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Nucleon structure (leading twist)

Parton distributions from first 
principles 

Constraining the high- and 
low-  regions better 
 

Scaling and Power corrections

 cuts of global QCD 

analyses

Large- , low- :


Higher-twist contributions

Target mass corrections
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 Leading twist: 


local matrix elements (ME)  
or quasi/pseudo-distributions

Forward Compton Amplitude
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3.1
Deep Inelastic Scattering
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Figure
3.1: The Feynman diagram

for deep inelastic scattering. As with all Feynman diagrams

in this thesis, time increases left to right.

•
the virtual photon exchanged by the electron and nucleon has momentum

q =
k�k 0.

Given these variables, it is useful to define some Lorentz scalars.

•
⌫ =

P
·q

M , which is the energy transferred to the nucleon in the nucleon’s rest frame:

⌫ =
k 0�

k 00
.

•
Q

= p
�q 2, which

is always real, since
q µ

is spacelike.
This is the

momentum

transferred to the nucleon.

•
x =

Q 2
2P

·q , the ‘Bjorken scaling variable’. In the nucleon’s rest frame, this is propor-

tional to the ratio of momentum
transfer to energy transfer.

•
!
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, the inverse Bjorken

variable.
This variable is particularly

useful for the

OPE.•
M

, the nucleon mass.
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m
f the mass of a quark of flavour f .
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M

2
X =

(P
+

q) 2, the invariant mass of the outgoing state X.

Physical Region
of Scalars

Now
we will determine what the physically allowed region is for each Lorentz scalar defined

above.First, note that in the nucleon’s rest frame the electron transfers energy to the proton

and hence ⌫ �
0, and since this is a Lorentz scalar it is non-negative in all frames.

Then, since q =
k�k 0

and k and k 0
are future-pointing timelike vectors, we can use the
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Figure
3.1: The Feynman diagram

for deep inelastic scattering. As with all Feynman diagrams

in this thesis, time increases left to right.

•
the virtual photon exchanged by the electron and nucleon has momentum

q =
k�k 0.

Given these variables, it is useful to define some Lorentz scalars.

•
⌫ =

P
·q

M , which is the energy transferred to the nucleon in the nucleon’s rest frame:

⌫ =
k 0�

k 00
.

•
Q

= p
�q 2, which

is always real, since
q µ

is spacelike.
This is the

momentum

transferred to the nucleon.

•
x =

Q 2
2P

·q , the ‘Bjorken scaling variable’. In the nucleon’s rest frame, this is propor-

tional to the ratio of momentum
transfer to energy transfer.

•
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=
x �

1
, the inverse Bjorken

variable.
This variable is particularly

useful for the

OPE.•
M

, the nucleon mass.

•
m
f the mass of a quark of flavour f .

•
M

2
X =

(P
+

q) 2, the invariant mass of the outgoing state X.

Physical Region
of Scalars

Now
we will determine what the physically allowed region is for each Lorentz scalar defined

above.First, note that in the nucleon’s rest frame the electron transfers energy to the proton

and hence ⌫ �
0, and since this is a Lorentz scalar it is non-negative in all frames.

Then, since q =
k�k 0

and k and k 0
are future-pointing timelike vectors, we can use the

inverse M
inkowski triangle inequality to get q 2

=
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k 0) 2 |k 2�
k 02| =
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m 2
e� =

0

(see appendix A). Therefore, q is a spacelike vector, and hence �q 2

=
Q 2
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0. The region

for inelastic scattering starts at Q 2&
2GeV 2

.

In inelastic scattering, the momentum
transfer to the nucleon is very large, and hence

M
2

X =
(P

+
q) 2&

M
2
. Therefore,

P 2

+
2P · q �

Q 2&
P 2

)
2P · q &
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)
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= 2P · qQ 2 &
1.

(3.1)

Hence the physical region of x is [0, 1], and for !
it is [1,1

).

