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Figure 1. Conjectured QCD phase diagram with boundaries that define various
states of QCD matter based on S�B patterns.

The chiral transition is a notion independent of the deconfinement transition. In
section 3.2 we classify the chiral transition according to the S�B pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the phase structure of QCD
matter including conjectures which are not fully established. At present, relatively firm
statements can be made only in limited cases – phase structure at finite T with small
baryon density (µB ⌧ T ) and that at asymptotically high density (µB � ⇤QCD).
Below we will take a closer look at figure 1 from a smaller to larger value of µB in
order.

Hadron-quark phase transition at µB = 0: The QCD phase transition at finite
temperature with zero chemical potential has been studied extensively in the numerical
simulation on the lattice. Results depend on the number of colours and flavours as
expected from the analysis of e↵ective theories on the basis of the renormalization
group together with the universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the finite size scaling analysis
on the lattice [37], and the critical temperature is found to be Tc ' 270MeV. For
Nf > 0 light flavours it is appropriate to address more on the chiral phase transition.
Recent analyses on the basis of the staggered fermion and Wilson fermion indicate a
crossover from the hadronic phase to the quark-gluon plasma for realistic u, d and s

quark masses [38, 39]. The pseudo-critical temperature Tpc, which characterizes the
crossover location, is likely to be within the range 150MeV� 200MeV as summarized
in section 4.2.

Even for the temperature above Tpc the system may be strongly correlated and
show non-perturbative phenomena such as the existence of hadronic modes or pre-
formed hadrons in the quark-gluon plasma at µB = 0 [28, 40] as well as at µB 6= 0
[41, 42, 43]. Similar phenomena can be seen in other strong coupling systems such as

Fukushima, Hatsuda (’11) What phases are 
realized in the interior 
of a neutron star?

quark matter?

Wikipedia



Difficulty
Sign problem: Difficulties in first-principles 
calculations based on importance sampling

⟨O⟩ = ∫ 𝒟A det(D + m)eiSO
In real-time, finite-density problems, the weight is complex

≈
1
N ∑

j

Oj
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Difficulty in Hamiltonian gauge theory

Infinite degrees of 
freedom 
Link variable is continuous  
(regularization required)

Large gauge 
redundancy need to solve Gauss law constraint

dim ℋphys ≪ dim ℋtotal

U ∈ SU(N)
continuous

What approximation is  
compatible with gauge  
symmetry?



Outline
●Formalism

- Kogut-Susskind Hamiltonian formalism

●Summary

●Application

- Quantum scar (JHEP 09 (2023) 126)

- Scrambling (Phys. Rev. D 104 (2021) 7, 074518) 

- Thermalization on a small lattice (Phys. Rev. D 103, 094502(2021))

-  Confinement-deconfinement phase transition  
    in mean field approximation (JHEP 09 (2023) 123)

-  at finite density (2311.11643)QCD2
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Kogut-Susskind Hamiltonian formalism
Kogut, Susskind (’75)



 gauge theory (Temporal gauge )SU(N) A0 = 0

H = ∫ d3x( g2

2
E2(x) +

1
2g2

B2(x))Hamiltonian 

Gauss law constraint (D ⋅ E)i |Ψphys⟩ = 0

[Ai
n(x), Emj(x′ )] = iδnmδi

jδ(x − x′ )Commutation relation
Gauge field Electric field

Bi
l =

1
2

ϵlnm(∂mAi
n − ∂mAi

n + f i
jkAj

mAk
n)Magnetic field



Kogut-Susskind Hamiltonian formalism
Kogut, Susskind, Phys. Rev. D 11, 395 (1975)

Time is continuous, space is discretized

U(e)
:Link variable  on edge ei ∫ A → U(e) ∈ SU(N) e

Li(e) Ri(e)
:Left and right electric fieldsLi(e), Ri(e) ∈ su(N)



Kogut-Susskind Hamiltonian formalism
Kogut, Susskind, Phys. Rev. D 11, 395 (1975)

