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modeling the end of inflation



what we “know” about inflation (simplest case - scalar field driven inflation)

Planck Collaboration: Cosmological parameters
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Fig. 21. Left: Constraints on the tensor-to-scalar ratio r0.002 in the ⇤CDM model, using Planck TT+lowP and Planck
TT+lowP+lensing+BAO+JLA+H0 (red and blue, respectively) assuming negligible running and the inflationary consistency rela-
tion. The result is model-dependent; for example, the grey contours show how the results change if there were additional relativistic
degrees of freedom with �Ne↵ = 0.39 (disfavoured, but not excluded, by Planck). Dotted lines show loci of approximately con-
stant e-folding number N, assuming simple V / (�/mPl)p single-field inflation. Solid lines show the approximate ns–r relation for
quadratic and linear potentials to first order in slow roll; red lines show the approximate allowed range assuming 50 < N < 60 and
a power-law potential for the duration of inflation. The solid black line (corresponding to a linear potential) separates concave and
convex potentials. Right: Equivalent constraints in the ⇤CDM model when adding B-mode polarization results corresponding to the
default configuration of the BICEP2/Keck Array+Planck (BKP) likelihood. These exclude the quadratic potential at a higher level
of significance compared to the Planck-alone constraints.

limited by cosmic variance of the dominant scalar anisotropies,
and it is also model dependent. In polarization, in addition to B-
modes, the EE and T E spectra also contain a signal from tensor
modes coming from reionization and last scattering. However,
in this release the addition of Planck polarization constraints at
` � 30 do not significantly change the results from temperature
and low-` polarization (see Table 5).

Figure 21 shows the 2015 Planck constraint in the ns–r plane,
adding r as a one-parameter extension to base ⇤CDM. Note that
for base ⇤CDM (r = 0), the value of ns is

ns = 0.9655 ± 0.0062, Planck TT+lowP. (38)

We highlight this number here since ns, a key parameter for in-
flationary cosmology, shows one of the largest shifts of any pa-
rameter in base ⇤CDM between the Planck 2013 and Planck
2015 analyses (about 0.7�). As explained in Sect. 3.1, part of
this shift was caused by the ` ⇡ 1800 systematic in the nominal-
mission 217 ⇥ 217 spectrum used in PCP13.

The red contours in Fig. 21 show the constraints from Planck
TT+lowP. These are similar to the constraints shown in Fig. 23
of PCP13, but with ns shifted to slightly higher values. The ad-
dition of BAO or the Planck lensing data to Planck TT+lowP
lowers the value of ⌦ch2, which at fixed ✓⇤ increases the small-
scale CMB power. To maintain the fit to the Planck tempera-
ture power spectrum for models with r = 0, these parameter
shifts are compensated by a change in amplitude As and the tilt
ns (by about 0.4�). The increase in ns to match the observed
power on small scales leads to a decrease in the scalar power
on large scales, allowing room for a slightly larger contribution

from tensor modes. The constraints shown by the blue contours
in Fig. 21, which add Planck lensing, BAO, and other astrophys-
ical data, are therefore tighter in the ns direction and shifted to
slightly higher values, but marginally weaker in the r-direction.
The 95 % limits on r0.002 are

r0.002 < 0.10, Planck TT+lowP, (39a)
r0.002 < 0.11, Planck TT+lowP+lensing+ext, (39b)

consistent with the results reported in PCP13. Note that we as-
sume the second-order slow-roll consistency relation for the ten-
sor spectral index. The result in Eqs. (39a) and (39b) are mildly
scale dependent, with equivalent limits on r0.05 being weaker by
about 5 %.

PCP13 noted a mismatch between the best-fit base ⇤CDM
model and the temperature power spectrum at multipoles ` <

⇠
40,

partly driven by the dip in the multipole range 20 <⇠ ` <⇠ 30. If
this mismatch is simply a statistical fluctuation of the ⇤CDM
model (and there is no compelling evidence to think otherwise),
the strong Planck limit (compared to forecasts) is the result of
chance low levels of scalar mode confusion. On the other hand if
the dip represents a failure of the ⇤CDM model, the 95 % limits
of Eqs. (39a) and (39b) may be underestimates. These issues are
considered at greater length in Planck Collaboration XX (2015)
and will not be discussed further in this paper.

