.c.)e�B(th.c.)
·
�
a(treh.)e

�B(treh.)
⇥
⇤ H(th.c.) (14)

⇥B (15)

H�1(now) (16)

⌥⇥2
k�B = ⌥⇥2

B�
 2 [k3⌥⇥2

k�]
 log k2

⇤ ⌃⌥⇥2�Nbeginning(ns � 1)2⌥⇥2
k� (17)

⌥⇥(�x1, t)⇥(�x2, t)�B = ⌥⇥(e��B�x1, t)⇥(e
��B�x2, t)�0 (18)

ds2 = �dt2 + a(t)2e2�Bdx2 (19)

⌥�⇧(�x, t)2� ⇤ H3t ⇤ H2Nbeginning (20)

⌥⇥2
k� ⇤

H4

⇧̇2

⇤⇤⇤⇤
th.c.

where
k

a(th.c)
⇤ H(th.c.) (21)

⇥ (22)

⇤ ⌅ ⇤ � �t (23)

 µ⌅ (24)

 0⌅ (25)

⌃ ⇤ k2/M (26)

⌃ (27)

⇤̇4 (28)

⇥ (1)

⇧ ⌅ ⇧ � �t (2)

�µ⌃ (3)

�0⌃ (4)

� ⇤ k2/M (5)

⇧ (6)

⇧̇4 (7)

(�i⇧)4 (8)

⇧̇2(�i⇧)2 (9)

(�g00)2 ⌅ (⇧̇2 + ⇧̇(�i⇧)2 + (�i⇧)4) ⇧ ⇧̇(�i⇧)2 (10)

M4(�g00)4 ⌅ M4
4

�
⇧̇4 + ⇧̇3(�i⇧)2 + . . .

⇥
(11)

⇧ ⇧ ⌅ �⇧ (12)

⇧̇4 (13)

⇧ ��⌥2
k 1�loop ⇤ H2

k3

H2

M2
Pl

⇤ 10�10 ��⌥2
k tree (14)

��⌥2
k ⇤ H2

k3
⇧ (15)

P (V = ⌃) ⌥= 0 (16)

< 1 (17)

��⌥2
k 1�loop ⇤ H2

k3

H2

M2
Pl

⇥ [log(k) or log(a(t))] (18)

��⌥2(x, t) 1�loop ⇤ t2 (19)

�⇥2
k 1�loop ⇤ H2

k3

H2

M2
Pl

⇥ log(a(t)) (20)

⇥ (21)

�⇥2
k 1�loop ⇤ H2

k3

H2

M2
Pl

⇥ (log(k/µ) + C) (22)

(�⌥)2 ⌅ (��⌥)2 (23)

(�⌥)8

�12
⌅ ⌥̇6

0

�12
(��⌥)2 (24)

⇧ (25)

a(t) = 1 (26)

k⇤ ⌅ 0 (27)

� = d � 3 (28)

⌃ (29)

⇧ (30)

+ =0

ζL

x

ζL

x

〈(∂ζS)2〉

∂ζS

∂ζS

with Zaldarriaga 0912:2734 [hep-th]

⇥ (1)

T̄ (2)

kus
phys. =

k

a(treh.)e�B(treh)
(3)

ds2 = �dt2 + a(t)2
Be2�dx2 (4)

�Nmax
quantum ⇧ Nc/2 (5)

(�⌅)2 (6)

= 2Nc (7)

⇤ 1/⌃⌥⇥2� (8)

⌥V � = ⌥e3�B� ⇧ e
3Nc

2

1+
⌅

1�1/� (9)

⌃⌥⇥2� ⇤ 1 (10)

�Nquantum ⇤ Nc
⌃⌥⇥2� (11)

⌥�N2
quantum�1/2 ⇤ ⌃⌥⇥2�

1/2
(12)

⌥⇥2
k� ⇤

H4

⇧̇2

⇤⇤⇤⇤
tc

⌅
1 + (ns � 1)Nc

⌃⌥⇥2�
⇧

(13)

k eNc(1+�⇥�2⇤) = H(th.c.) ⌃ �N ⇤ ⌃⌥⇥2�Nc (14)

⌥e�B(treh.)��B(th.c.)� ⇤ 1 + ⌥⇥(x)2�th.c.
treh.

⇤ 1 + ⌃⌥⇥2�Nc , ⌃⌥⇥2� ⇤ 10�10 (15)

a(t(reh.))

a(th.c.)
⇤ eNc , Nc ⇤ 60 (16)

k

a(th.c.)e�B(th.c.)
·
�
a(treh.)e

�B(treh.)
⇥
⇤ H(th.c.) (17)

⇥B (18)

H�1(now) (19)

⌥⇥2
k�B = ⌥⇥2

B�
�2 [k3⌥⇥2

k�]
� log k2

⇤ ⌃⌥⇥2�Nbeginning(ns � 1)2⌥⇥2
k� (20)

⌥⇥(�x1, t)⇥(�x2, t)�B = ⌥⇥(e��B�x1, t)⇥(e��B�x2, t)�0 (21)

ds2 = �dt2 + a(t)2e2�Bdx2 (22)

⌥�⇧(�x, t)2� ⇤ H3t ⇤ H2Nbeginning (23)

⌥⇥2
k� ⇤

H4

⇧̇2

⇤⇤⇤⇤
th.c.

where
k

a(th.c)
⇤ H(th.c.) (24)

⇥ (25)

⇤ ⌅ ⇤ � �t (26)

�µ⌅ (27)

�0⌅ (28)

only the k = 0 mode is directly a⇥ected, and the zero mode can be totally reabsorbed in the
definition of the unperturbed history. However this does not mean that these diagrams a⇥ect only
the zero mode: they can be attached with a cubic vertex to a propagator to a⇥ect the two point
function of modes at finite k in a non-1PI diagram, and possibly induce a time dependence even
there. This diagrams not being zero is clearly a nuisance.