Time is continuous, space is discretized

U(e)
:Link variable  on edge ei ∫ A → U(e) ∈ SU(N) e

Li(e) Ri(e)
:Left and right electric fieldsLi(e), Ri(e) ∈ su(N)

 and  are not independentLi(e) Ri(e)
R2

i (e) = L2
i (e) =: E2

i (e)[Uadj(e)]j
iLj(e) = Ri(e)



Commutation relation 

[Ai
n(x), Emj(x′ )]

= iδnmδi
jδ(x − x′ )



[Ri(e), U(e′ )] = U(e)Tiδe,e′ 

[Li(e), U(e′ )] = TiU(e)δe,e′ 

[Li(e), Lj(e′ )] = − if k
ijLk(e)δe,e′ 

[Ri(e), Rj(e′ )] = if k
ijRk(e)δe,e′ 

Commutation relation 

[Ai
n(x), Emj(x′ )]

= iδnmδi
jδ(x − x′ )



[Ri(e), U(e′ )] = U(e)Tiδe,e′ 

[Li(e), U(e′ )] = TiU(e)δe,e′ 

[Li(e), Lj(e′ )] = − if k
ijLk(e)δe,e′ 

[Ri(e), Rj(e′ )] = if k
ijRk(e)δe,e′ 

Commutation relation 

∑
e∈C1|s(e)=v

Ri(e) − ∑
e∈C1|t(e)=v

Li(e) |Ψphys⟩ = 0

Gauss law constraint (D ⋅ E)i |Ψphys⟩ = 0

:set of edges, , : source and target functionsC1 s t

v

[Ai
n(x), Emj(x′ )]

= iδnmδi
jδ(x − x′ )



Hamiltonian
H =

1
2 ∑

e∈C1

(E(e))2 −
K
2 ∑

f∈C2

(trU( f ) + trU†( f ))

U( f ) := U(e4)U(e3)U(e2)U(e1)

:set of facesC2

f

e1

e2

e3

e4



Regularization:
SU(3) → SU(3)k :Quantum deformation

which preserve properties of gauge symmetry 



Regularization:
SU(3) → SU(3)k :Quantum deformation

which preserve properties of gauge symmetry 

Solving Gauss law constraint:
Physical states are network of Wilson lines

: representation of Wilson lines,  
e.g., fundamental, adjoint,…
a, b, c, ⋯

: Multiplicity indexμ, ν, ρ, ⋯ ∈ Nc
ab

ab c

df

g
μ ν

ρ

a × b = ∑
c

Nc
abwith fusion rule



Algebra of Wilson lines for SU(3)k
c′ 

c

a b =
a b

ba

∑
c,μ

dc

dadb
= δc′ 

c δμ′ 

μ
dadb

dc
a b c

μ

μ′ 

a b c

= ∑
f,ρ,σ

[Fabc
d ](e,μ,ν)( f,ρ,σ)

d

e

a b c

d

f
μ

ν σ

ρ
+consistency condition 

μ
μ



 Yang-Mills theorySU(3)k

Hamiltonian

E2
i a a= C2(a)

×

c1

a1

a2

a4

a3

c4

c3c2

×

c1

b1

b2

b4

b3

c4

c3c2

=
4

∏
i=1

∑
bi

[Fciai−1
1
2

bi
](ai,μi,μ′ i+1)(bi−1,μi−1,μ′ i)trU

Action on a state

μ1 μ4

μ3μ2

μ′ 1 μ′ 4

μ′ 3μ′ 2

H =
1
2 ∑

e∈C1

(E(e))2 −
K
2 ∑

f∈C2

(trU( f ) + trU†( f ))