As mentioned above, the Planck temperature constraints on
r are model-dependent and extensions to ⇤CDM can give sig-
nificantly di↵erent results. For example, extra relativistic de-
grees of freedom increase the small-scale damping of the CMB
anisotropies at a fixed angular scale, which can be compensated
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• shape of the potential (self-couplings) 

• couplings to other fields
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*for “model-independent” attempts see Oszoy et. al (2015)

end of inflation depends on …



end of inflation (ignoring couplings to other fields*)
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oscillating “free” scalar field: matter-dominated expansion
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oscillating “free” scalar field: matter-dominated expansion +“slow” gravitational instability
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oscillating scalar field: self-interaction driven fast instability & “oscillon” formation
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*without oscillons, but relevant for instabilities, see related (much) earlier work: Khlopov, Malomed & Zeldovich (1985)
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self-interaction driven fast instability & “oscillon” formation + gravitational clustering

MA, Easther, Finkel, Flauger & Hertzberg (2011) 

0.25H�1
end

expansion

self-interactions

gravitational int.

MA & Mocz (2019)
* non-relativistic, Schrodinger-Poisson

expansion

self-interactions

gravitational int.



gravitational effects
2

a = 1 2 4 8 16 20

w
/
gr
av

it
y

n
o
gr
av

it
y

-1 -0.5 0 0.5 1

FIG. 1. Projected co-moving “densities” a
3
| |

2 (average along the line of sight) at several scale factors (a = 1 to a = 20) in
our 3+1 dimensional lattice simulations, with � ⌘ M/mpl = 0.03, and local gravitational interactions switched on (top panels)
and o↵ (bottom panels). The early instability due to self-interactions gives rise to the formation of solitons from an almost
homogeneous initial state. A statistical analysis of the locations of solitons at late times shows reveals evidence for clustering
only in the case where gravitational interactions are included. Note that inside solitons, | |2 = const. that is, their core density
does not redshift, whereas the background | ̄|

2
/ a

�3. Moreover, solitons maintain a fixed physical size, hence the illusion of
them shrinking in size in a co-moving volume. The initial size of the box is the size of the horizon at the beginning of the
simulation L ' H

�1
in . The solitons contain a dominant fraction (⇠ 80%) of the mass in the simulation volume. On a technical

aside, note that the projected co-moving density even in the densest (lightest in color) appearing regions in the above plot will
be smaller that the density inside the cores because of the small volume occupied by the solitons.

between relativistic/non-relativistic models and results
is discussed in the Appendix.

The rest of the paper is organized as follows in short
sections. In Section II we discuss the model for a non-
relativistic, self-interacting field in an expanding universe
with weak field gravity. In Section III, we briefly dis-
cuss the lattice simulation and our numerical algorithm.
The initial conditions for the simulations is provided
in Section IV. We analyze linear instabilities from self-
interactions and gravitational interactions in Section V.
The numerically calculated power spectrum for the field
perturbations is provided in Section VI. In Section VII we
discuss the formation of solitons, followed by a discussion
of their individual profiles and stability in Section VIII.
The gravitational clustering of solitons is discussed in
Section IX, and resulting strong soliton interactions are
explored in Section X. Finally, we present our conclusions
and future directions in Section XI. In the Appendix we
discuss connections to a related relativistic system.