𝒪 ( M2
N

Q2
,

μ2

Q2 )
 Power corrections 

   relevant at low- 


 Difficult to calculate 
   from local ME

Q2
 We calculate the LHS: 

the physical amplitude


 also known as  
OPE without OPE 
[Chambers et al. PRL118]
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Tμν(p, q) = i∫ d4z eiq⋅zρss′￼
⟨p, s′￼|𝒯{Jμ(z)Jν(0)} |p, s⟩

= (−gμν +
qμqν

q2 ) ℱ1(ω, Q2) + (pμ −
p ⋅ q
q2

qμ) (pν −
p ⋅ q
q2

qν) ℱ2(ω, Q2)
p ⋅ q

Forward Compton Amplitude
, spin avg. ⇢ss0 =

1

2
�ss0

<latexit sha1_base64="2gLiSuUHGhOyqmbksHycQI0Rn8U="></latexit>

Compton Structure Functions (SF)

∼
N(p)

J𝜇(q)

2 Im

Forward Compton Amplitude ~ Compton Tensor

N(p)

J𝜇(q)
2

DIS Cross Section ~ Hadronic Tensor

Same Lorentz 

decom
positio

n as 

the Hadronic 

Tensor

4

ω =
2p ⋅ q

Q2
= x−1

also see 2017 Community White Paper, Prog.Part.Nucl.Phys. 100 (2018) 107-160, arXiv:1711.07916 [hep-ph]



Dispersion relations connect  
Compton SFs to DIS SFs:

Nucleon Structure Functions

5

Im ω

ω0 1-1 Re ω

Minkowski and Euclidean formulations are equivalent 
(no need for  prescription) for the Compton 
Amplitude in the unphysical region

iε

inelastic cut

ℱ1(ω, Q2) − ℱ1(0,Q2)

ℱ1(ω, Q2) = 2ω2 ∫
1

0
dx

2x F1(x, Q2)
1 − x2ω2 − iε

.

ℱ2,3(ω, Q2) = 4ω∫
1

0
dx

F2,3(x, Q2)
1 − x2ω2 − iε

ω =
2p ⋅ q

Q2



Nucleon Structure Functions

6

ω =
2p ⋅ q

Q2
using the Taylor expansion, 1

1 − (xω)2
=

∞

∑
n=1

(xω)2n−2

ℱ1(ω, Q2) =
∞

∑
n=1

2ω2n 2∫
1

0
dx x2n−1F1(x, Q2) =

∞

∑
n=1

2ω2n M(1)
2n (Q2)

ℱ2(ω, Q2) =
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n=1

4ω2n−1 ∫
1

0
dx x2n−2F2(x, Q2) =

∞

∑
n=1

4ω2n−1 M(2)
2n (Q2)

ℱ3(ω, Q2) =
∞

∑
n=1

4ω2n−2 ∫
1

0
dx x2n−2F3(x, Q2) =

∞

∑
n=1

4ω2n−2 M(3)
2n−1(Q

2)

Compton structure functions are given  
in terms of towers of physical Mellin moments



Shape of the Compton Amplitude

dispersion relation
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Structure functions Compton Amplitudes

ℱ2(ω, Q2)
ω

= 4∫
1

0
dx

F2(x, Q2)
1 − x2ω2

p

n

p

n

High-W: M. Arneodo et al. [NMC],  
            PLB364, 107-115 (1995), [hep-ph/9509406]

 Low-W: M.E. Christy and P.E. Bosted,  
           PRC81, 055213 (2010), [0712.3731]
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Feynman-Hellmann 
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t
<latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit>

t0
<latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit><latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit><latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit><latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit>

J
<latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit>

⌧
<latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit><latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit><latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit><latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit>

Compton on the lattice
Sink

Source

t
<latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit>

�J
<latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit>

Sink

Source

Feynman–Hellmann

t � 1

�E
<latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit>

hC4(t, ⌧, t0)i
hC2(t)ihC2(t0)i

/ hN 0|J(⌧E)J |Ni
<latexit sha1_base64="+95Ta/RhAN3L68pHNX7a2HgKIv4="></latexit><latexit sha1_base64="+95Ta/RhAN3L68pHNX7a2HgKIv4="></latexit><latexit sha1_base64="+95Ta/RhAN3L68pHNX7a2HgKIv4="></latexit><latexit sha1_base64="+95Ta/RhAN3L68pHNX7a2HgKIv4="></latexit>

t, t0 � 1

�E
<latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit><latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit><latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit><latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit>

