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My relation to Christoph

- In May 2015 Christoph invited my to give a seminar at Bern. | gave a
blackboard lunch seminar about b — s+, and a theory seminar about
the (then recent) b — s¢¢ anomalies.

- In January 2016 Christoph offered me a postdoc at Bern. | accepted.
- | was a postdoc here from June 2016 to June 2017.

- | wrote two papers with Christoph: One together with Jason and
Matteo, and the second one together with Hrachia on the two-loop
calculation (finished in 2019). This is the paper I will talk about today.

- My year in Bern was the peak of my career, my most prolific year.
Bern had a true impact in my life, and in the life of my (2-y-0) son.
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Anatomy of B — M, /" /~ EFT Amplitudes

2mpMg

M
AR = N,y {(Cg F Cio)Fa(q?) + 7 [Q]-'l(qz) - 167T2mi7‘[A(C12)] }

» Local (Form Factors):  F{(q?) = (Ma(R)|3T( b|B(k + q))

» Non-Local : Ha(q") =iP, /d“x eV (M (R)|T{jtn (%), € ©i(0) }|B(q + )
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Summary

Local

- Theory (LQCD / LCSRs)
- z-expansion (analyticity)

- Dispersive bounds (unitarity) [BGL/BCL]
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- Theory (QCDF, (LC)OPE, models, ...)

-Z-expansion

15

- g?-dependence -dispersion relations

-phenomenological

- Dispersive bounds

- Fits — “data-driven” methods??
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Non-Local Form Factors

M
ASR = A, {(@ T Cio)Fa(q?) + 7 [Cyfl(az) —~ 167r2mBHA(q2)] }
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» Local (Form Factors):  F{"(q?)

» Non-Local: Ha(q’) =iP; /d"x e (M (R)| T{ T (x), C1 0i(0) }|B(q + k))
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Non-Local Form Factors: Analytic structure
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Non-Local Form Factors: Analytic structure

- There is a “light-hadron” cut for g> > 0, but it is OZI suppressed.
- p? cut makes #H(g?) complex everywhere, but does it affect g??
- Partonic calculation mimics all singularities (must be a Theorem)

- Two-loop partonic calculation confirms analytic structure
Asatrian, Greub, Virto 2019
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g*-dependence from Analyticity

z-parametrisation for #(q?)

Im(¢®)

J/p o 9(2S) DD cut

Bobeth, Chrzaszcz, van Dyk, Virto 2017

Ly

Physical Region

> 1 (6%(2)) = (¢* — Mf/w)(q2 - pr(zs))HA(qz) is analytic in |z < 1

» Taylor expand H,(z) around z = 0:

Hn(z) = [zgzo aﬁ)zk] Ha(2)

» Expansion needed for |z] < 0.52 ( —7GeV? < ¢? < 14GeV?)
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Fit to Z-Pa rametrisation Bobeth, Chrzaszcz, van Dyk, Virto 2017

t Im(2) B K*4

B — K*9(25)

Theory data

AANANAN
ava\
S

Physical Région

B — K*Jf
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Results

Gubernari, Reboud, van Dyk, Virto 2022
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Results

Gubernari, Reboud, van Dyk, Virto 2022
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Issues:

1. Is the theory data reliable?

2. Validity of z-expansion: Do we understand the analytic structure?
3. Truncation of z-expansion — dispersive bound

4. Technical aspects of fits (convergence, interpretation, ...)

Any concern should be linked to one of these points clearly.
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Non-local form factors: Operator Product Expansion

Hi(q.R) =i / X 9 (i (k)| T{ T (¥),C; Oi(0) } B(q + k)

- Large-g”: Dominated by x ~ 0 (short-distance dominance - OPE)
Grinstein, Pirjol; Beylich, Buchalla, Feldmann
- Low-g%: Dominated by x? ~ 0 (light-cone dominance - LCOPE)

Khodjamirian, Mannel, Pivovarov, Wang

2
Lcope O dluplel age (M?M") oPE q*
T ! /

+ analytically-continue from OPE region to physical region
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Non-local form factors: Operator Product Expansion

