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INCLUSIVE DECAYS OF B MESONS
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We need precise predictions in the SM, often at the 1-2% level!
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Figure 39: Summary of |Vub| and |Vcb| determinations. The black solid and dashed
lines correspond to 68% and 95% C.L. contours, respectively. The result of the global

fit (which does not include |Vub/Vcb| from baryon modes nor |Vcb| from Bs ! D(⇤)
s `⌫)

is (|Vcb|, |Vub|) = (39.75 ± 0.69, 3.61 ± 0.14) ⇥ 10�3 with a p-value of 0.74. The lat-
tice and experimental results that contribute to the various contours are the following.
B ! ⇡`⌫: lattice (FNAL/MILC [559], RBC/UKQCD [560], and JLQCD [561]) and ex-
periment (BaBar [652, 653] and Belle [654, 655]). B ! D`⌫: lattice (FNAL/MILC [610]
and HPQCD [611]) and experiment (BaBar [670] and Belle [669]). B ! D⇤`⌫: lattice
(FNAL/MILC [609]) and experiment (Belle [661]). B ! ⌧⌫: lattice (fB determinations
in Fig 27) and experiment (BaBar [530] and Belle [529]). Bs ! K`⌫/Bs ! Ds`⌫: lat-
tice (HPQCD [571], RBC/UKQCD [575], FNAL/MILC [574], HPQCD [617]) and experi-
ment (LHCb [674]). ⇤b ! p`⌫/⇤b ! ⇤c`⌫: lattice (Detmold 15 [518]) and experiment
(LHCb [636]). Bs ! D⇤

s`⌫/Bs ! Ds`⌫: lattice (HPQCD 19 [617] and HPQCD 19B
[616]) and experiment (LHCb [618, 619]). The inclusive determinations are taken from
Refs. [169, 263, 672] and read (|Vcb|, |Vub|)incl = (42.16± 0.51, 4.32± 0.29)⇥ 10�3.
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SEMILEPTOINC B DECAYS

➤ Extraction of the CKM element . 

➤ Determination of the non-perturbative matrix elements from 
experimental data.  

➤ Predictions for processes with FCNC crucially depend on these SM 
inputs. 

➤  

➤

|Vcb |

|VtbV⋆
ts | ≃ |Vcb |2 (1 + O(λ2))

ϵK ≃ |Vcb |4 x

3



THE HEAVY QUARK EXPANSION
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No non-perturbative matrix element at leading power! 
In a first approximation we can consider the decay of a free bottom quark
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THE HEAVY QUARK EXPANSION
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LIFETIMES

➤ Test the SM and framework used  

➤  Perform indirect BSM searches
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Total width Lifetime ratios

1
τ(Bq)

= Γb + δΓBq

= Γnon leptonic + ∑
l=e,μ,τ

Γ(B → Xlν̄l) + …

τ(Bq)
τ(Bq′￼

)
= 1 + (δΓBq

− δΓB′￼q
) τ(Bq)

➤ Nonleptonic decays (dominant) 

➤  

➤

b → cūd

b → cc̄s



THE HEAVY QUARK EXPANSION
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Very advanced framework thanks to huge e↵ort of big community

Maria Laura Piscopo LmC 2024 5

B-mesons lifetimes

Scenario A

◇ Larger inputs for Bd
[Bordone et al. ’21]

◇ Larger SU(3)F breaking

Scenario B

◇ Smaller inputs for Bd
[Bernlochner et al. ’22]

◇ Smaller SU(3)F breaking

[Lenz, MLP, Rusov ’22]
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Lenz, Piscopo, Rusov,  JHEP 01 (2023) 004 



• Total rate 

•  and  moments 

•  

• Kinetic scheme

Eℓ M2
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LO 4q at : Gabbiani, Onishchenko, Petrov, 
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b → ceν̄e

b → cμν̄μ

b → cud

b → ccs

τ

others

Γ(B)

Error budget

➤ Error on  dominated by theoretical uncertainties on ! 

➤ GOAL: push accuracy for  at NNLO

Γ(B) Γ3

Γnon leptonic
3

Lenz, Piscopo, Ruov,  JHEP 01 (2023) 004 



NONLEPTONIC DECAYS AT NNLO: CHALLENGES
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Four loop master integrals 
depending on ρ = mc/mb

Non-trivial renormalization of effective operators 

Issues with  in dimensional regularisationγ5
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DIVIDE ET IMPERA



STRATEGY

➤ Warm up exercise: recalculate  at NNLO with “Expand & match” method. 
Compare and validate with known results in the literature. 