Fortunately, these diagrams can be set to zero by inserting proper counterterms. In order to
cancel tadpole diagrams, they must start linear in the fluctuations. In principle, there are many
possible operators of this form, but luckily we can use the e⇥ective field theory of inflation and a
theorem proved in that context [1], that states that all the possible tadpole counterterms can be
reduced to just two operators. In unitary gauge, these are

Stad =

⌥
d4⇤�g

⇤⇤
�gg00M4(t) +

⇤
�g�(t)

⌅
, (28)

Up to one loop level, these terms take the form

Stad =

⌥
d4⇤�g

�⇤
�gg00

⇧
M2

PlḢ + �M4
⌃
�
⇤
�gM2

Pl

⇧⇧
3H2 + Ḣ

⌃
+ ��

⌃ 
, (29)

The coe⇧cient ḢM2
Pl and �M2

Pl(3H
2 + Ḣ) are uniquely fixed by the background, as proven in [1],

while the terms �M4 and �� represent the one-loop counterterms that are chosen in order to
cancel the tadpole diagrams. The most important point that we need to realize is that these
operators terms that start linear in the fluctuations necessarily contain higher oder terms. This
is so because of the non-linear realization of time di⇥s. In particular these means that there will
be quadratic terms that can contribute to the two-point function e⇥ectively as one-loop terms. In
this section we are going to prove that they exactly cancel the quartic diagrams constructed with
H4 that would lead to a time dependence.

Since the algebra becomes quickly very complicated, we use the E⇥ective Field Theory of
Inflation to find a consistent inflationary model where this cancellation can be studied in the
simplest context. Let us consider the following Lagrangian in unitary gauge

S =

⌥
d4x
⇤
�g

�⇤
�gg00

⇧
M2

PlḢ + �M4
⌃
�
⇤
�gM2

Pl

⇧⇧
3H2 + Ḣ

⌃
+ ��

⌃
+ M4

3 (t)
�
�g00

⇥3
 

(30)
and let us imagine that M4

3 depends rapidly linearly in time. This means that we can concentrate
on that interaction and study it in the decoupling limit. The Lagrangian reduces to

S =

⌥
d4x
⇤
�g

�⇤
�g(1 + ⇥̇ + (⌅⇥)2)

⇧
M2

PlḢ + �M4(t + ⇥)
⌃
�
⇤
�gM2

Pl

⇧⇧
3H2 + Ḣ

⌃
+ ��

⌃
+

M4
3 (t + ⇥)⇥̇3

⌅
(31)

where we have stopped at quartic level and we have kept only the interactions proportional to
M3(t). By Taylor expanding the last term, we have a vertex of the form Ṁ4

3 ⇥⇥̇3 which, if we
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2-Point Function



Log Running



• Weinberg’s result                                              ,                                              

• Gives you all these troubles (Eternal Inflation, Predictivity of Inflation)

• But problem with gauge symmetry

• Study simplest possible theory

• Technical problem in implementing the regularization

• .

• Effect in the IR much larger than in Minkowski space

• Analogy with particle physics: small logs for 

Log Running
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IR logs: just  projection effects 



Effects of shorter modes: 
no induced        time dependence⇥ (1)
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• Short modes in the loop do not lead to a time-dependence for standard slow roll

• Subtle cancellations

– Renormalization of the background

• Cancellation between quartic and non-1PI

–Consistency condition (as inflation is an attractor)

– Locally a long-wavelength inflaton mode is unobservable

• Huge, but quite physical, calculation
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Effect of longer modes: 
             IR logs
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• Single Field Slow-Roll Inflation (assumption on dynamics)

• Possible Infrared Effects:

–Modes emitted earlier can change the position on the potential at horizon crossing

–But this is all of its effect on the dynamics as:

–By Taylor expanding

–Very big effect
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–Solve perturb. equations:

–Cut-In-the-Middle diagrams: Each mode interacts once

• This gives the tilt squared

–Cut-In-the-Side diagrams: One mode interacts twice

• This gives the running

How to check for this effect?
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Pl

H2
(⌥⇤)2 + . . . (10)

⇥⌅ = 0 (11)

ds2 = �N2dt2 + ⇥ija(t)2e2�
�
dxi + N idt

⇥ �
dxj + N jdt

⇥
, ⇥⌅ = 0 (12)

Nc (13)

⌥⇥N� ⇥ ⌥⌥⇤�Nc (14)