We write
H"(q, k) = (Mx(R)|KH()IB(q + k)
With the operator K#(q) given by
—l/d"xe’qXT{ TE(x),C0i(0)}

It turns out that: Leading-order OPE = Leading order LCOPE
Kopr(a) = ACG(07) (949" — ¢°9") 3y, Pib + AG(q7) 2imy 30+ q, Prb + - --

With this we have:
Hipp(a. k) = AC(°) (09" — G°g")F, + 2imy ACH(7)F™ +
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Objective: Fully analytical calculation in two variables: g and m..
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AC, = O(as) and  AC ~ log (4m? — g?) + O(as)
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Two-loop Master Integrals

(m%)N 4( )2e ddédd
R A A
Is " lg 17

(g2 me) = (2m) /

=(+q’-m; Ps=(r+p—q)° Py=(-q

Py = > — m? Pe=r-q Pm:(H—p—q)z—mﬁ
Py=(t+r—m; Pr=t-(p—q) = (r+p)* —mj
Py=r Ps = (r+p)’ sz—(£+r+Q)2— :
Ps=r-(p—q)
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Differential Equations in Canonical Form Henn 2013

(mE)N,—A(ﬁZ)Ze ddg C/dl’
ppe pls plle plls pllie pitn
I I I3 Iy Is I3 Iz

(g2 me) = (2m)~ /

ani,f?(evxvy) = aﬁi(G,X,y)]uZ(E,X,y) ) ayji,k(€7xay) = Gﬁ§(67xay)j)',€(€7xay) )

-

— Transformation to “Canonical” Basis: M(x,y) = T(e, x,y) - J(X, V)
aXM(€7X7y):EAX(Xay)M(vaay) ) ayM(E?X7y):eAy(Xay)M(evxay)

Need to find the right variables x, y
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Asatrian, Greub, Virto 2019

Matching calculation at NLO
Differential Equations in Canonical Form Henn 2013
— Transformation to “Canonical” Basis: M(x,y) = T(e, X, y) - J(x, V)
= EA)/(Xay)M(EaXay)

8X/\7l(e,x7y) = e A(X,Y) /\7l(e7x, y) 8y/\7l(e,x,y)
q?/m3, z=mz/m3.

Need to find the right variables x, y, functions of s

! xb:zd:\/él_—\/4z—1,

’

Ty =2To=Te =
1—-4z
1 1 1
Yo = PRt Y = S Ye=Yd = Ye = n
_ 4z =4 _ 4z
1 1-s 1 s 1 s
2a} —afyy+2ays —2Pys+apyiHeiyi +afy?

. —4x} + dady, + 2v22H(1 + yb)\/ P
K —14 6z} — = +y, + 222y, + Tiys ’
Yy S T, Y z6 292 ady2 4 1642
. —4x} — dady, + 4v223(1 — yb)\/2 bl 2 byb;%(ib;)zbybH o8+ 2L
= 1= 622 + 2k + yy + 200y + iy similar to Huber, Bell 2014
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Iterative solution of DEs

aXM(eaxvy):EAX(Xay)M(E7Xay) ) 8)//\7'(5;)(»)/):eAy(XaY)M(va»Y)

6X,y/\_/"n(xay) = Axy(X, y)Mﬂ—1(X7y)
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Iterative solution of DEs  First y dependence, then x:

Mo(x,y) = Co(x),
Mixy) = 3 [A 6w (x):y)] Co(x) + Gi(x) .
Ja

Ma(x,y) = > A A G(w, (), w;, (); )] Colx)
J2:h1

+ 3 A G(w, ():)] GiX) + Cax)
J2

Mxy) = - (1)
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Iterative solution of DEs

Solutions in terms of Generalized Polylogarithms (GPLs) Goncharov 1998

dt - log" x
g G0 t) GY) =15 G(0nix) = &

G(W1,...,W,,;y)_/0y
Le
G(1;x)=log(1—x), G(0,1;x) =—Lir(x), G(0,0,1;,x) = —=Li5(x)...