Electric fields
Casimir

Wilson loop



Thermalization on a small lattice



Small lattice system

| j1, ⋯, j12⟩ = | j1, j2, j6⟩ | j2, j3, j7⟩ | j3, j4, j8⟩ | j1, j4, j5⟩

1

2
3

4

5 6
78

9 10

11
12

| j6, j9, j10⟩ | j7, j10, j11⟩ | j8, j11, j12⟩ | j5, j9, j12⟩

Cutoff ji ≤ jmax = k/2

Basis



Dimension of Hilbert space

jmax

dimℋ

We employ  ： jmax = 4 dimℋ = 87,426,119

without Gauss law

with Gauss law



Setup

|Ψ(t)⟩ = e−iHt |Vac⟩K=0

K

t0

t < 0

t ≥ 0

|Vac⟩K=0

In order to mimic heavy ion collision experiments, 

the interaction quenching



Expected behavior
⟨O(t)⟩ := ⟨Ψ(t) |O |Ψ(t)⟩for an operator  O
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Expected behavior
⟨O(t)⟩ := ⟨Ψ(t) |O |Ψ(t)⟩for an operator  O

⟨O(t)⟩

t
⟨O(t)⟩ ≃ ⟨O(t)⟩eq?
Teq



Temperature and Canonical Ensemble

E = ⟨H⟩ = ⟨Ψ(t) |H |Ψ(t)⟩
Energy is fixed by an initial condition

 (Independent of time)

E = ⟨H⟩eq := trρeqH

For a given energy,  
a canonical distribution that reproduces  

the expected value can be defined

ρeq =
e−βH

tre−βHwith



Numerical results



Expected value of Wilson loop
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Fluctuations are not small.

first excited energy 
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Steady state observed

Expected value of Wilson loop
Weak coupling (high temperature )T > E1



Long-time average 
vs canonical ensemble

Canonical ensemble
Time average

⟨t
rU

□
⟩

K

Difference is less than 1% for K > 5



 Relaxation to equilibrium
⟨trU□(t)⟩ − ⟨trU□⟩ ∼ e−t/τeq
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QCD at finite density

●What is the equation of state for QCD at finite density?
●How does the quark distribution function change  
when transitioning from baryonic matter to quark matter?
●What kind of phase is realized?   
  An inhomogenous phase?

The phase diagram of dense QCD 5










































Figure 1. Conjectured QCD phase diagram with boundaries that define various
states of QCD matter based on S�B patterns.

The chiral transition is a notion independent of the deconfinement transition. In
section 3.2 we classify the chiral transition according to the S�B pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the phase structure of QCD
matter including conjectures which are not fully established. At present, relatively firm
statements can be made only in limited cases – phase structure at finite T with small
baryon density (µB ⌧ T ) and that at asymptotically high density (µB � ⇤QCD).
Below we will take a closer look at figure 1 from a smaller to larger value of µB in
order.

Hadron-quark phase transition at µB = 0: The QCD phase transition at finite
temperature with zero chemical potential has been studied extensively in the numerical
simulation on the lattice. Results depend on the number of colours and flavours as
expected from the analysis of e↵ective theories on the basis of the renormalization
group together with the universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the finite size scaling analysis
on the lattice [37], and the critical temperature is found to be Tc ' 270MeV. For
Nf > 0 light flavours it is appropriate to address more on the chiral phase transition.
Recent analyses on the basis of the staggered fermion and Wilson fermion indicate a
crossover from the hadronic phase to the quark-gluon plasma for realistic u, d and s

quark masses [38, 39]. The pseudo-critical temperature Tpc, which characterizes the
crossover location, is likely to be within the range 150MeV� 200MeV as summarized
in section 4.2.

Even for the temperature above Tpc the system may be strongly correlated and
show non-perturbative phenomena such as the existence of hadronic modes or pre-
formed hadrons in the quark-gluon plasma at µB = 0 [28, 40] as well as at µB 6= 0
[41, 42, 43]. Similar phenomena can be seen in other strong coupling systems such as

Fukushima, Hatsuda (’11)
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QCD2

●Gauge fields are nondynamical
●Hilbert space is finite dimensional 

  in Open Boundary Condition(OBC)

Properties of (1+1) dimensions



(dimensionless )   HamiltonianQCD2

H/g0 = J
N−1

∑
n=1

E2
i (n)

+w
N−1

∑
n=1

(χ†(n + 1)U(n)χ(n) + χ†(n)U†(n)χ(n + 1))

+m
N

∑
n=1

(−1)nχ†(n)χ(n)