⇥� ⇥ H4 (15)

K ⇥ ⌥2⇤L (16)

Sint =

⌃
d4x
 
�gLgµ⇤

L ⌥µ⇤S⌥⇤⇤S + . . . (17)

⇤L (18)

N i
L = 0 (19)

⇤S (20)

gL,ijdxidxj = ⇥ija
2e2�Ldxidxj ⌅ (21)

⌃
⌃

gµ⇤⌥µ⇤S⌥⇤⇤S ⇤
⌃

1

⌥2
⌥i⇤L⇤̇S⌥i⇤S (22)

� (23)

(ns � 1)2 (24)

⌥⇤(2)⇤(2)�1�loop (25)

⇤(2)(t) =

⌃
G(t� t⇥)⇤(1)(t⇥)2 (26)

⌥⇤(3)⇤(1)�1�loop (27)

⌃⇤k⌥B = ⌃⇤2
B⌥

�2 [k3⌃⇤2
k⌥]

� log(k)2
= ⌥⌃⇤⌥

2
Nbeginning

�
(ns � 1)2 + �

⇥
⌃⇤k⌥2 (1)

⌃⇤2
k⌥1�loop ⇥ 0 (2)

⌃
d3x

�
�g⇥⇥ ⌅

⌃
d3xa3e3�(1 + ⇥N)⇥⇥ ⇥

⌃
d3xa3(3⇤ +

⇤̇

H
)⇥⇥ ⇥

⌃
d3x

� (a3⇤)

�t

⇥⇥

H
couplingslow roll suppressed

g0i = 0

m2 ⇥ ⇥⇥

M2
Pl

⌅ H ⇤̇ ⇥ ⇥⇥

M2
Pl

⇤ ⌅ ⇤̇ ⇥ ⇥⇥

M2
PlH

⌅ ⌃⇤2
k⌥1�loop ⇥ ⌃⇤2

k⌥tree
H2

M2
Pl

log (a(t))

H2
true = H2

tree +
⇥⇥

M2
Pl

(3)

atrue = e⇥true = e⇥tree+� ⌅ Htrue = Htree + ⇤̇) (4)

⌃⇤2
k⌥1�loop ⇥ ⌃⇤2

k⌥tree
H2

M2
Pl

log (a(t)) (5)

⌃⇤2
k⌥1�loop ⇥ ⌃⇤2

k⌥tree log (k/µ) (6)

⌃⇤2
k⌥1�loop ⇥ ⌃⇤2

k⌥tree log (H/µ) (7)

⌃⇤2
k⌥1�loop ⇧ k6 log (k/µ) (8)

⌃⇤2
k⌥1�loop ⇧ H6 log (H/µ) (9)

log(H/µ) (10)

log(kL) (11)

⇤ (12)

T̄ (13)

kus
phys. =

k

a(treh.)e�B(treh)
(14)

ds2 = �dt2 + a(t)2
Be2�dx2 (15)

⇥Nmax
quantum ⇤ Nc/2 (16)

(�⇧)2 (17)

= 2Nc (18)

⇥ 1/�⌃⇤2⌥ (19)

⌃V ⌥ = ⌃e3�B⌥ ⇤ e
3Nc

2

1+
⇥

1�1/� (20)

�⌃⇤2⌥ ⇥ 1 (21)

⇥Nquantum ⇥ Nc
�⌃⇤2⌥ (22)

⌃�N2
quantum⌥1/2 ⇥ �⌃⇤2⌥

1/2
(23)

⌃⇤2
k⌥ ⇥

H4

⌃̇2

⇤⇤⇤⇤
tc

⌅
1 + (ns � 1)Nc

�⌃⇤2⌥
⇧

(24)



• Single Field Slow-Roll Inflation: no dynamical effect

• Let us concentrate on what an observer measures: 

–measures a distance

–ask when mode came out of the horizon: 

• Since a background mode is equal to a rescaling of scale factor

• We have

• Longer modes cancel exactly.

• In every realization (no average needed).
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are not important dynamically. The same is obviously true for modes that are much shorter
than the one we consider. The amplitude of a fluctuation on a given wavelength is determined
only by one the modes crosses the horizon. However, it is possible that the modes di⇥erent
from the one we consider a⇥ect the final physical scale at which a mode is observed. We refer
to this as to a kinematical e⇥ect, while to the former (absent) one we refer to as a dynamical
e⇥ect.

In other words, what we will prove is that the two-point function at one loop level is given
by

�⇥k1⇥k2⇥ = �(3)
⇥
⇣k1 + ⇣k2

⇤ H4

ḢM2
Pl

�����
th.c.

, (4)

......... put the ⇤’s and 2’s............ where the last term in the slow roll approximation
needs to be evaluated at the time th.c. when the comoving mode k crossed the horizon.