II. THE MODEL

We use the following equations of motion (and con-
straint equations) to explore the dynamics of a non-
relativistic, self-interacting, self-gravitating scalar field in

an approximately homogeneous and isotropic universe:

i

✓
@t +

3

2
H

◆
+

1

2a2
r

2
� U

0
nl(| |

2) � �

�
 = 0 ,

r
2

a2
� =

�
2

2


| |

2 +
1

2a2
|r |

2 + Unl(| |
2)

�
�

3

2
H

2
,

H
2 =

�
2

3


| |2 +

1

2a2
|r |2 + Unl(| |2)

�
,

(1)

where [. . .] indicates a spatial average, a(t) is the scale-
factor, H(t) = ȧ(t)/a(t) is the Hubble rate,  (t,x) is
complex field amplitude, �(t,x) is the Newtonian po-
tential and Unl(| |

2) encodes the self-interactions of the
field.2

All variables and parameters appearing in the above
equation are dimensionless. We have expressed time t in
units of ⌧m = ~/mc

2, lengths in units of �m = ~/mc,
the Newtonian gravitational potential � in units of c

2

and | |
2 in units of m

2
M

2
c
3
/~3. Note that m

2
M

2
c
3
/~3

has dimensions of mass density. We assume that the
parameter

� ⌘
M

mpl
⌧ 1 . (2)

2
We have checked that qualitatively similar results are obtained

even if we set Unl ! 0 in the Poisson and Friedmann equations,

but keep U 0
n(| |2) ⌘ @| |2Un(| |2) in the nonlinear Schrödinger

equation.
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FIG. 6. Gravitational clustering facilitates close encounters at late times between solitons. Such close encounters lead to
mergers, strong scattering and formation of soliton binaries. Non-gravitational interactions can play a dominant role in the
close-encounters, with the phase of the scalar field also playing an important role. This richness in the close-encounter dynamics
makes the soliton gas distinct from a gravitationally interacting gas of particles (CDM).

2. A few solitons merge to form more massive solitons
(typically when the relative phase is ⇠ 0), resulting
in a change in number density of solitons. Such in-
teractions are typically accompanied by generation
of a burst of scalar waves as the solitons settle into
new configurations.

3. A small fraction of solitons form orbiting binaries.

4. Only few � 10% of the number of solitons in our
simulations undergo strong encounters per Hubble
time.15 This is consistent with the rate of change
in the co-moving number density of solitons

d ln(a3
nsol)

d ln a
' 0.1 , (21)

as seen from Fig. 3.

We re-iterate that bouncing, binary formation and
merging of solitons is self-consistently obtained from our
cosmological initial conditions. Evidently, the dynamics
of these strong interactions are quite rich, and deviate
from the expectations of treating these solitons as just
point particles. The relative phase of the solitons plays
an important role in these close encounters. A more de-
tailed investigation of the rich dynamics of close encoun-
ters is left for future work.16

15
We inspected 6 numerical runs with di↵erent initial conditions

to get this number.
16

For an early, and detailed investigation of Q-ball interactions

(relativistic complex field valued analogs of our solitons), but

without gravity, see [55].

The repulsive and attractive behavior of such solitons
as a function of relative phase can be heuristically un-
derstood as follows. Consider a probe soliton moving
past another stationary soliton (in absence of gravity).
The nonlinearity in the Schrödinger equation (/ | |

2 for
| |

2
⌧ 1) can be thought of as a nonlinear refractive in-

dex.17 If the two solitons are in phase, we expect this
term to be larger in the region between the solitons than
the case when the stationary soliton is absent. It also in-
creases towards the stationary soliton. As a result, this
larger refractive index, and its gradient, will cause the
core of the probe soliton to bend towards the stationary
one, i.e. there will be attraction between the solitons. On
the other hand, when our two solitons are out of phase,
the | |

2 between the two solitons will be smaller, and
have to go to zero in the middle (from symmetry), caus-
ing the probe soliton to move away from the stationary
one (hence “repulsion”). A more detailed, e↵ective po-
tential based analysis at large separations is provided by
[37, 57].

XI. CONCLUSIONS & FUTURE DIRECTIONS

We investigated the dynamics of non-relativistic
scalar fields in an expanding background. By includ-
ing self-interactions and gravitational interactions, we

17
This is more than an analogy since nonlinear Schrödinger equa-

tions are used to model light pulse propagation in nonlinear me-

dia [56], we learned of the above heuristic explanation from the

same paper.