Electric field term

Hopping term

Mass term

J =
ag0

2
, w =

1
2g0a

, m = m0/g0 We use  unitg0 = 1



Elimination of Link variables  U
Sala, Shi, Kühn, Bañuls, Demler, Cirac, Phys. Rev. D 98, 034505 (2018)

Atas, Zhang, Lewis, Jahanpour, Haase , Muschik , Nature Commun. 12, 6499 (2021)

Θχ(n)Θ† := U(n − 1)U(n − 2)⋯U(1)χ(n)
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Atas, Zhang, Lewis, Jahanpour, Haase , Muschik , Nature Commun. 12, 6499 (2021)

Θχ(n)Θ† := U(n − 1)U(n − 2)⋯U(1)χ(n)

Electric fields term 

Hopping term

mass term

ΘHΘ† = J
N−1

∑
n=1

(
n

∑
m=1

χ†(m)Ti χ(m))2

+w
N−1

∑
n=1

(χ†(n + 1)χ(n) + χ†(n)χ(n + 1))

+m
N

∑
n=1

(−1)nχ†(n)χ(n)



●We employ a matrix product state

●Optimize the wave function by  
density matrix renormalization group technique

|ψ⟩ = ∑
{ni}

|n1⟩⋯ |nN⟩trMn1
1 ⋯MnN

N

[Mni
i ]ij :  matrixD × D

E = min
ψ

⟨ψ |H |ψ⟩
We employ iTensor

As a variational ansatz of wave function



Numerical results



dimℋ = 2320V = 40J = 1/8 w = 2

Pressure Energy density

Color SU(2)，1 flavor，vacuum



Inhomogeneous phase (density wave)
dimℋ = 2320V = 40J = 1/8 w = 2



Wave number dependence
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Wave number dependence
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Wave number dependence
dimℋ = 2320V = 40J = 1/8 w = 2

Wave number dependence Hadronic picture
If hadron interactions are repulsive

1/nB

1/nBdistance ⇒ k = 2πnB

Quark picture
If interactions between quarks 
Fermi surface is unstable

k = 2pF = 2πnBdensity wave ⇒



Quark distribution function
J = 1/8 w = 2 dimℋ = 2480V = 60

●Low density  
No Fermi sea
●High density 
　Fermi-sea   
　+BCS like pairing 
      (density wave)

baryon quark transition around nB ∼ 0.2Figure 11. Quark distribution function n(p) for m = 0.5 (left) and m = 1.0 (right) with N = 240,
w = 2.0, and nB = 0.1, 0.2, 0.3, 0.4, 0.5. Colored dots represent the intersections of n(p) and the Fermi
momentum of the free theory pF = ωnB. The solid black line shows n(p) = 0.5.

There are two ways of looking at this periodic structure. One is based on the baryonic picture.
Assuming repulsive interactions between baryons, if a box of length V is packed with equally
spaced baryons, the spacing is V/NB = 1/nB, and thus, the wave number is k = 2ωnB. The
other is based on the quark picture. If there is no interaction, the quarks form a Fermi surface
at p = pF = ωnB. If one turns on an attractive interaction between quarks, the Fermi surface
becomes unstable due to the Peierls instability and condensation of particle and hole pair
occurs [52]. In this condensation, the relative momentum of the particle and hole is zero,
but the total momentum is 2pF. Therefore, the wave number is k = 2pF = 2ωnB. The
same modulation is obtained regardless of whether the quark or baryon picture holds. This
observation implies that the modulation is independent of the number of colors. As will be
discussed in section 4.3, the same behavior will be found in the SU(3) case.

We shall see that the amplitude of this modulation is significantly larger than the free
case at any density. Figure 10 shows the largest amplitude in the Fourier decomposition of
the baryon number density. The figure shows that the amplitude in QCD2 is roughly twice
that of the free theory. In the case of QCD2, there is a point where the amplitude behaves
discontinuously, but this is presumably due to the finite volume and not a phase transition.
From this numerical calculation for QCD2, it is challenging to ascertain whether the amplitude
with modulation persists in larger volumes. Instead, let us look at the distribution function
of quarks and argue that the occurrence of condensation is plausible, given in the absence of
Fermi surfaces.