The kinematical e⇥ects are related to understanding what the above wavenumber k really
means. At the time of reheating, the metric includes not only the classical scale factor, but
also the local value of the curvature fluctuation ⇥(x, trh), where trh is the time of reheating.
Here ⇥(x, trh) represents the contribution to ⇥ at the time of reheating from the modes longer
than distance from the points we consider. This distance, as a function of time, is given by

�r(t) =
e�(x,t)a(t)

e�(x,trh)a(trh)
�r(trh) = e�(x,t)��(x,trh) a(t)

a(trh)
�r(trh) (5)

Notice that if we neglect gradient terms for ⇥, the geometry is the one of an FRW space
with scale factor a(t)Exp(⇥(t)), and the above relationship is the simple scaling with the scale
factor of distances in FRW geometry at di⇥erent times. If we write ⇥(x) as a sum over Fourier
component

⇥(x, trh) =

⌅
d3k ⇥k(trh) , (6)

we see that eq. (5) tells us that the modes longer than the mode we consider have absolutely
no kinematical e⇥ects on our mode. Notice that this is in contrast we former, alternative
treatments [], which concentrate in computing the correlation function of ⇥ at a fixed comoving
distance. If that is done in a correct way 2, it gives rise to infrared divergencies proportional
to log(kL), where k is the comoving wavenumber and L is an IR cuto⇥. We review this
treatment in App. A, where we stress some technical issues that we point out had to be
corrected in the first treatment. In our point of view, when dealing with IR e⇥ects it is very
important to concentrate on asking physical, observable questions. In our approach, no IR
e⇥ects, or no e⇥ects whatsoever, are due to modes much longer than the one we observe.

This is not all what there is from kinematical e⇥ects. As we will see, modes shorter than
the one we consider have an important kinematical e⇥ect. Let us take eq. (5). Notice that
the projected scale at which a mode appears at reheating is a stochastic variable that changes
from realization to realization. In order to get an idea of the result (it will briefly turn out

2We in fact have some technical issues with the way the calculation was done.
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are not important dynamically. The same is obviously true for modes that are much shorter
than the one we consider. The amplitude of a fluctuation on a given wavelength is determined
only by one the modes crosses the horizon. However, it is possible that the modes di⇥erent
from the one we consider a⇥ect the final physical scale at which a mode is observed. We refer
to this as to a kinematical e⇥ect, while to the former (absent) one we refer to as a dynamical
e⇥ect.

In other words, what we will prove is that the two-point function at one loop level is given
by
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......... put the ⇤’s and 2’s............ where the last term in the slow roll approximation
needs to be evaluated at the time th.c. when the comoving mode k crossed the horizon.

The kinematical e⇥ects are related to understanding what the above wavenumber k really
means. At the time of reheating, the metric includes not only the classical scale factor, but
also the local value of the curvature fluctuation ⇥(x, trh), where trh is the time of reheating.
Here ⇥(x, trh) represents the contribution to ⇥ at the time of reheating from the modes longer
than distance from the points we consider. This distance, as a function of time, is given by
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Notice that if we neglect gradient terms for ⇥, the geometry is the one of an FRW space
with scale factor a(t)Exp(⇥(t)), and the above relationship is the simple scaling with the scale
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component
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we see that eq. (5) tells us that the modes longer than the mode we consider have absolutely
no kinematical e⇥ects on our mode. Notice that this is in contrast we former, alternative
treatments [], which concentrate in computing the correlation function of ⇥ at a fixed comoving
distance. If that is done in a correct way 2, it gives rise to infrared divergencies proportional
to log(kL), where k is the comoving wavenumber and L is an IR cuto⇥. We review this
treatment in App. A, where we stress some technical issues that we point out had to be
corrected in the first treatment. In our point of view, when dealing with IR e⇥ects it is very
important to concentrate on asking physical, observable questions. In our approach, no IR
e⇥ects, or no e⇥ects whatsoever, are due to modes much longer than the one we observe.

This is not all what there is from kinematical e⇥ects. As we will see, modes shorter than
the one we consider have an important kinematical e⇥ect. Let us take eq. (5). Notice that
the projected scale at which a mode appears at reheating is a stochastic variable that changes
from realization to realization. In order to get an idea of the result (it will briefly turn out

2We in fact have some technical issues with the way the calculation was done.
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• Why did we took the average of the enhanced expansion?

–Small variance:                                                     .
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• Enhanced expansion

–What happens for                          (Close to Eternal Inflation)? or very large           ? 

• Non-perturbative treatment necessary

–Already done! in

–Maximum enhancement:                                  , 

–Small variance 

–Probability distribution known (even within eternal inflation)
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Figure 10: Contours of the anti-Laplace transform integrals in the z-plane (on the left) and probability
distributions of the volume (on the right) for � = 1� �.
First case

↵
� < ⇥/(2⌅) (first row): at small volumes the integral can be solved via saddle-point approxi-

mation and gives a gaussian-like distribution (in blue). Around V = V (gray region) our approximations
for the solution of the di�eretial equation break down. At larger volumes the contour of integration can
be deformed around the cut. As long as V ⇥ V� the integral is dominated by a region that is much
larger than the distance zcut between the beginning of the cut and the origin, the integral is thus equiva-
lent to the integral over a cut that starts at z = 0 (dotted red contour) giving a power-law behavior for
⇤(V, ⌅) (in light red). At V � V�, the contour integral “sees” the distance zcut between the beginning of
the cut and the origin, and it produces an exponential tail (in dark red).

