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Introduction

d Parton Distribution Functions (PDFs):
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Quark and/or gluon correlation functions on the light-cone — NOT direct physical observables!

(J QCD factorization — Match PDFs to experimental cross sections:
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Calculable partonic

PDFs - Matching Approximation

(] QCD factorization works:

“Probe” Parton to Hadron “controllable?”
1.0 MSHT20NNLO, @° = 10°GeV?
MSHT20 f (2, Q%
NLO NNLO
Data set Npts X2/Npts X2/N1)t‘:~; 0s L
ATLAS 8 TeV s. diff tt 25 1.56 0.98
CMS 8 TeV d. diff tt 15 2.19 1.50
ATLAS7TeVv W, Z 61 5.00 1.91
ATLAS 8 TeV W 22 3.85 261
ATLAS 8 TeV d. diff Z 59 267 145 04l
ATLAS 8 TeV Z PT 104 2.26 1.81
ATLAS 8 TeV W + jets 39 1.13 0.60
Total LHC data 1328 1.79 133
Total non-LHC data 3035 1.13 1.10
4363 133 117 ok ‘ ‘ S
z 0.0001 0.001 0.01 0.1 1

Jygﬁgon Lab



Introduction

d Equal Time Parton Correlation Functions (PCFs):

1 w=p-§

Vo, C 2\ — v,RS 2
‘F(ha Ok‘vnawagnu ) — 2npnl/<h(p)‘0k (fnu )‘h(p» §“=(€oafTafz)—> (0,0T,fz)
. . e .- nt = (TL(),OT,O)
* With bare quark correlation operator (similar for gluon): r (0,07, 1)
b N y ) y 10z
O (&, 25 8) = PR(E ‘I’m(fa 0)¢£(0)|p2,5 o) (£,0) Gauge-link
* UV divergence as § — (, multiplicatively renormalizable:
RS 2\ _ b 2. RS 2. Ji, Zhang, Zhao, 1706.08962
OZ (57 H ) o OZ (57 Hs 5)/2(9 <£’ B 5) Ishikawa, Ma, Qiu, Yoshida,1707.03107
* NOT direct physical observables, but, Lattice QCD calculable oreen, Jansen, Siefiens, 170707452
J All-order QCD Factorization in term of PDFs:
dr 1
F(h, 0% miw, & 12) / Y Kplaw, € 12%) fule i) + O(EARep)
T n-p
t f=a,3,9 t t t
Equal-time Calculable partonic Matching Approximation X. Ji, 1305.1539
Lattice PCFs “Probe” Parton to Hadron “controllable?” Ma, Qiu, 1404.6860
Radyushkin, 1705.01488
= Y Kplow,€02) @ fule 1?) + 0N 30p) M, Qiu, 1709.03018

lzubuchi, Ji, Jin, Stewart, Zhao, 1801. 03917
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Introduction

d Calculation of the Matching Coefficients: K/(xw,£?, u?)

* Have to specify UV renormalization of the Equal-time PCFs
— Not needed for the factorization of a physical cross section!

* Apply the factorization formalism to an asymptotic parton state: 7 — f =4q,q,9

d
F(h, O n;w, & u?) / _xin Kf(azwf %) (@, 1?) + O AQCD)

f=a,9,9 rnep

* Calculate both r~ and f order-by-order perturbatively with CO regularization & UV renormalization
— TO derive the matching coefficients K ¢ (zw, 52, ,u2) order-by-order

(J Renormalization of Equal-time PCFs:
* Renormalization constant Z3° should depend on the operator 0??,

but, NOT the state to define the correlation functions (h(p)| O.° |k(p)) or (h(0)] OV |h(0))
Z35(&, 1?5 8) o (g, g(p)\OZ’b(ﬁa 1?5 8)|q, 9(p)) (e.g., Quasi-PDF approach — separation CO sensitivity)
Z(%S (&, 1?3 9) o <h(0)|(9;’b(£, 1?;8)|h(0)) (Pseudo-PDF approach — nonperturbative hadron state)
Z88 (€, u?; 6) o< (0|OV° (€, u?; 6)|0) (CO, IR safe — hard to calculate on lattice)