Z 1

0
d⌧E ! hN |JJ |Ni

<latexit sha1_base64="6m+bXAINDLJuZUvIk7Abo1N26uc=">AAACF3icbVDLSgMxFM34rPVVdekmWARXZUYEuyyIIF2UCvYBnXHIpJk2NJMZkjtCmfYv3Pgrblwo4lZ3/o3pY6GtF0JOzrmXm3OCRHANtv1trayurW9s5rby2zu7e/uFg8OmjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWBwNdFbD0xpHss7GCbMi0hP8pBTAobyCyWXS/Dte3OFMMRdF0jqX7sQY1cQ2RMM10bV6qjmqunLLxTtkj0tvAycOSiiedX9wpfbjWkaMQlUEK07jp2AlxEFnAo2zrupZgmhA9JjHQMliZj2sqmvMT41TBeHsTJHAp6yvycyEmk9jALTGRHo60VtQv6ndVIIy17GZZICk3S2KEwFNrYnIeEuV4yCMHlwQhU3f8W0TxShYKLMmxCcRcvLoHlecuySc3tRrJTnceTQMTpBZ8hBl6iCblAdNRBFj+gZvaI368l6sd6tj1nrijWfOUJ/yvr8AcKin6A=</latexit><latexit sha1_base64="6m+bXAINDLJuZUvIk7Abo1N26uc=">AAACF3icbVDLSgMxFM34rPVVdekmWARXZUYEuyyIIF2UCvYBnXHIpJk2NJMZkjtCmfYv3Pgrblwo4lZ3/o3pY6GtF0JOzrmXm3OCRHANtv1trayurW9s5rby2zu7e/uFg8OmjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWBwNdFbD0xpHss7GCbMi0hP8pBTAobyCyWXS/Dte3OFMMRdF0jqX7sQY1cQ2RMM10bV6qjmqunLLxTtkj0tvAycOSiiedX9wpfbjWkaMQlUEK07jp2AlxEFnAo2zrupZgmhA9JjHQMliZj2sqmvMT41TBeHsTJHAp6yvycyEmk9jALTGRHo60VtQv6ndVIIy17GZZICk3S2KEwFNrYnIeEuV4yCMHlwQhU3f8W0TxShYKLMmxCcRcvLoHlecuySc3tRrJTnceTQMTpBZ8hBl6iCblAdNRBFj+gZvaI368l6sd6tj1nrijWfOUJ/yvr8AcKin6A=</latexit><latexit sha1_base64="6m+bXAINDLJuZUvIk7Abo1N26uc=">AAACF3icbVDLSgMxFM34rPVVdekmWARXZUYEuyyIIF2UCvYBnXHIpJk2NJMZkjtCmfYv3Pgrblwo4lZ3/o3pY6GtF0JOzrmXm3OCRHANtv1trayurW9s5rby2zu7e/uFg8OmjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWBwNdFbD0xpHss7GCbMi0hP8pBTAobyCyWXS/Dte3OFMMRdF0jqX7sQY1cQ2RMM10bV6qjmqunLLxTtkj0tvAycOSiiedX9wpfbjWkaMQlUEK07jp2AlxEFnAo2zrupZgmhA9JjHQMliZj2sqmvMT41TBeHsTJHAp6yvycyEmk9jALTGRHo60VtQv6ndVIIy17GZZICk3S2KEwFNrYnIeEuV4yCMHlwQhU3f8W0TxShYKLMmxCcRcvLoHlecuySc3tRrJTnceTQMTpBZ8hBl6iCblAdNRBFj+gZvaI368l6sd6tj1nrijWfOUJ/yvr8AcKin6A=</latexit><latexit sha1_base64="6m+bXAINDLJuZUvIk7Abo1N26uc=">AAACF3icbVDLSgMxFM34rPVVdekmWARXZUYEuyyIIF2UCvYBnXHIpJk2NJMZkjtCmfYv3Pgrblwo4lZ3/o3pY6GtF0JOzrmXm3OCRHANtv1trayurW9s5rby2zu7e/uFg8OmjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWBwNdFbD0xpHss7GCbMi0hP8pBTAobyCyWXS/Dte3OFMMRdF0jqX7sQY1cQ2RMM10bV6qjmqunLLxTtkj0tvAycOSiiedX9wpfbjWkaMQlUEK07jp2AlxEFnAo2zrupZgmhA9JjHQMliZj2sqmvMT41TBeHsTJHAp6yvycyEmk9jALTGRHo60VtQv6ndVIIy17GZZICk3S2KEwFNrYnIeEuV4yCMHlwQhU3f8W0TxShYKLMmxCcRcvLoHlecuySc3tRrJTnceTQMTpBZ8hBl6iCblAdNRBFj+gZvaI368l6sd6tj1nrijWfOUJ/yvr8AcKin6A=</latexit>