Second case
↵

� > ⇥/(2⌅) (second row): this time the saddle point works for all the volumes; for
V ⇥ V� it produces a gaussian-like tail that is converted into an exponential tail for V � V�.

V < V�. In this regime, |z| � |zcut|, and from eq. (121) we have ⇧0 ⇤ log(z/⌅). The condition
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• Modes shorter than ours

• CIM cut-in-the-middle:        vacuum fluctuations sourcing 

• The        have a derivative acting on them 

• Get uncorrelated on distances larger than Hubble

• Source only for         

• They shut down as
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• Modes shorter than ours

• CIS cut-in-the-side:            affecting                  in tidal way and this affecting           back 

• Since the freely evolved initial            becomes constant and unobservable out of the horizon                                     

•  

• No time dependence of           . Only                 counts for dynamics.
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• It does not represent a tidal effect

• And it gives IR effects

• We need to compute everything 

• What is left?

• Induced quadratic terms from tadpoles (diff. invariace)
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only the k = 0 mode is directly a⇥ected, and the zero mode can be totally reabsorbed in the
definition of the unperturbed history. However this does not mean that these diagrams a⇥ect only
the zero mode: they can be attached with a cubic vertex to a propagator to a⇥ect the two point
function of modes at finite k in a non-1PI diagram, and possibly induce a time dependence even
there. This diagrams not being zero is clearly a nuisance.

Fortunately, these diagrams can be set to zero by inserting proper counterterms. In order to
cancel tadpole diagrams, they must start linear in the fluctuations. In principle, there are many
possible operators of this form, but luckily we can use the e⇥ective field theory of inflation and a
theorem proved in that context [1], that states that all the possible tadpole counterterms can be
reduced to just two operators. In unitary gauge, these are
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The coe⇧cient ḢM2
Pl and �M2

Pl(3H
2 + Ḣ) are uniquely fixed by the background, as proven in [1],

while the terms �M4 and �� represent the one-loop counterterms that are chosen in order to
cancel the tadpole diagrams. The most important point that we need to realize is that these
operators terms that start linear in the fluctuations necessarily contain higher oder terms. This
is so because of the non-linear realization of time di⇥s. In particular these means that there will
be quadratic terms that can contribute to the two-point function e⇥ectively as one-loop terms. In
this section we are going to prove that they exactly cancel the quartic diagrams constructed with
H4 that would lead to a time dependence.

Since the algebra becomes quickly very complicated, we use the E⇥ective Field Theory of
Inflation to find a consistent inflationary model where this cancellation can be studied in the
simplest context. Let us consider the following Lagrangian in unitary gauge
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and let us imagine that M4

3 depends rapidly linearly in time. This means that we can concentrate
on that interaction and study it in the decoupling limit. The Lagrangian reduces to

S =

⌥
d4x
⇤
�g

�⇤
�g(1 + ⇥̇ + (⌅⇥)2)

⇧
M2
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where we have stopped at quartic level and we have kept only the interactions proportional to
M3(t). By Taylor expanding the last term, we have a vertex of the form Ṁ4
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• Let us consider

• Dangerous term:

• Tadpole cancellation:

• Quadratic term from tadpole

Example from EFT of Inflation
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?!?!?!!?!?!?!?!!?!?!? to be checked?!?!?!?!?!!?1?!/
... Here we have to add tadpoles to my code and possibly fixing it if there are
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contract ⇤̇ as the final leg in the Green’s function, leads to a quartic diagram that naively induces
a time-dependence. Let us see how it cancels. By the non-linear realization of time di�s., this same
operator starts cubic, and it therefore induces a tadpole terms. All diagrams where the vertex
happens at the same place can be most simply thought of as taking the vev of the operators
contracted in the loop, and studying the resulting quadratic Lagrangian. This is equivalent to
resum all the non-1PI diagrams obtained by multiple insertion of the same loop. So we notice
that the last term induces a tadpole term of the form

�STad,M3 =

⇤
d4x

⌥
�g

�
3M4

3 (t + ⇤)�g00⇧(�g00)2⌃
⇥

(32)

This means that in order to cancel this diagram we have to choose �M4 as

�M(t + ⇤)4 = �3M4
3 (t + ⇤)⇧(�g00)2⌃ . (33)

?!?!?!?!!?!?!? check if I need to change also the other tadpole?1?1?!?!?!!?!?!?!?!?!?!!?!?!?!??!
The resulting tadpole operator in �g00 induces a quadratic vertex of the form
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�
�
⌥
�g · �g003M4

3 (t + ⇤)⇧(�g00)2⌃
⇥

, (34)

But since this has the same form as the induced tadpole operator that we have form (�g00)3, then
also the resulting quadratic (and higher order) terms that we obtain by expanding

⌥
�gM3(t+⇤)

will also cancels. This removes the contribution from the quartic operators that would induce a
time dependence. This can also be checked directly at the level of ⇤. The dangerous term Ṁ4

3 ⇤⇤̇3

e�ectively gives a dangerous contribution that in the action can be represented as
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⇤
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⌥
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⌅
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which is exactly cancelled by the tadpole term
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⌅
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3 (t)⇤⇧⇤̇2⌃
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. (36)

??!??!!!?!!??!?!?! These terms are so similar that it is even di�cult to write it..?!?!?!!?!?!?!
Other quadratic terms induced by this tadpole operator are of the form ⇤̇2 and (⌃i⇤)2 and so do
not induce time-dependent e�ects.