• stochastic gravitational wave-generation (example: Zhou et. al 2013, Kitajima et. al 2018)
• primordial black hole (PBH) formation ? (Cotner et. al 2019, full GR simulations: Giblin & Tishue 2019, Kou et. al 2021)
• For particle DM clustering and effects from reheating  (eg. Erickcek and Sigurdsen 2011)
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IX. GRAVITATIONAL CLUSTERING

For � ⌧ 1, gravitational clustering is expected to be-
come important at late times (significantly after the soli-
tons have formed, see eq. (12)). At these late times,
this universe essentially behaves as a matter dominated
universe (a(t) / t

2/3), with solitons becoming our new
non-relativistic dust particles on scales much larger than
their size. As a result, our zeroth order expectation is
that the gravitational clustering of these solitons should
proceed in a manner similar to dust in an expanding uni-
verse. Moreover, we can ignore non-gravitational forces
between the solitons at separations much larger than 2re

because we expect them to be Yukawa-like, with the force
falling away exponentially with separation.13

We construct the two point correlation function of soli-
ton locations obtained from our simulations to quantita-
tively investigate the e↵ects of gravitational clustering.
In Fig. 5, we show the two-point correlation function of
the solitons, calculated with the Landy-Szalay estimator
[52, 53]:

⇠LS(r) =
DD

RR
�

N � 1

N

DR

RR
+ 1 , (19)

where there are N solitons (the data D), and N uniform
randomly chosen points R, and RR is the number of soli-
ton pairs in a given co-moving radial separation bin, RR

is the mean count for the random points over several re-
alization R, and DR is the cross-correlation statistic.

As seen in Fig. 5, the measured two point correlation
function is the same for the case with and without gravi-
tational interactions at early times soon after soliton for-
mation (a . 4). The distribution is close to Poissonian
on large scales: ⇠LS(r & 10) ⇡ 0. However, the co-moving
scale rnl ⇠ k

�1
nl which is the typical separation of solitons

when they first form manifests itself in a negative corre-
lation function on small scales (we find very few solitons
with separations less than k

�1
nl ).

If we allow for gravitational interactions, solitons begin
to cluster. This clustering can be quantified in our simu-
lations at late times as excess power in ⇠LS (for a & 10).
Consistent with clustering of point particles in a matter
dominated universe starting with uncorrelated positions
[54], we find

⇠LS(r) /
1

r2
, (20)

where r is a co-moving separation. Fitting the model
⇠LS / a

↵
r

� for our 6 simulations in the range of a = 10

self-interaction potential), which also showed that the above sta-

bility criterion correctly predicted the survival of large amplitude

oscillons in simulations. We further note that three dimensional

oscillons in Sine-Gordon potentials (for axions, but without grav-

ity) are not stable and have a relatively short lifetime, compared

to flattened potentials [49, 50]. Also see the Appendix.
13

This is also reminiscent of the force between solitons as analyzed

by [51].

[co-moving separation]

/ r
�2

FIG. 5. The two point correlation function of soliton loca-
tions with and without the inclusion of gravitational interac-
tions. At early times, the correlation function with and with-
out gravity agree with each other. However, at late times
gravitational clustering ⇠LS(r) / r

�2 is clearly visible for the
a = 16 and a = 20 cases in the above figure.

to a = 20, we find: ↵ = 1.7 ± 0.3, � = �2.1 ± 0.2. It
would be interesting to explore this clustering further in
detail, since it might reveal di↵erences from the point
particle case at late times.

X. STRONG SOLITON INTERACTIONS

Self-gravity plays the important role of bringing soli-
tons together at late times (i.e., significantly after their
formation), and allows them to interact.14 Fig. 6 shows
three di↵erent types of interactions that are achieved
from our cosmological initial conditions.

1. Solitons “repel/bounce o↵” each other when the
relative phase of the interacting solitons |✓1 �✓2| ⇡

⇡ where  a(t,x) =  a(x)e�i(⌫at+✓a) with a = 1, 2.
The repulsive interactions lead to some of the
largest post interaction kicks to our solitons. We
observe some solitons zooming across our simula-
tion volume.