4-pt functions

@2E

@�2

����
�!0

/ hN |JJ |Ni
<latexit sha1_base64="2pUNSn1GYnI/RxhH+NgzWFJAZRU="></latexit><latexit sha1_base64="2pUNSn1GYnI/RxhH+NgzWFJAZRU="></latexit><latexit sha1_base64="2pUNSn1GYnI/RxhH+NgzWFJAZRU="></latexit><latexit sha1_base64="2pUNSn1GYnI/RxhH+NgzWFJAZRU="></latexit>
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4-pt functions

t, t′￼ ≫
1

ΔE
,

Feynman—Hellmann

t ≫
1

ΔE
,

∂2E
∂λ2

λ→0

∝ ⟨N |JJ |N⟩

⟨C4(t, τ, t′￼)⟩
⟨C2(t)⟩⟨C2(t′￼)⟩

∝ ⟨N |J(τE)J |N⟩

∫
∞

0
dτE → ⟨N |JJ |N⟩

S → S(λ) = S + λ∫ d4x cos(q ⋅ x) ψ̄(x) Γμ ψ(x) Γμ ∈ {1, γμ, γ5γμ, …}

Modify the Euclidean QCD action, extract energy shifts:



Energy shifts

9
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Re
λ(p, t) ≡

⟨G(2)
+λ (p, t)⟩⟨G(2)

−λ (p, t)⟩

(⟨G(2)(p, t)⟩)2

t≫0 Aλ(p)e−2ΔEe
Nλ

(p)t

Ratio of perturbed to unperturbed 

Euclidean 2-pt correlation functions

G(2)
λ (p; t) ∼ Aλ(p)e−ENλ

(p)t

ENλ
(p) = EN(p) + λ

∂ENλ
(p)

∂λ
λ=0

+
λ2

2!
∂2ENλ

(p)
∂2λ

λ=0

+ 𝒪(λ3)

= EN(p) + ΔEo
N(p) + ΔEe

N(p)

Isolate the 2nd-order energy shift
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Extract energy shifts for each λ
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a = 0.068 fm
mπ ∼ 420 MeV
Q2 = 4.9 GeV2

where F1 and F2 are the deep-inelastic structure functions
of the nucleon. Using the OPE, one can express F 1 and F 2

in terms of moments of F1 and F2, which are amenable to
calculation on the Euclidean lattice. Alternatively, F 1 and
F 2 can be written as dispersion integrals over ω, which
leads to the same expressions.
Let us first consider the OPE of F 1 and F 2. After some

simple algebra we obtain [7]

Tμνðp;qÞ¼
X∞

n¼2;4;$$$

!"
δμν−

qμqν
q2

#
4ωn

Z
1

0
dxxn−1F1ðx;q2Þ

þ
"
pμ−

p ·q
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qμ

#"
pν−

p ·q
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qν

#
8

2p ·q
ωn−1

×
Z

1

0
dxxn−2F2ðx;q2Þ

$
: ð5Þ

The series
P

k∈NðωxÞ2k in Eq. (5) is geometric and sums up
to ½1 − ðωxÞ2'−1, which leads to the alternate expression

Tμνðp; qÞ ¼
"
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qμqν
q2

#
4ω
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1

0
dx
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p · q
q2

qν

#
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2p · q

×
Z

1

0
dx

1

1 − ðωxÞ2
F2ðx; q2Þ: ð6Þ

In the limit where F1ðx; q2Þ and F2ðx; q2Þ become inde-
pendent of q2 we have the Callan-Gross rela-
tion F2ðxÞ ¼ 2xF1ðxÞ.
Alternatively, we can express F 1 and F 2 directly in

terms of the structure functions F1 and F2, circumventing
the OPE. The amplitudes F 1 and F 2 have cuts at −∞ ≤
ω ≤ −1 and 1 ≤ ω ≤ ∞ with discontinuities (4). This leads
to once subtracted dispersion relations