This cancellation can be intuitively summarized by noticing that the ⇥ action at tree-level
cannot have any mass term once expressed around the correct background. This is so because
⇥ constant must be a solution of the equations of motion when the mode is outside the horizon.
The counterterms for tadpole diagrams ensure that indeed we are around the same history, and
so the quartic diagrams must cancel with the induced-quartic from the tadpoles couterterms.
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not induce time-dependent e�ects.
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cannot have any mass term once expressed around the correct background. This is so because
⇥ constant must be a solution of the equations of motion when the mode is outside the horizon.
The counterterms for tadpole diagrams ensure that indeed we are around the same history, and
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contract ⇤̇ as the final leg in the Green’s function, leads to a quartic diagram that naively induces
a time-dependence. Let us see how it cancels. By the non-linear realization of time di�s., this same
operator starts cubic, and it therefore induces a tadpole terms. All diagrams where the vertex
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This means that in order to cancel this diagram we have to choose �M4 as

�M(t + ⇤)4 = �3M4
3 (t + ⇤)⇧(�g00)2⌃ . (33)
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The resulting tadpole operator in �g00 induces a quadratic vertex of the form
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But since this has the same form as the induced tadpole operator that we have form (�g00)3, then
also the resulting quadratic (and higher order) terms that we obtain by expanding
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will also cancels. This removes the contribution from the quartic operators that would induce a
time dependence. This can also be checked directly at the level of ⇤. The dangerous term Ṁ4
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STad =

⇤
d4x

⌥
�g

�
�⇤̇3M4

3 (t + ⇤)⇧⇤̇2⌃
⇥
⇤

⇤
d4x

⌥
�g

⌅
�⇤̇3Ṁ4
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??!??!!!?!!??!?!?! These terms are so similar that it is even di�cult to write it..?!?!?!!?!?!?!
Other quadratic terms induced by this tadpole operator are of the form ⇤̇2 and (⌃i⇤)2 and so do
not induce time-dependent e�ects.

This cancellation can be intuitively summarized by noticing that the ⇥ action at tree-level
cannot have any mass term once expressed around the correct background. This is so because
⇥ constant must be a solution of the equations of motion when the mode is outside the horizon.
The counterterms for tadpole diagrams ensure that indeed we are around the same history, and
so the quartic diagrams must cancel with the induced-quartic from the tadpoles couterterms.
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not induce time-dependent e�ects.

This cancellation can be intuitively summarized by noticing that the ⇥ action at tree-level
cannot have any mass term once expressed around the correct background. This is so because
⇥ constant must be a solution of the equations of motion when the mode is outside the horizon.
The counterterms for tadpole diagrams ensure that indeed we are around the same history, and
so the quartic diagrams must cancel with the induced-quartic from the tadpoles couterterms.
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3 (t)⇤⇧⇤̇2⌃
⇧

. (36)

??!??!!!?!!??!?!?! These terms are so similar that it is even di�cult to write it..?!?!?!!?!?!?!
Other quadratic terms induced by this tadpole operator are of the form ⇤̇2 and (⌃i⇤)2 and so do
not induce time-dependent e�ects.

This cancellation can be intuitively summarized by noticing that the ⇥ action at tree-level
cannot have any mass term once expressed around the correct background. This is so because
⇥ constant must be a solution of the equations of motion when the mode is outside the horizon.
The counterterms for tadpole diagrams ensure that indeed we are around the same history, and
so the quartic diagrams must cancel with the induced-quartic from the tadpoles couterterms.

11



• Let us consider

• Dangerous term:

• Tadpole cancellation:

• Quadratic term from tadpole

Example from EFT of Inflation
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⌃⇤(3)⇤(1)⌥1�loop (3)

⇤(3)(t) = G(t� t⇥)⇤(1)(t⇥)⇤(2)(t⇥) (4)
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??!?!?!?!!? the second line will be commented out after having checked this equation
!?!?!?!?!?!?!?!?!!?!? where we have performed an integrations by parts, we have have neglected
a tadpole term proportional to �2⇤ that is a total derivative and finally we have used rotational
invariance of the expectation values to replace �i�j ⇧ �ij �2/3.