– 25 –



SU(3) QCD with Nf = 1



Pressure Energy density
dimℋ = 2144V = 12J = 1/8 w = 2

Color SU(3)，1 flavor



dimℋ = 2144V = 12J = 1/8 w = 2
Color SU(3)，1 flavor

Baryon quark transition around ?nB = 0.3

Wave number dependence Quark distributiondensity wave



Summary
●Formalism

Thermalization of Yang-Mills theory  
in (3+1)-dimensional small systems

●Application 
Kogut-Susskind Hamiltonian formalism

Relaxation time of thermalization
τeq ∼ 2π/T  Boltzmann time

 at finite densityQCD2
 baryon quark transition, inhomogeneous phase 



Outlook

●Calculation of entanglement 
entropy(EE), negativity(NE) etc.

●Quantum simulation
●Large volume
●Large dimension



Backup



How to treat square lattice

auxiliary links



How to treat square lattice

auxiliary links

another auxiliary links

By the composition rule of the network 
Matrix elements do not depend  

on the inclusion of auxiliary links



Scrambling in Yang-Mills theory



Average OTOC
2 Hayden-Preskill protocol

Given a quantum evolution UAB : HA ⌦ HB ! HC ⌦ HD, we consider a state representation of UAB by
augmenting reference states on HR and HB0 [1]:

| i = (IR ⌦ UAB ⌦ IB0)(|EPRiRA ⌦ |EPRiBB0) = , (2.1)

where the time flows from bottom to top in the quantum circuit diagram. Dimensions of Hilbert spaces satisfy
dAdB = dCdD =: d, dB = dB0 and dA = dR, with dA := dim HA and so on. The EPR states |EPRiRA and
|EPRiBB0 have been introduced:

|EPRiRA =
1p
dA

dAX

i=1

|iiR ⌦ |iiA = ,

|EPRiBB0 =
1p
dB

dBX

i=1

|iiB ⌦ |iiB0 = ,

(2.2)

where the black blobs stand for the normalization factors 1/
p

dA and 1/
p

dB , respectively. The Hayden-
Preskill thought experiment asks whether an input quantum state on HA can be retrieved from the quantum
information available on HB0 and HD. It was argued that, provided the quantum evolution UAB is a Haar
random unitary operator, the retrieval is possible if ND � NA + ✏ for NA := log dA, ND := log dD, and some
small positive number ✏ [1]. In this section, we review the recovery protocol and its relation to the information
scrambling. In this work, we do not set UAB to be a Haar random unitary operator but let it be a general
unitary operator unless otherwise stated.

2.1 Mutual information as an indicator of information scrambling

Informally speaking, the information scrambling caused by UAB refers to the spread of input information on
HA over the output Hilbert space HC ⌦HD. It is characterized by the information about A nonlocally shared
by the outputs C and D which cannot be extracted from either C or D exclusively. Given the state | i (2.1),
such a quantity may be represented by the negativity of the tripartite information I(R, C, D) [4],

�I(R, C, D) := I(R, CD) � I(R, C) � I(R, D). (2.3)

Here, I(R, C) := S(R) + S(C) � S(RC) is the mutual information. S(R), S(C), and S(RC) are the von
Neumann entropies of associated reduced density operators. For instance, S(R) := �Tr[⇢R log(⇢R)] with the
reduced density operator ⇢R := TrB0CD[| ih |].