Fast numerical evaluation of general GPLs in the complex plane available
(C++, python, matlab, ...)
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Results: Comparison to previous calculations:
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\

T osh )

s 9909@%@% + LE

= L &

= 5 ook /
> O =

g af e E o P

-2 -1 0 1 2 -2 -1 4 1 2
s=q*/m} s=q*/mji
20
& 15 [
_ iR — e S
< [ SEERTS
+ Py + '
- | X “ &
= ! S = ’
2. ! o =, S5F !
R R
2 f@;’\ %@ ] o
° : Sog - =
'S¢
: o N !
SE | - i
. . ' \ . . . L . .
-2 -1 0 1 2 -2 -1 4 1 2

s=qjm} s=q/m}

Javier Virto Analyticity in b — s££ at two-loops June 5th, 2023 22/32



Matching calculation at NLO

Asatrian, Greub, Virto 2019

Singularities of the partonic amplitude

(b)

Cqmeplex

..
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3*? -
7
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Asatrian, Greub, Virto 2019

Matching calculation at NLO

Singularities of the partonic amplitude

0y, s b 0y,
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Checking analytic structure of #H(g?)

~ jns C-S)

= /Lﬂa(s) AT — wk is oew M M gide

Loa () =A% Tua(s) 70
owe  tould wrile 1415(."’5) N 3LS) &
L-s(ﬂ AT Twm(s) <o

The Asint ng oo Lior 55 mek ‘a«»rw«l“ul
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Checking analytic structure of H(g?)

10 Diag. d
o0F .
~ [ DD
L st o
H | t, .
w L + o
~ Wfesesdesosn .
g -05 F o +‘ ]
= "
-10 F ]
[ T4
FI 1 1 \+
-05 0.0 05 10 15 20
= 32
s=q/my
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Checking analytic structure of #(g?)

06 [ Diag. b R
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Checking analytic structure of #(q?)

] (
Diag. a (
0.2 |- q
poooo;
m DDDDDDDEDDDDDDDDDDDDDE
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Analytic structure

Direct check of analytic structure at two loops: Asatian, Greub, Virto 2019

F(s1) — F(s2) =

s, [* . F(t+i0) — F(t — i0)
=

Example:

Fy0y(=8+1) — F{7), (=1 — 2) = 0.0894864 — 0.1608271 ,

= 0.0894966 — 0.1608397 .

—24+3i /00 Disc F, ()b)( )
4

2mi (t+3—10)(t+1+20)
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Left-Hand Cuts? M. Hoferichter, S. Mutke

B — K*~*

1 e s’ s') FV* (s 1 1 3s sy ) disc sy) FY*(s
f as' vp a(s")ap a(s") Fr™( )+_f ax 2 vp x(sx)discgp x(sx) Fr™(sx)
am2 ™ Jo

n s) = —
P.A(S) E s’ —s Ix Sy — S

—mpanom
=nPm(s) =Mpx' ()

First mentioned by Ciuchini et al 2022 but in the context of the p? cut

Are they there? Are they sizable? Can we modify the z-expansion?
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Asatrian, Greub, Virto 2019

e The discontinuities in diagrams a and ¢ become purely imaginary for s > 4z and s > 1,
respectively.

e The contribution from diagrams c features a pole on the real axis when approaching the
point s = 1 from the negative imaginary plane. This pole is related to an anomalous

threshold.
. — .
30 F Diag. ¢
i o AC [%ﬂm 3
4 HooMwE R
) s ot
& 10 £ o
Q g e E e 3
~ ERE #
-0 F 1 Wk ‘ ; E
. . | . . | L .
05 00 05 10 15 20 05 00 05 10 15 20
_ 20 _ 20
s=q'/m; s=q'/my

Faster/better implementation of GPLs needed to check the dispersion
relation in diagrams (c) [e.g. EOS] - (work by Viktor Kuschke)
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Thank you
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