Equating the coe⌅cients of the linear terms, we obtain
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?!?!?!!?!?!?!?!!?!?!? to be checked?!?!?!?!?!!?1?!/
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contract ⇤̇ as the final leg in the Green’s function, leads to a quartic diagram that naively induces
a time-dependence. Let us see how it cancels. By the non-linear realization of time di�s., this same
operator starts cubic, and it therefore induces a tadpole terms. All diagrams where the vertex
happens at the same place can be most simply thought of as taking the vev of the operators
contracted in the loop, and studying the resulting quadratic Lagrangian. This is equivalent to
resum all the non-1PI diagrams obtained by multiple insertion of the same loop. So we notice
that the last term induces a tadpole term of the form
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⇤
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⌥
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�
3M4

3 (t + ⇤)�g00⇧(�g00)2⌃
⇥

(32)

This means that in order to cancel this diagram we have to choose �M4 as

�M(t + ⇤)4 = �3M4
3 (t + ⇤)⇧(�g00)2⌃ . (33)

?!?!?!?!!?!?!? check if I need to change also the other tadpole?1?1?!?!?!!?!?!?!?!?!?!!?!?!?!??!
The resulting tadpole operator in �g00 induces a quadratic vertex of the form
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But since this has the same form as the induced tadpole operator that we have form (�g00)3, then
also the resulting quadratic (and higher order) terms that we obtain by expanding

⌥
�gM3(t+⇤)

will also cancels. This removes the contribution from the quartic operators that would induce a
time dependence. This can also be checked directly at the level of ⇤. The dangerous term Ṁ4

3 ⇤⇤̇3

e�ectively gives a dangerous contribution that in the action can be represented as
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⇤
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⌥
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, (35)

which is exactly cancelled by the tadpole term

STad =

⇤
d4x

⌥
�g

�
�⇤̇3M4

3 (t + ⇤)⇧⇤̇2⌃
⇥
⇤

⇤
d4x

⌥
�g

⌅
�⇤̇3Ṁ4
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. (36)

??!??!!!?!!??!?!?! These terms are so similar that it is even di�cult to write it..?!?!?!!?!?!?!
Other quadratic terms induced by this tadpole operator are of the form ⇤̇2 and (⌃i⇤)2 and so do
not induce time-dependent e�ects.

This cancellation can be intuitively summarized by noticing that the ⇥ action at tree-level
cannot have any mass term once expressed around the correct background. This is so because
⇥ constant must be a solution of the equations of motion when the mode is outside the horizon.
The counterterms for tadpole diagrams ensure that indeed we are around the same history, and
so the quartic diagrams must cancel with the induced-quartic from the tadpoles couterterms.
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3 (t)⇤⇧⇤̇2⌃
⇧

. (36)

??!??!!!?!!??!?!?! These terms are so similar that it is even di�cult to write it..?!?!?!!?!?!?!
Other quadratic terms induced by this tadpole operator are of the form ⇤̇2 and (⌃i⇤)2 and so do
not induce time-dependent e�ects.

This cancellation can be intuitively summarized by noticing that the ⇥ action at tree-level
cannot have any mass term once expressed around the correct background. This is so because
⇥ constant must be a solution of the equations of motion when the mode is outside the horizon.
The counterterms for tadpole diagrams ensure that indeed we are around the same history, and
so the quartic diagrams must cancel with the induced-quartic from the tadpoles couterterms.
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3Ṁ4

3 ⇤⇤̇⇧⇤̇2⌃
⇧

, (35)

which is exactly cancelled by the tadpole term

STad =

⇤
d4x

⌥
�g

�
�⇤̇3M4

3 (t + ⇤)⇧⇤̇2⌃
⇥
⇤

⇤
d4x

⌥
�g

⌅
�⇤̇3Ṁ4
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This cancellation can be intuitively summarized by noticing that the ⇥ action at tree-level
cannot have any mass term once expressed around the correct background. This is so because
⇥ constant must be a solution of the equations of motion when the mode is outside the horizon.
The counterterms for tadpole diagrams ensure that indeed we are around the same history, and
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??!?!?!?!!? the second line will be commented out after having checked this equation
!?!?!?!?!?!?!?!?!!?!? where we have performed an integrations by parts, we have have neglected
a tadpole term proportional to ⌥2⇤ that is a total derivative and finally we have used rotational
invariance of the expectation values to replace ⌥i⌥j ⇧ �ij ⌥2/3.
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a tadpole term proportional to �2⇤ that is a total derivative and finally we have used rotational
invariance of the expectation values to replace �i�j ⇧ �ij �2/3.
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... Here we have to add tadpoles to my code and possibly fixing it if there are
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4 Formule

 ⇥|⇤(t)⇤(t)|⇥⌦ =  0|Uint(t,�⌃+)†⇤I(t)⇤I(t)Uint(t,�⌃+)|0⌦ (42)

+2 Re 
�
i

⌦ t

�⇥
dt1H4(t1), ⇤(t)

 

k

⇤k(t)⌦ (43)

 ⇤(3)⇤(1)⌦ (44)

 ⇤(2)⇤(2)⌦ (45)

�M4 ⇤  ⇤̇2⌦ + . . . (46)

�� ⇤  ⇤̇2⌦ +  (�i⇤)2⌦ + . . . (47)

 ⇤2⌦ ⇤ Ht (48)

H4 ⌅ �L4 (49)

S =

⌦
d4x

�
�g

↵�
�g(1 + ⌅̇ + (�⌅)2)

⌅
M2
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• Master Formula:

• Maldacena Consistency condition

• . 

• Only effect comes if there is time dependence of long mode due to absence of attractor

• End of Effects from Short Modes 
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⇧
+ ��

⇧
+

M4
3 (t + ⌅)⌅̇3

⇤

Ṁ4
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• Master Formula:

• Maldacena Consistency condition

• . 

• Only effect comes if there is time dependence of long mode due to absence of attractor.