In the context of the Hayden-Preskill thought experiment, we are interested in the mutual information
I(R, B0D) of | i under the assumptions dA ⌧ dB and dD ⌧ dC . To this end, we examine I(R, B0, D) =
I(R, C, D). We say that UAB is strongly scrambling when the tripartite information is nearly minimum,
I(R, C, D) ⇡ �2NA with NA = log dA. Then, we find

�2NA ⇡ I(R, B0, D) = I(R, B0) + I(R, D) � I(R, B0D) ⇡ �I(R, B0D), (2.4)

where we have used I(R, B0) = 0 and I(R, D) ⇡ 0.1 Thus, I(R, B0D) ⇡ 2NA is nearly maximal.
The mutual information decreases if there are noise effects stemming from the interactions with the

environment. Such interactions create entanglement between the principle system and environment, which
1This may be understood from the argument that a local observer on D cannot retrieve the input information on A after the

scrambling dynamics UAB . Indeed, provided UAB is a Haar random unitary, one can show that I(R,D) = NA + ND � S(RD) 
NA+ND�S(2)(RD) = I(2)(R,D) ⇡ (dAdD)/(dBdC) with S(2)(RD) = � log Tr[⇢2RD]. We here used Tr[⇢2RD] ⇡ (dAdD)�1+(dBdC)�1.
See Appendix A for details.
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example: transverse Ising
Figure 2 shows the t-dependence of PEPR and FEPR in the absence of noise effects. Remember that the

former is equivalent to the averaged OTOC (2.11). In the chaotic spin chain, PEPR decays to almost saturate
and remains at the value of Haar random unitary case. This is in contrast to the other integrable spin chains.
The consistent behaviors are observed in the computation of FEPR. We emphasize that the relation (2.10) in
the ideal case implies that PEPR and FEPR carry exactly the same information. Namely, the decay of PEPR

indicates the growth of FEPR and vice versa.
Figure 3 shows the computations of P decoh

EPR
and F decoh

EPR
in the presence of decoherence effects. Here, we

introduce the decoherence by replacing all the CNOT gates with the depolarizing channels (3.3). In the
left panel, the decay of P decoh

EPR
is observed even in the integrable spin chains. This computation manifestly

demonstrates that it is hard to discriminate the scrambling effects from the noise effects because both of
them induce the decrease of P decoh

EPR
, or equivalently averaged OTOC (2.20). On the other hand, the effects

of decoherence and scrambling are distinguishable when F decoh

EPR
is used as shown in the right panel. The

scrambling raises F decoh

EPR
while the decoherence suppresses it. This is because the decoherence is caused by

the entanglement between the principle system and environment, which reduces the entanglement, and hence
the mutual information, between R and B0D.
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Figure 2: The ideal Hayden-Preskill recovery protocol with U = UIsing. (a) The projection proba-
bility (2.9). (b) The fidelity (2.10). The parameters on each panel are N := log d, NA := log dA,
ND := log dD, and dt := t/M . The green, red, and blue points correspond to (h, m) = (0, 0) [classical],
(1.0, 0) [critical], and (�1.05, 0.5) [chaotic], respectively. The black line represents the PEPR (2.13) and
FEPR (2.14) computed with U given by a Haar random unitary operator.

4 Diagnosis of scrambling in Yang-Mills-Ising model

4.1 Yang-Mills-Ising model

With the suitable truncation scheme detailed in Appendix D, the SU(2) lattice YM theory in a two-leg
ladder geometry can be mapped to the spin chain, which we call Yang-Mills-Ising (YM-Ising) model, and the
resultant Hamiltonian of the spin chain has the form,

H =
NX

i=0

3

16
(3 � 2Zi � Zi�1Zi) � K

N�1X

i=0

1

16
Xi(1 + 3Zi�1)(1 + 3Zi+1), (4.1)

with Z�1 = ZN = 1 representing open boundary conditions. This serves as an effective model of the SU(2)
lattice gauge theory in the sense that the model has the SU(2) gauge symmetry, and satisfies the nonabelian
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with I(2)(R, B0D) = S(2)
R

+ S(2)
B0D � S(2)

RB0D.
Interestingly, the decay of P decoh

EPR
does not lead to the increase in F decoh

EPR
. Instead, the decoherence induces

the decay of F decoh

EPR
due to the decrease of I(2)(R, B0D), which is attributed to the leakage of mutual informa-

tion to environment. Therefore, the effects of scrambling and decoherence induce the distinct consequences in
the behavior of F decoh

EPR
. This is the reason why we favor F decoh

EPR
to diagnose the information scrambling over

P decoh

EPR
or OTOCs. In the following section, we demonstrate these observations by carrying out numerical

simulations of the protocol in the Ising spin chain and the YM-Ising model.