2. A few solitons merge to form more massive solitons
(typically when the relative phase is ⇠ 0), resulting
in a change in number density of solitons. Such in-
teractions are typically accompanied by generation
of a burst of scalar waves as the solitons settle into
new configurations.

3. A small fraction of solitons form orbiting binaries.

14
There are interactions at early times when gravity is ignored as

well, but not so at late times in our simulations.
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FIG. 6. The gravitational waves generated between
�N = 0 to 1 (red to purple curves) for the oscillon model
from Fig. 2. The peak of the red curves is close to the
predicted values in eqs. (33) and (34).

the most unstable ��̃k. The rapid growth of the
peak height reflects the exponential amplification of
the inflaton perturbations. Even at this stage, the
source term in eq. (16) has to be evaluated beyond
linear order in perturbations.

The next 3 � 4 red curves show the onset of the
nonlinear regime. This stage is known as rescatter-
ing, since mode-mode couplings, including the back-
reaction of amplified ��̃k on the condensate, become
important. The broad peak, centered on the most
unstable frequency, becomes wider. Its height grows
more slowly than before and approaches the pre-
dicted value of ⇠ 10�10, see eq. (34), as the field
becomes completely inhomogeneous (with ⇠ 1/3 of
the total energy being stored in gradients).

The following thick band of red-green curves rep-
resents the third stage. There the oscillons form and
stabilize, with GWs power increasing slowly on all
scales.

The last and longest stage is given by the green-
purple curves. The oscillons have stabilized and
sphericalized, while being assembled in a fixed co-
moving grid-like configuration. Since there are al-
most no time-dependent quadrupole moments to
act as sources, there is very little and slow pro-
duction of GWs. On intermediate and low fre-
quencies, GW power propagates (almost freely) to-
wards lower frequencies and lower values as time
goes by and the universe expands. This makes
sense since the oscillon-dominated universe under-
goes a matter-like state of expansion, with ⇢̄ / a

�3.
Since HLattice uses a formula like eq. (21) to cal-
culate the GW frequency today (more specifically,

FIG. 7. The gravitational waves generated between
�N = 0 to 0.85 (red to purple curves) for the tran-
sients model from Fig. 3. The peak of the red curves is
close to the predicted values in eqs. (33) and (34), and
almost identical to the one in Fig. 6.

f0(k, ⌧) = k/(a(⌧)⇢̄1/4(⌧)) ⇥ 4 ⇥ 1010 Hz, where ⌧ is
the time of output, beyond which it is assumed that
the universe is thermal and radiation dominated),
it follows that f0(k, ⌧) will decrease with time in
a matter-dominated universe. The energy density
of GWs redshifts as radiation, which explains why
the GWs contribution to the energy budget of the
matter-dominated universe decreases with time. Al-
beit nearly-spherical, individual oscillons do gener-
ate small amounts of GWs. This is visible at the high
frequency end of the GW spectrum. Oscillons act as
objects of fixed physical size, sourcing GWs of fixed
physical wavenumber. For the HLattice conventions
this implies that f0(k, ⌧)⇢̄1/4(⌧) / k/a(⌧) = const,
i.e., the oscillons-sourced GWs are at increasingly
higher f0(k, ⌧). This small late-time e↵ect has an
intrinsic numerical component. The oscillons are in-
evitably less well resolved as the comoving lattice ex-
pands, sourcing weak late-time high-frequency GWs.
This does not a↵ect the spectrum on intermediate
and low frequencies. For more detailed studies of
GWs from oscillons see [55–61].

2. Transients

Transients decay away quickly, in a non-spherical
manner. Hence, unlike the cases when we have oscil-
lons in which gravitational waves are not generated
after oscillons are formed, the decay of the transients
potentially can act as an additional source of GWs.

13

MA & Mocz (2019)Lozanov & MA (2019)

⌦gw,0 ⇠ 10�6(M/mpl)
2

⌦gw,0
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gravitational implications

• gravitational waves (rapid energy density evolution)

• gravitational clustering and free-streaming (warm ICs)
• likely negligible for inflaton, but relevant for lighter offsprings

• small scale, white-noise isocurvature perturbations

relativistic simulations non-relativistic simulations (Schrodinger-Poisson)



summary: dynamics in quadratic power law minima + wings
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dynamics in different power law minima + wings
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why the universality ?