F 1ðω;q2Þ¼2ω
Z

∞

1
dω̄

"
F1ðω̄;q2Þ
ω̄ðω̄−ωÞ

−
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#
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þF2ðω̄;q2Þ
ω̄ðω̄þωÞ

#
: ð7Þ

While F 2ð0; q2Þ ¼ 0, the subtraction constant F 1ð0; q2Þ
contains information on the magnetic polarizability of the
nucleon and the proton-neutron electromagnetic mass shift
[8]. In the following equations we shall discard it, as it has
no counterpart in F1, nor is it accounted for by the OPE. It
can be computed like any other value of F 1 though and, if
necessary, has to be subtracted from F 1ðω; q2Þ. (So, for
example, from the data underlying Fig. 6.) Substituting ω̄
by 1=x, we finally obtain

F 1ðω; q2Þ ¼ 4ω2

Z
1

0
dxx

F1ðx; q2Þ
1 − ðωxÞ2

;

F 2ðω; q2Þ ¼ 4ω
Z

1

0
dx

F2ðx; q2Þ
1 − ðωxÞ2

; ð8Þ

where we have identified F1ðω̄; q2Þ and F2ðω̄; q2Þ with
F1ðx; q2Þ and F2ðx; q2Þ, respectively. If we insert Eq. (8)
into Eq. (3), we obtain Eq. (6), in agreement with the OPE
resummed. It should be noted that the structure functions
F1ðx; q2Þ and F2ðx; q2Þ include higher twist contributions,
as we have not made any assumptions on F 1 and F 2 other
than on the analytic structure.
To simplify the numerical calculation, we may choose

μ ¼ ν ¼ 3 and p3 ¼ q3 ¼ q4 ¼ 0. We then have

T33ðp; qÞ ¼
X∞

n¼2;4;$$$
4ωn

Z
1

0
dxxn−1F1ðx; q2Þ ð9Þ

and, alternatively,

T33ðp; qÞ ¼ 4ω
Z

1

0
dx

ωx
1 − ðωxÞ2

F1ðx; q2Þ: ð10Þ

For jωj > 1 the principal value has to be taken. The matrix
element T33ðp; qÞ can be computed most efficiently,
including singlet matrix elements, by a simple extension
of existing implementations of the Feynman-Hellmann
technique to lattice QCD [9]. For simplicity, we consider
the local vector current only. The appropriate renormaliza-
tion factor ZV can be computed unambiguously [10]. No
further renormalization is needed. To compute the
Compton amplitude from the Feynman-Hellmann relation,
we introduce the perturbation to the Lagrangian

LðxÞ → LðxÞ þ λJ 3ðxÞ;
J 3ðxÞ ¼ ZV cosðq⃗ · x⃗Þefψ̄fðxÞγ3ψfðxÞ; ð11Þ

where ψf is the quark field of flavor f ¼ u; d; s;… to which
the photon is attached, and ef is its electric charge. Note
that λ has dimension mass. Taking the second derivative
of the nucleon two-point function hNðp⃗; tÞN̄ðp⃗; 0Þiλ ≃
Cλe−Eλðp;qÞt with respect to λ on both sides, we obtain

−2Eλðp; qÞ
∂2

∂λ2 Eλðp; qÞjλ¼0 ¼ T33ðp; qÞ: ð12Þ

The derivation of Eq. (12) would go beyond the scope of this
Letter and will be presented in a separate publication.
Provided we compute at sufficiently large q2, standard
factorization theorems state that the Compton amplitude
will be dominated by the “handbag” diagram shown in the
left panel of Fig. 1. Nevertheless, the amplitude does
encompass all contributions, including the power-suppressed

FIG. 1. The so-called “handbag” diagram (left panel) and cats-
ears diagram (right panel).
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Enforce monotonic decreasing of moments

for  and  only, not necessarily true for u d u − d

M(1)
2 (Q2) ≥ M(1)

4 (Q2) ≥ ⋅ ⋅ ⋅ ≥ M(1)
2n (Q2) ≥ ⋅ ⋅ ⋅ ≥ 0

We truncate at  [ ], inclusive

No dependence to truncation order for 

n = 4 𝒪(ω8)
3 ≤ n ≤ 10

M2(Q2) ∼ 𝒰 (0, 1)
M2n(Q2) ∼ 𝒰 (0, M2n−2(Q2))

Sample the moments from Uniform priors

individually for u- and d-quark

Normal Likelihood function, exp(−χ2/2)

χ2 = ∑
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Bayesian approach by MCMC method
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stat. uncertainty  
via bootstrap analysis
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Fit to an expansion of Mellin moments, e.g.
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Moments | Power Corrections
Power corrections below  ?