➤ Attack the more complicated nonleptonic decays  and  with 
“Expand & match” method. Solve issue with  and renormalization. 

➤ Update predictions for 

b → clν̄l

b → cūd b → cc̄s
γ5

Γ(Bq)
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MF, Lange, Schönwald, Steinhauser JHEP 09 (2021) 152 



NUMERICAL EVALUATION OF MASTER INTEGRALS
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∂ ⃗I
∂x

= M(x, ϵ) ⃗I
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[and ] 
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S. Pozzorini and E. Remiddi, Comput. Phys. Commun. 175, 381 (2006). 
X. Liu, Y.-Q. Ma, and C.-Y. Wang, Phys. Lett. B 779, 353 (2018). 
R. N. Lee, A. V. Smirnov, and V. A. Smirnov, JHEP 03, 008 (2018). 
M. K. Mandal and X. Zhao, JHEP 03, 190 (2019). 
M. L. Czakon and M. Niggetiedt, JHEP 05, 149 (2020).. 
F. Moriello, JHEP 01, 150 (2020). 
MF, Lange, Schönwald, Steinhauser JHEP 09 (2021) 152 
Hidding, Comput.Phys.Commun. 269 (2021) 108125 
Armadillo, Bonciani, Devoto, Rana, Vicini, Comput.Phys.Commun. 282 (2023) 108545

Kotikov,  Phys. Lett. B 254 (1991) 158;  
Gehrmann, Remiddi,  Nucl. Phys. B 580 (2000) 485

➤ Solving master integrals: method of differential equations

Master integrals



APPLICATIONS
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Several approaches
➤ DESS 

➤ DiffExp 

➤ SeaSide 

➤ Expand and match

Heavy-quark form factors at O(α3
s )

MF, Lange, Schönwald, Steinhauser Phys.Rev.Lett. 128 (2022) 17; 
Phys.Rev.D 106 (2022) 3, 034029; Phys.Rev.D 107 (2023), 094017 

also application to NRQCD 

Egner, MF, Lange, Piclum, Schönwald, Steinhauser, Phys.Rev.D 104 
(2021) 5, 054033, Phys.Rev.D 105 (2022) 11, 114007

Lee, Smirnov, Smirnov, JHEP 03 (2018) 008

Hidding, Comput.Phys.Commun. 269 (2021) 108125

Armadillo, Bonciani, Devoto, Rana, Vicini, Comput.Phys.Commun. 282 (2023) 108545

Xiao Liu, Yan-Qing Ma, Comput.Phys.Commun. 283 (2023) 108565

MF, Lange, Schönwald, Steinhauser JHEP 09 (2021) 152

I( ⃗n) = ∫
L

∏
i=1

dDℓi
1

Dn1
1 …DnN

N

= lim
η→i0−

Iaux( ⃗n, η)

➤ Auxiliary mass method 

➤ Precise numerical evaluation of 
boundary conditions

Fix all external kinematics to numerical values
s = 2, t = 1/10, m = 1, etc



WARM UP: SEMILEPTONIC DECAYS AT NNLO
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Γ(B → Xqℓν̄ℓ) =
G2

Fm5
b |Vqb |2

192π3 [X0(ρ) +
αs

π
X1(ρ) + ( αs

π )
2

X2(ρ) + …]
• Establish differential equations w.r.t.  

• Solve for the imaginary part of master integrals with “Expand & match” 

• Compare with asymptotic expansion in the limit 

ρ = mc/mb

ρ → 0

mb mc massles

b bq

ℓ
ν̄ℓ

Egner, Fael, Schönwald, Steinhauser, JHEP 09 (2023) 112

Czarnecki, Pak, Phys.Rev.D 78 (2008) 114015



➤ Analytic boundary conditions can be easily 
calculated in the limit ( ) 

➤ “Expand and match” allows to extrapolate 
the solution at 

ρ → 1 mc ≃ mb

ρ = 0

15
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Egner, Fael, Schönwald, Steinhauser, JHEP 09 (2023) 112 
asymptotic expansion from: Czarnecki, Pak, Phys.Rev.D 78 (2008) 114015
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Egner, Fael, Schönwald, Steinhauser, JHEP 09 (2023) 112 
asymptotic expansion from: Czarnecki, Pak, Phys.Rev.D 78 (2008) 114015

Our result manifests a mass singularity, what is going on here?