* How to match nonperturbative lattice renormalization to partonic calculation of Z3°?
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Renormalization Free Lattice Observable

(1 Lattice Observable (or Lattice “cross section”):
Ma, Qiu, 1404.6860

* js calculable in LQCD with an Euclidean time,
* has a well-defined continuum limit as lattice spacing a — 0, and
* has the same and factorizable logarithmic collinear (CO) divergence as PDFs

FACT:
Any hadron matrix elements of quark/gluon correlation operators are not directly measured physical observables!
NEED:

Lattice calculable matrix elements with minimum sensitivities from their renormalization

e.g., matrix elements of current-current correlators, ... _ , , ~ Ma, Qiu, 1702.03018
Suffian, Karpie, Egerer, Orginos, Qiu, Richards, 1901.03921

d Ratio of two matrix elements of the Same operator — free of renormalization:

ny - p2 (hi(p1)ng - OF°|ha(pr)) _ F(h, Oy niswi, ) * The ZB%(¢,42%6) in numerator
n1 - p1 (ha(p2)na - OR°|ha(p2)) F(ho, @ZaRS’ Na; ws, €) and denominator are canceled
: oint-by-point at all value of &.
 Yicgag Krilawr, €2,0%) @ fin, (, 12) + O(§Aop) P v2l° 2 §

Y imgag K (2w, €2, 0%) © fin, (@, p2) + O(E203cp) e Ky(xw,&°, u”) - calculated in any

o _ 5 . preferred renormalization scheme
Factorization for both numerator and denominator when &< is small
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Renormalization Free Lattice Observable

J Pseudo-PDF approach:

—~ fh,OV’RS,n;CU, K ) 27 ’ ® qu(T, ’
Rl (085 ) = — T O md | Kl €,) © i)

= PDFs are boost invariant
limw_>() f(h, OZ’RS, n,w, f) K’ns (07 527 :u2) f dx qv (337 :U'2)

Matching coefficient, K, (zw, &2, i?), can be calculated in any scheme, and

n n?—1
Kns(0,8%, %) =1+ ) (%) D) o L& p?) +terms oc £ with  L(€24?) = In(—€%? /4) + 27
n=1 i=0 j=1

d Minimum impact from lattice Renormalization — “Physical observables”:

‘F(h17 O}Z,RS7 ni;wi, £> Zi:q,q,g Kk%(xa Wi, 627 /~L2) X fi/hl (IE, ,LL2)

F(hQ, OZ’RS, Nna; Wa, 6) ijq,cj,g Kkj(ajaw% 527 ,LL2) ® fj/hg (ZC, ,LLQ)

Like the spin asymmetries with QCD factorization in both numerator and denominator, ...

* Lattice observable for each operator OZ’RS ,e8., k=gq,g,...

* New observable for different combination of hadron types, e.g., %, = proton, neutron, =, ...

* New information with different ranges of hadron momentum, ... ha = proton
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Renormalization Free Lattice Observable

J Go beyond the non-singlet case:
‘F(haoz}M—San;waé) = Re {Kns(mwaégnug) ® [fk/h(maMQ) o fﬁfh(maﬂg)]}
+iIm{Kn5(.’Bwﬁf2, #2) ® [fk/h(maﬂ2) + fi_c/h(mrﬂz)] + Kkg(mwa ézaﬂz) ® ngh(maﬂz)

Kps = Kir with &/ ?é k, E‘
+ Y Kps(aw, &, p4%) © fjf/h(mﬁ)} +0(&*A%cp)
i'=q.q Fons = R = KPS