• End of Effects from Short Modes 
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PlḢ + �M4(t + ⌅)
⇧

�
�

�gM2
Pl

⌅⌅
3H2 + Ḣ
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• Short modes in the loop do not lead to a time-dependence for standard slow roll

• Subtle cancellations

– Renormalization of the background

• Cancellation between some quartics and non-1PI

–All other diagrams: consistency condition (as inflation is an attractor)

– Locally a long-wavelength inflaton mode is unobservable

• Huge, but quite physical, calculation

Summary part I

+ =0
〈ζ2〉

ζζ

ζ

ζ

ζ

ζ ζ

ζ ζ

ζ

k/a ⇥ H (29)

� H (30)

�k(t) =

⇥ t

t�
dt� GR;µ⇤

� (k, t, t�)T⌅;µ⇤(k, t�) (31)

k

a(t⌃)H
⇥ 1 (32)

�k(t) �
⇥ t

t�
dt� GR;µ⇤

� (k, t, t�)
⇧

⇧�
⌅T⌅,�;µ⇤(k, t�)⇧

����
�=0

�k(t
�) (33)

⇧

⇧�
⌅T⌅,�;µ⇤(k, t�)⇧

����
�=0

⇤ 0 as k⇥ ⇤ 0 (34)

(35)

1



Multi-field inflation



• Both

–Massless           in dS or multifield inflation

–Slow-Roll eternal inflation

• have IR divergencies and so are non-perturbative phenomena

• The Stochastic equation

–we show it provides a way to solve for them

–providing a systematic derivation and proof of accuracy

• We proved that that equation is the leading-order truncation of a generalized equation, 
from which we can derive arbitrary accurate results.

– Proving the existence slow-roll eternal inflation

– Solving                in rigid de Sitter in a systematic expansion 
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2
Pl)

1/2
� H

2
⇠ ��

2 (9)

�� ⇠ H (10)

⇡ & � (11)

h�(~x, t)2ni =

✓
H

�1/4

◆2n 28�
n

2 3
n

2�2�
�
1
4

�
�
�
n

2 + 1
4

�

49⇡n�
�
�

7
4

�2 (12)

⇥

0

@1�
p

�

⇣
16
p
2⇡�

�
n

2 + 1
4

�
+ 3(2n� 3)�

�
�

3
4

�2
�
�
n

2 + 3
4

�⌘

32
p
6⇡�

�
1
4

�2
�
�
n

2 + 1
4

� +O(
p

�
2
)

1

A

P2 (13)

@tP2(�, t,�
0
, t) = @

2
�
P2(�, t,�

0
, t) + @�


��

3

3
P2(�, t,�

0
, t)

�
, P2(�, t,�

0
, t) = �(�� �

0)⇢1(�)

Z
D{�} @t(�

2(t))P ({�}, t) =

Z
D{�}

✓
lim
�t!0

�
2(t)� �

2(t��t)

�t

◆
P ({�}, t) = (14)

= lim
�t!0

✓
�
2
P (�)�

1

�t

Z
d�

0
�
02
P2(�, t;�

0
, t��t)

◆
= �

Z
d�

0
�
02

@tP2(�, t
0;�0

, t
00)|

t0=t00=t

dt = Kd�

��
4 (1)

(2)

distance = a⇥ time2 (3)

sin(✓i) = nr sin(✓r) (4)

(Rµ⌫⇢�)2n⇤2n
C

⇤4n
. (Rµ⌫⇢�)2n

⇤2n
R

(5)

�  0 (6)

⇤R ! 0 (7)
d

d�
= K

d

dt
(8)

n
µ
n
⌫ 8⇡G Tµ⌫ = Gµ⌫n

µ
n
⌫ (9)Z

d
4
x
p
�g Rµ⌫⇢�R̃

µ⌫⇢� (10)
Z

S

p
h

(2)
R = 0 (11)

H|
S
= 0 (12)Z p
h

(2)
R = 0 (13)

K
2 (14)

K ! K⇤ & �µ⌫ ! 0 almost everywhere

) gij(t) ! gij(t0)e
2
3K⇤t & (2)

Rµ⌫ ! 0 almost everywhere

Kµ⌫ =
1

2
Khµ⌫ + �µ⌫ (15)

hK2i ! K
2
⇤ (16)

hK2i � K
2
⇤ (17)

& dV/d� = hK2iV (18)

(19)

with Gorbenko 2019



– To all orders in                and leading in     , we obtain the following effective equation. It 
is Fokker-Planck-like, but it has differences  

– tadpole-diffusion term.

– Strategy: compute these expectation values for the short modes in perturbation theory with 
a given background for the long modes in expansion in                                     ,                , 
and solve this functional Fokker-Planck-like equation containing only long modes in
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• Log Running

–The logarithmic running is of the form

• IR divergency in Single Field Inflation: 

• need to take into account projection effects:

– there is no time-dependence for standard slow roll

– and no non-trivial scale dependence

– There is a physical enhanced expansion

–The predictivity of inflation is fine

–Eternal Inflation is in better shape

• Multifield Inflation

–Rigorous derivation and systematization of stochastic approach
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