V (�) / |�|2n

|�| ⇠ M

power law at the minimum

n & 1

- (n > 1) non-quadratic minima w = 1/3 (after sufficient time)

growth-rate of fluctuations

expansion rate
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fragmentation is inevitable

+perturbations are effectively massless



e-folds to radiation domination?

V (�) / |�|2n

|�| ⇠ M

power law at the minimum

4

Figure 4. A summary for the asymptotic equation of
state without coupling to additional fields. The nu-
merical results from lattice simulations are shown as
green circles for M ⇡ 2.45mPl, and orange squares for
M ⇡ 7.75 ⇥ 10�3mPl. The dotted blue line is the ex-
pectation from a homogeneous, oscillating condensate.

the transients decay, the inflaton is completely
fragmented with almost no energy remaining in the
homogeneous condensate. The field configuration
now evolves freely in a turbulent manner (as
discussed for n = 2 in [29]). Numerically, we find
that the kinetic and gradient energies are approxi-
mately equal to each other and much greater than
the potential energy, implying w ! 1/3 (cf. Fig.
3), and that the field is virialized in the sense that
h�̇

2
/2is,t = h(r�)2/2a

2
is,t + nhV is,t holds. We

can then get an estimate of the deviation of w

from 1/3: w � 1/3 ! (2/3)(n � 2)⇥ the fraction
of energy density in the potential energy. For
ine�cient initial resonance M & 2.5⇥10�2

mPl and
n = 1, we observe initially some small excitations
of the modes near k = 0 due to the broad band
which is eventually shut o↵ by expansion. The
condensate energy is redshifted as a

�3, slower than
the gradient energy (a�4). Hence, the fluctuations
become ever smaller, and the oscillating condensate
determines the equation of state, yielding w = 0.
For n > 1, after initial particle production is shut
o↵ the condensate energy decays as a

�6n/(n+1),
whereas the gradient energy stored in field fluctu-
ations decays as a

�4 (i.e. like radiation) until the
first narrow resonance band becomes important
and particles are again produced. This second
phase of particle production in a narrow k band is
expected from our Floquet analysis and confirmed
by our lattice simulations. Subsequent evolution
includes a shifting of this peak towards higher

(n < 2) or lower (n > 2) co-moving momenta as
expected from the flow lines in the Floquet anal-
ysis. This is followed by the generation of a series
of secondary peaks from nonlinear scattering (for
n = 2, see [30]). Eventually the growth is shut o↵
by backreaction. All the peaks smear out, whereas
the remnant condensate continues to oscillate with
slowly decaying amplitude, continuing its particle
production. After su�ciently long times, we find
that the kinetic and gradient energies are approxi-
mately equal and much greater than the potential
energy with the field again virialized. This yields
an equation of state parameter w ⇡ 1/3. Note that
the n = 2 case would yield w = 1/3 for the homo-
geneous and inhomogeneous field. A summary of
the asymptotic equation of state is shown in Fig. 4.

e-folds to Radiation Domination — Our linear
analysis of the instabilities allows us to estimate
the number of e-folds after inflation required to
reach radiation domination, �Nrad ⌘

R arad

aend
d ln a,

by calculating the time of backreaction of the fluc-
tuations. First, note that for n = 2, �Nrad ⌧ 1
since in this case w ! 1/3 with and without
fragmentation. For all other n & 1, the universe
becomes radiation dominated within

�Nrad ⇠

8
<

:

1 M . 10�2
mPl ,

n + 1

3
ln

✓


�

10M

mPl

◆
M & 10�2

mPl .

(5)
Here, �/ ⇠ 10�2 is the fractional width of the

first k 6= 0 narrow resonance band (cf. Fig. 2).
Note that �/ becomes vanishingly small as n !

1 (and n � 2), leading to �Nrad � 1. These
estimates are confirmed by our lattice simulations
(see Fig. 3).