Naive modelling via:




 is a catch all correction term 


Can we distinguish

Target mass corrections,

Elastic ,


 scaling, and

genuine higher twist contributions?

∼ 3 GeV2
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Unique ability to study the  dependence of moments!Q2

• Exp : C. S. Armstrong, R. Ent, C. E. Keppel, S. Liuti, G. Niculescu, and I. 
Niculescu, Phys. Rev. D 63, 094008 (2001), arXiv:hep-ph/0104055.
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 | Global fitℱ2
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KUC, et al.,  arXiv:2307.07904 [hep-lat]

Can we perform a global fit in  to all our Compton amplitude results?Q2
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 | Global fitℱ2
fit to  and  quarks; get the non-singlet 

Assume a parametric form for the SFs w/HT





 are free fit parameters,  

 is normalised to lowest even moment,  

Input  to the dispersion relation:  
Compton structure function is described by a 
generalised hypergeometric series,  


uV dV u − d

fq(x, Q2) = aqxbq(1 − x)cq(1 +
dqxeq(1 − x) fq

Q2 )
aq, bq, cq, dq, eq, fq q = [u, d]
aq M2,q

fq(x, Q2)

ℱ2(ω, Q2)
4ω

= M2(Q2)
N

∑
n=1 (A2n(b, c, Q2) +

C2n(b, c, d, e, f, Q2)
Q2 ) ω2n−2

 are known functions

non-singlet  evolution at LO embedded in 
A2n, C2n

ln Q2 A2n, C2n
Q2

0 = 4 GeV2

0.15

0.20

0.25

0.30

0.35

M
2
,u

°
d
(Q

2
)

Individial moments (CA)

Global fit (CA)

lnQ2 evolution

Power corrections

1 2 3 4 5 6 7 8 9
Q2 [GeV2]

0.00

0.25

C
2
,u

°
d
/
Q

2

mπ ∼ 420 MeV

Preliminary

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
x

0.0

0.1

0.2

0.3

x
f

u
°

d
(x

,Q
2
)

Q2

1

4

9

16

Preliminary

All (statistical) error bands/bars are  
Bayesian 68% credibility intervals

mπ ∼ 420 MeV

KUC, et al.,  arXiv:2307.07904 [hep-lat]



15

 | Bayesian Priors/Posteriorsℱ2

KUC, et al.,  arXiv:2307.07904 [hep-lat]

fq(x, Q2) = aqxbq(1 − x)cq(1 +
dqxeq(1 − x) fq

Q2 )
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Statistical precision is much improved w.r.t 


 is purely non-singlet


Our current results have a good low/mid-  coverage, 


additional lattice spacings,  on the way 


Allows for a direct test of Gross-Llewellyn-Smith sum rule (benchmark quantity?) 

There are systematic uncertainties to control


A global fit similar to  can be performed


 is a good candidate to incorporate to phenomenological global fits

ℱ2
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Summary & Outlook
Physical Compton amplitude, can be matched to OPE

Can extract moments of DIS structure functions

Systematic investigation of power corrections, higher-twist effects and 
scaling is within reach

Exploratory investigation of -dependence w/scaling and HT

First moment of  (GLS sum rule) can serve as a benchmark 
quantity

Plans to incorporate Compton amplitude results to the JAM framework

Exploring synergies with quasi/pseudo methods would be beneficial  

Our approach can be extended to:

GPDs: A. Hannaford-Gunn et al.  
Phys.Rev.D 105, 014502 [arXiv:2110.11532], and 
Phys.Rev.D 110 (2024) 1, 014509 [2405.06256]
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Preliminary
mπ ∼ 420 MeV

KUC, et al.,   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