INTERLUDE: FIVE-BODY DECAY OF THE MUON
➤ Search for CLFV at Mu3e experiment 

➤ Dominant source of background 
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 K. Arndt et al. [Mu3e], Nucl. Instrum. Meth. A 1014, 165679 (2021)



NLO CORRECTIONS TO FIVE-BODY DECAY

➤ Very stringent selection cuts on  

➤ QED corrections can reach 15-20% effect

m123
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Fael, Greub, JHEP 01 (2017) 084
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FIVE-BODY DECAY OF THE BOTTOM

Re(x)

Im(x)

ρ = 0 ρ = 1

ρ = 1/3

Physical region 0 ≤ ρ < 1

Threshold for 3 charm quarks

b b

c

ν̄

ℓ

18

Boundary condition at ρ = 1

b b

c

l

ν̄l

➤ Boundary conditions at  with AMFlow 

➤ For all master integrals consider real and 
imaginary part.

ρ = 1/2
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Egner, Fael, Schönwald, Steinhauser, JHEP 09 (2023) 112



b b
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Oq1q2q3
j Oq1q2q3 †
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j Oq2q1q3 †

i
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q1

q3
−→

NONLEPTONIC DECAYS AND γ5

ℋeff =
4GF

2 ∑
q1,3=u,c

∑
q2=d,s

λq1q2q2(C1(μb)O
q1q2q3
1 + C2(μb)O

q1q2q3
2 ) + h . c .

Traditional basis

Oq1q2q3
1 = (q̄α

1γμPLbβ)(q̄β
2γμPLqα

3 ),

Oq1q2q3
2 = (q̄α

1γμPLbα)(q̄β
2γμPLqβ

3 ) ,

Buras, Weisz, NPB 333 (1990) 66
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γμPL

γμPL

≃ Tr(γμγνγργσγ5)Tr(γμγνγργσγ5)



b b
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Γq1q2q3 Γ̃q1q2q3

Γq1q2q3(ρ) = Γ̃q1q2q3(ρ)
C̃1→C2,C̃2→C1

Oq1q2q3
1 = (q̄α

1γμPLbβ)(q̄β
2γμPLqα

3 )

= (q̄α
2γμPLbα)(q̄β

1γμPLqβ
3 ) = Oq2q1q3

2

Fierz identity in d = 4



PRESERVING FIERZ IDENTITY IN d ≠ 4

22

➤ Fierz identity can be restored order by order in perturbation theory 

➤ Use definition of evanescent operator which preserves a symmetric ADM 

➤ Equivalent to require that  do not mix under renormalization.O± = (O1 ± O2)/2

γ11 = γ22 γ12 = γ21
Buras, Weisz, NPB 333 (1990) 66

b bq1

q2q3

q2

q1q3

Fierz
O1 O2



EVANESCENT OPERATORS

E(1),q1q2q3
1 = (q̄α

1γμ1μ2μ3PLbβ)(q̄β
2γμ1μ2μ3

PLqα
3 ) − (16 − 4ϵ+A2ϵ2)Oq1q2q3

1

E(1),q1q2q3
2 = (q̄α

1γμ1μ2μ3PLbα)(q̄β
2γμ1μ2μ3

PLqβ
3 ) − (16 − 4ϵ+A2ϵ2)Oq1q2q3

2

E(2),q1q2q3
1 = (q̄α

1γμ1μ2μ3μ4μ5PLbβ)(q̄β
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1
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2 = (q̄α

1γμ1μ2μ3μ4μ5PLbα)(q̄β
2γμ1μ2μ3μ4μ5

PLqβ
3 ) − (256 − 224ϵ+B2ϵ2)Oq1q2q3

2

 in the CMM basiŝγ(2)  in the Traditional basiŝγ(2) Impose γ11 = γ22, γ12 = γ21
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Chetyrkin,  Misiak, Munz, hep-ph/9711280; 
Gorbahn, Heisch, hep-ph/0411071
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RESULTS IN THE ON SHELL SCHEME
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Γq1q2q3 =
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Note: the functions  are 
scheme dependent!

Gij
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UPDATING THE LIFETIMES OF B MESONS
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Egner, MF, Lenz, Piscopo, Rusov, Schönwald, Steinhauser, in preparation
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ps−1

ps−1 ps−1

mkin
b (1 GeV) = 4.573 ± 0.018 GeV
mc(3 GeV) = 0.895 ± 0.010 GeV



CONCLUSIONS
➤ Calculation of the NNLO QCD corrections to nonleptonic decays (  and  

➤ This calculation was made possible by recent developments in multi-loop calculation  

➤ Numerical methods for solving master integrals 

➤ Auxiliary mass flow (AMFlow) 

➤ Quite significant reduction of the theoretical uncertainties from scale variation 

➤ SOON: update of the lifetime predictions  

➤ Improved accuracy opens the possibility to use  in the global fits for 

O1 O2)

τ(B) Vcb
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