Assuming n-£ =0

1 : sC
—n- Kns(mwa 62:' Mz) = 2xe"™™ + xa E

n-p

+/1d (22 4+ 1)L — 22 +42—1+4In(1 — 2)
zZ
0

p— (eixzw o ei:}:w) 1+ O(Oig)

1 Tr 1
——n - Kyg(aw, £, u?) _ gL F / dz L(—42* + 4z — 2) [isin(zzw)] + O(a?)
n-p n 0

1
K . 2 2 — 2
n - pn r (:Ewaé- axu“ ) O(as)

7 .Jrgff/egon Lab



Renormalization Free Lattice Observable

J Go beyond the non-singlet case:
‘F(haoz}man;wag) = Re {Kns(xwaggatUJQ) ® [fk/h(maMQ) o fﬁfh(xaﬂg)]}
+%’Im{Kns(mwa &, ph)® [fk/h(ma 1)+ fiyn(z, ,uz)] + Kig(zw, €, 4%) ® fosn(x, p1°)
Kps = Kir with &/ §é k, E‘

b Y Kol €07 @ Fyuleai) | + 0(€A3co) P
ns — 2kk — 1Lipsg

J'=q.q

®* Re-part: valence quark

* Im-part: valence quark + sea quark + gluon

Im [Iim F(h, OE’RS,n;w,g)] =0

w—0

v,RS .
‘ Im [‘F(hlao?l—{sﬁnl;wl?g)] /Im [F(h29OZ:RS>n2;w2a€)] Im [F(hl’ok ?nlawlag)]
F(h, O:’RS?”?O?O F(h, O;:’Rlsa?’&%o?g) Im [-F(hQ,OZ’RSJEQ;wQaﬁ)]

* Ratios of Re-part and Im-part can be handled separately
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Multi-loop Matching Coefficients

J Go beyond the non-singlet case:
‘F(haoz}M—San;waé) = Re {Kns(mwaégnug) ® [fk/h(maMQ) o fﬁfh(maﬂg)]}
+i Im{Km(mw, &, 1) ® [fk/h(:c, ) + fryn(e, M2)] + Kig(2w, &, 16%) @ foyn(a, pn?)

Kps = Kir with &/ ?é k, E‘

+ Z Kps(mw,§2,u2) & fjf/h(iﬂalLQ)} + O(SQA(%)CD) K =K K
ns — 2kk — 1Lipsg

J'=a9.9
* NNLO K,;: Li, Ma, Qiu, arXiv:2006.12370; Chen, Wang, Zhu, arXiv:2006.14825
* N3LO K,.: Cheng, Huang, Li, Li, Ma, arXiv:2410.05141

NNLO and N3LO Kkg and Kps . Li, Ma, Qiu, work in preparation

Unpolarized valence PDFs extracted from LQCD calculation, utilizing NNLO K, :

Gao, Hanlon, Mukherjee, Petreczky, Scior, Syritsyn, Zhao, arXiv:2112.02208

Gao, Hanlon, Karthik, Mukherjee, Petreczky, Scior, Shi, Syritsyn, Zhao, Zhou, arXiv:2208.02297
Bhat, Chomicki, Cichy, Constantinou, Green, Scapellato, arXiv:2205.07585

Gao, Hanlon, Holligan, Karthik, Mukherjee, Petreczky, Syritsyn, Zhao, arXiv:2212.12569
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Numerical Predictions

Re[F (p, O, n; 10 7€ /L, €)]

Im[F (p( 04 )n; 10 /L, £)]

9’"(p\/05 n;0, §)

F (p, 0}, n; 0, )

1.0 S
I a=0.0318fm
0.9f u=Max(2C/E,my) -
[ Cel0.5,2.0]
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0.8} ]
06} i
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(0, O, n; 0, )
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NLOns, NNLOns
= ignoring K4 and K,
simultaneously.