We emphasize that w ! 1/3 can be achieved
without coupling to other fields for all n & 1.
When coupling to other massless fields is included,
�Nrad is reduced further. Thus the above calcu-
lated �Nrad should be taken as an upper bound on
�Nrad. Using these results, we can calculate the
expected values of the tensor-to-scalar ratio r and
the spectral index ns for di↵erent values of M and
n, even including the uncertainty from couplings
to additional light fields (see Fig. 5, we use a pivot
scale k? = 0.002 Mpc�1). The solid black lines use
�Nrad calculated above, whereas the width of the

How many e-folds to radiation domination?

- (n > 1) non-quadratic minima w = 1/3 (after sufficient time)

Lozanov & MA (2016/17)
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upper bound on duration to radiation domination (n >1)
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Lozanov & MA (2016/17)
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* addition of other light fields, see Antusch, Figueroa, Marschall, Torrenti (2020)

* implications of CMB observations for/on reheating (Martin & Ringeval 2010, Cook et. al 2015, Munoz and Kamionkowski 2015) 
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r(N?), ns(N?)

inflationary observables

Lozanov & MA (2016/17)



caution

time when we have radiation-like equation of state 

 transfer of energy to SM species

 thermalized SM universe

≠

≠

≠ not necessarily



expansion history + fragmented vs. non-fragmented field

Reheating (to SM) temperature larger by 107 if fragmentation is ignored

DM abundance/mass might be affected by initial state of the field+expansion

Garcia & Pierre (2023)
*model dependent



time to bring in couplings to other fields  …

• shape of the potential (self couplings) 

• couplings to other fields � , � Aµ

V (�) / |�|2n
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Ending Inflation with More 
than One Field

• In order to protect the inflation potential, direct 
couplings to other degrees of freedom have to be 
small


• Perturbative decay (the ‘old theory of reheating’) 
can sometimes take too long*


• This is/was a problem for fans of extremely low-
scale inflation



Vanilla Preheating

• if g is too big - it 
messes up inflation


• if go s too small - the 
inflation never decays

L = �1

2
@µ�@µ�� 1

2
@µ�@µ�� 1

2
m2�2 � g2

2
�2�2

g2

�

�

�
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What can we see from this?

�̈k + 3H�̇k +
k
2

a2
�k = �@V

@�

g2
⌦
�2

↵
�

time dependent mass

parametric resonance



What about gravity?



What we have to do…

• Luckily there are a set of new approaches.  We use the 
most common of these: the BSSN formalism.


• It is based on the ADM metric decomposition


• We we introduce more parameters than (minimally) 
necessary so that the equations are easier to solve

gµ⌫ =

✓
�↵2 + �lk�l�k �i

�j �ij

◆



Importantly These variables have well-behaved 
differential equations and are a complete 

description of GR without dimensional 
reductions or simplifications
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Ãij@k�

k

@t�̄
i = �2Ãij@j↵+ 2↵

✓
�̄i
jkÃ
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Does Gravity Matter in Preheating?
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Red: inflaton Perturbative 

Blue: inflaton BSSN

Green: decay field Perturbative 

Black: decay field BSSN

The variance of the lapse does 
not show departures from 
homogeneity that indicate 
strong gravity is important

Even though the linearized 

Einstein Equations are violated



How do they look

Perturbative

BSSN



Numerical Relativity and 
Oscillons

https://arxiv.org/abs/2304.01673



Beyond Scalar Fields
…beyond w=1/3



Gauge-Preheating
• There is a history of incorporating couplings of the inflation 

to gauge fields, generally with charged inflation fields 
(often in the context of Higgs inflation)


• Coupling to U(1) fields by A. Rajantie , E. J. Copeland, 
and S. Pascal


• Coupling to SU(2) fields by J. Garcia-Bellido et. al., Saffin 
et al.