3 Diagnosis of scrambling in Ising spin chain

We demonstrate the ideas discussed in the previous section by applying the protocol to the Ising spin chain,

HIsing = �
N�1X

i=1

ZiZi+1 � h
NX

i=1

Xi � m
NX

i=1

Zi, (3.1)

where (Xi, Yi, Zi) are the Pauli matrices (�x, �y, �z) defined on the i-th site, and N denotes the number of
sites. We consider the three sets of parameters: (i) h = m = 0, (ii) h = 1, m = 0, (iii) h = �1.05, m = 0.5.
The first system is the classical Ising model, and the second one is the transverse-field Ising model at the
critical point. Both of them are integrable systems. The third one is known to be a chaotic system [31]. We
numerically simulate the Hayden-Preskill protocol with U given by the Hamiltonian evolution UIsing (3.2) to
compute PEPR (P decoh

EPR
) and FEPR (F decoh

EPR
) as functions of t. The configuration of input and output Hilbert

spaces are shown in Fig. 1 (d = 28, dA = 2, and dD = 22).

Figure 1: The configuration of input and output Hilbert spaces of evolution operator UIsing. The states
on HA and HD are respectively represented by red and blue wires. The rest of wires in input and
output wires are the states on HB and HC , respectively.

The Hamiltonian evolution operator is implemented by using the Suzuki-Trotter product formula [32, 33],

UIsing =
⇣
e�i t

M (�
PN�1

i=1 ZiZi+1�m
PN

i=1 Zi)e�i t
M (�h

PN
i=1 Xi)

⌘M

= e�iHIsingt + O(t2/M). (3.2)

Their explicit implementations in terms of elementary quantum gates are delegated to Appendix C. For the
noisy simulation, we replace all the CNOT gates appearing in the protocol with the depolarizing channels as
follows,

CNOT⇢CNOT ! (1 � p)CNOT⇢CNOT + p
I

d
⌦ Tr[⇢]. (3.3)

This is not identical to the depolarizing channel introduced in the previous section. Nevertheless, it still
reflects the essential feature that the Hamiltonian evolution is subject to the decoherence effect.3 We remark
that 2(N �1) CNOT operations are used in each Suzuki-Trotter step of Eq. (3.2) (4(N �1) CNOT operations
with UAB and U⇤

A0B0 combined), and the noise effects accumulate as the Hamiltonian evolution proceeds.

3CNOT operations also appear in the preparation of initial EPR pairs and EPR measurements. However, the number of CNOTs
in the Hamiltonian evolution scales linearly in t, and hence, the associated noise effects eventually dominate those caused by CNOTs
for creating and measuring EPR pairs.
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follows,

CNOT⇢CNOT ! (1 � p)CNOT⇢CNOT + p
I

d
⌦ Tr[⇢]. (3.3)

This is not identical to the depolarizing channel introduced in the previous section. Nevertheless, it still
reflects the essential feature that the Hamiltonian evolution is subject to the decoherence effect.3 We remark
that 2(N �1) CNOT operations are used in each Suzuki-Trotter step of Eq. (3.2) (4(N �1) CNOT operations
with UAB and U⇤

A0B0 combined), and the noise effects accumulate as the Hamiltonian evolution proceeds.

3CNOT operations also appear in the preparation of initial EPR pairs and EPR measurements. However, the number of CNOTs
in the Hamiltonian evolution scales linearly in t, and hence, the associated noise effects eventually dominate those caused by CNOTs
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Figure 2 shows the t-dependence of PEPR and FEPR in the absence of noise effects. Remember that the
former is equivalent to the averaged OTOC (2.11). In the chaotic spin chain, PEPR decays to almost saturate
and remains at the value of Haar random unitary case. This is in contrast to the other integrable spin chains.
The consistent behaviors are observed in the computation of FEPR. We emphasize that the relation (2.10) in
the ideal case implies that PEPR and FEPR carry exactly the same information. Namely, the decay of PEPR

indicates the growth of FEPR and vice versa.
Figure 3 shows the computations of P decoh