Significant difference
between LO and higher-

T

2 4 6 8
¢la
¥ - LO
a-(:/iOB:zSCfr/r; ) NII:8
p=Max ,Me ns
NNLO
Ce[0.5,2.0] NNLOns

order predictions:

10
actual LQCD computations

are needed

Proton PDFs use

CT18LO, CT18NLO,
and CT18NNLO

10
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Numerical Predictions

(d Direct nonperturbative comparison from LQCD calculations:

lm[?'(rro, oy, m; 10 ¢ /L, f)]
Im[# (p. O, n; 10 7€ /L, )]

Im[?‘(no, Oy, m; 10 ¢ /L, f)]

Re[F (p, OF, n; 10 ¢ /L, €)]
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HES [
S|lo 14
S5 - L
T O T 12
NLO k. ‘{:’ I
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éla

10

QCFs of external pion
decreases more rapidly:
Pion PDFs < Proton PDFs
in small x region

Significant difference between
LO and higher-order
predictions:

actual LQCD computations
are needed

Proton PDFs use CT18LO, CT18NLO, and CT18NNLO
Pion PDFs use JAM21PionPDFnlo

11
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Numerical Predictions

O N3LO predictions: PDFs use CT18NNLO Cheng, Huang, Li, Li, Ma, arXiv:2410.05141
1.0 T 0.50
" 0.45
pa 1§]=2Gev O
ENLO
p=2clsl  mnLo
— c=1/2,1,2 @ENNNLO 040
U 061 Yoo
3 3
S 35 [
0.35+— o
0.4 i — .]Ir:l(zo
[ c=1/2,1,2 mNNNLO
0.2 -
' === =S e ————— = = ———— L~
’ NLO NNLO NNNLO
B0 B30 "o
° °
& &
0 l ‘ ‘ ‘ é A ‘ ‘ A 1IO 115 ‘ A ‘ 20 2:5 ‘ ‘ J A ‘ 3:5
w 1/|€] (GeV)

Precision may still be improved by utilizing the N3LO results
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Extracting PDFs from Lattice QCD calculations

 Three approaches to extract PDFs from LQCD data:

®* naive Fourier transform

e Backus-Gilbert method Bhat, Chomicki, Cichy, Constantinou, (er((iaa,zszzaspgggtsos,

* ansatz for PDFs: fju(z, 1°) = Nz®(1 —x)”, or more fitting parameters

5 5
naive F.T.
BG

4 fit _ 4t

0 | | 0.2 | | 0.4 - 0.6 - 0.8 - 1 0 I 0.2 I 0.4 o 0.6 o 0.8 o 1
xI Z
Lack of data from large w leads to the errors of naive F.T. and BG in small =
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Extracting PDFs from Lattice QCD calculations

] Extract Valence PDFs from ratio of matrix elements:

* ansatz for PDFs: fj/u(z, %) = N2®(1 — )P

1_1 T T T T T T T T T T T T T T T

0.35j
—| = ~ NNLO =\
> ut; 10 . ] 0.30 ¥ —\
Y 1=2/(5+0.0318fm)
S | < 0.25"
N g I ;’: :
L% o 097 1 fit £ 020
R O
S| I &0
X | 3 0.15
>Q: >3 038 " "é
7|2 2=0.0318fm % 040
ol =Y L=48a
SI% orf MO pMaxecrem) 005/
x|Q NNLO Ce[0.5,2.0] -
[ 0.00
06 ! 1 1 | 1 ! 1 | L I ! | ! L 1 1 I !
O 2 4 6 8 10 0.001 0.010 0.100

pz/(2mL) | Max w = 6.54
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Summary and Outlook

* We provide a renormalization “free” schedule for extracting PDFs from
Lattice QCD calculations

* Valence quark, sea quark, and gluon PDFs can all be extracted from the
matrix elements of quark (and gluon) correlation operators — “Observable”

* The Ratio of LQCD calculations of matrix elements of the same operator, but
different hadrons provide a direct nonperturbative comparison of hadron
structure between different hadrons.

* Extracting higher-precision PDFs using N3LO matching coefficients should
be feasible

Thank you!

—
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