• However using uncharged scalar (or pseudo-scalar) 
degrees of freedom were technically a bit more challenging 



Gauge-Preheating

• The “normal” Maxwell Stress-
Tensor


• (but not for “normal” E/M)
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Gauge-Preheating
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• W is a dilatonic coupling that 
vanishes as the inflation decays to 
zero


• Possible generation of long-
wavelength magnetic fields during 
inflation, e.g. Caldwell, Motta, 
Kamionkowski Phys. Rev. D 84, 
123525 (2011). 

X(�) = 0



Gauge-Preheating
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• X is a Chern Simons coupling that 
couples the inflation to the curl of the 
vector field


• A coupling consistent with a shift-
symmetric inflaton


• Also possible generation of polarized 
magnetic fields during inflation, e.g. 
Garretson, Field and Carroll, Phys. 
Rev. D 46 5346 (1992) 
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But… we get structure

W (�) = e��/M



Is Gravity Important Here?
<latexit sha1_base64="an01/a5XWNnPJH3Jrt1eoneFtWs="></latexit>

@tE
m = �o@oE

m � Eo@o�
m + ↵ (KEm + ✏mnoDnBo � Jm)

+ ✏mnoDn↵Bo

@tAm = �o@oAm +Ao@m�o � ↵ (Em +DmA)�ADm↵

@tA = �oDoA+ ↵ (KA�DmAm)�AmDm↵

<latexit sha1_base64="qMDRrCX40BFhKMkKAghdnybKNOM="></latexit>

J = � 1

W (')
(W 0(')EmDm'�X 0(')BmDm')

Jm =
1

W (')
(W 0(') [⇧Em � ✏mnoDn'Bo]�X 0(') [⇧Bm + ✏mnoDn'Eo])

<latexit sha1_base64="5A9XN0uHTM21B91fIpOrzez9Wq0="></latexit>

Bm = ✏mnoDnAo = ✏mno@nAo,= e�6�"mno@nAo

with…

We can write down a set of evolution equations,



We see very BIG density 
contrasts!
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But … there are no PBH

0.00 0.25 0.50 0.75 1.00 1.25 1.50
mø

10°5

10°4

10°3

10°2

10°1

100

Ω A
/Ω

Æg = 70

0.80

0.85

0.90

0.95

1.00

m
in

Æ
/hÆi

0.0 0.5 1.0 1.5
mø

10°6

10°5

10°4

10°3

10°2

10°1

100

Ω A
/Ω
Æg = 65

0.6

0.7

0.8

0.9

1.0

m
in

Æ
/hÆi

The minimum value of the lapse 
throughout the grid doesn’t approach 

zero



But the GW 10°13
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• Rapid-preheat models lead to 
extremely efficient gravitational 
wave production


• Which can be ruled out via Neff 
constraints



What does it look like?
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Reheating with Alpha-Attractors
Alpha-attractors are a possibility (a la 2311.17237):
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Which is only weakly model 
dependent
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They have lots of 
Gravitational Waves!



And also implications for 
matter-dominated eras
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With Fred Adams, Leia Barrowes, Robert Wiley 
Deal, Kuver Sinha, and Scott Watson


A modulus-dominated era might be dramatically concluded by a diatonic 
coupling to an anxion



Or Early Dark Energy

• If you’re looking to get rid of EDE in a 
quick and resonant way
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Gauge vs. Scalar Decay
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Things we didn’t talk about

• Kination-dominated (p)reheating


• Tachyonic-preheating from 3-leg interactions


• (P)reheating from non minimally coupled field(s)



discussion topics

More discussion topics 

1. Expansion history & scale dependence of signatures (eg. g-wave spectrum)


2. thermal vs. non-thermal initial conditions (and inhomogeneous), for DM 
production  — freestreaming, isocurvature, clustering


3. coarse grained parameters (equation of state, Neff) vs. scale-dependent 
observables — PS, GW spectrum


4. Are there any generic expectations for potentials and couplings for end of 
inflation ?



Ask the experts in the audience

1. Andrew for GPP — DM abundance and expansion history 


2. Adrienne — ask about fragmentation during Kination after inflation


3. Kim — isocurvature constraints small scale


4. somebody — how non-gaussianity is expected to be affected


5. Scott/Keith — non-inflationary “heating” 