EPR
and F decoh

EPR
in the presence of decoherence effects. Here, we

introduce the decoherence by replacing all the CNOT gates with the depolarizing channels (3.3). In the
left panel, the decay of P decoh

EPR
is observed even in the integrable spin chains. This computation manifestly

demonstrates that it is hard to discriminate the scrambling effects from the noise effects because both of
them induce the decrease of P decoh

EPR
, or equivalently averaged OTOC (2.20). On the other hand, the effects

of decoherence and scrambling are distinguishable when F decoh

EPR
is used as shown in the right panel. The

scrambling raises F decoh

EPR
while the decoherence suppresses it. This is because the decoherence is caused by

the entanglement between the principle system and environment, which reduces the entanglement, and hence
the mutual information, between R and B0D.

(a) PEPR (b) FEPR

Figure 2: The ideal Hayden-Preskill recovery protocol with U = UIsing. (a) The projection proba-
bility (2.9). (b) The fidelity (2.10). The parameters on each panel are N := log d, NA := log dA,
ND := log dD, and dt := t/M . The green, red, and blue points correspond to (h, m) = (0, 0) [classical],
(1.0, 0) [critical], and (�1.05, 0.5) [chaotic], respectively. The black line represents the PEPR (2.13) and
FEPR (2.14) computed with U given by a Haar random unitary operator.

4 Diagnosis of scrambling in Yang-Mills-Ising model

4.1 Yang-Mills-Ising model

With the suitable truncation scheme detailed in Appendix D, the SU(2) lattice YM theory in a two-leg
ladder geometry can be mapped to the spin chain, which we call Yang-Mills-Ising (YM-Ising) model, and the
resultant Hamiltonian of the spin chain has the form,

H =
NX

i=0

3

16
(3 � 2Zi � Zi�1Zi) � K

N�1X

i=0

1

16
Xi(1 + 3Zi�1)(1 + 3Zi+1), (4.1)

with Z�1 = ZN = 1 representing open boundary conditions. This serves as an effective model of the SU(2)
lattice gauge theory in the sense that the model has the SU(2) gauge symmetry, and satisfies the nonabelian
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• ZXZ gate:

e�i ✓2 Z⌦X⌦Z =

• •
H • • H

RZ(✓)

. (C.11)

Thus, implementing UYM at each Suzuki-Trotter step requires 10N � 14 CNOT gates.

D Formulation of YM-Ising model

D.1 Kogut-Susskind formulation

� ii � 1 i + 1
<latexit sha1_base64="1DFVijnG2Nl68ZIzvrm6VRHcMqk="></latexit>

U(i)

<latexit sha1_base64="1DFVijnG2Nl68ZIzvrm6VRHcMqk="></latexit>

U(i)
<latexit sha1_base64="1DFVijnG2Nl68ZIzvrm6VRHcMqk="></latexit>

U(i)

<latexit sha1_base64="kYcBAwg3cvQWBfQjSnyg24ED1wA="></latexit>· · ·
<latexit sha1_base64="I+xPaOyQlPSazgUleGw1bHfiYBU="></latexit>

(1, 0)

<latexit sha1_base64="fGMiRhLUpudv9oIQSs/ssDPqbUU="></latexit>

Ux(i, 0)
<latexit sha1_base64="iXEbmZXdFjTwpkdWycLMIhWHOYE="></latexit>

(0, 0)

<latexit sha1_base64="gU2tOxsskvDKEddnb/+yhQfbvZc="></latexit>

Uy(i + 1, 0)
<latexit sha1_base64="ejQsxaK9cCVYpIdKIye3IKWrwsE="></latexit>

U †
y
(i, 0)

<latexit sha1_base64="CwSsnXthWyxxjILDu1oUmf4GkxE="></latexit>

U †
x
(i, 1)

<latexit sha1_base64="TgcYEem+sxsshiUAnzCvfP1GL8U="></latexit>!
<latexit sha1_base64="TgcYEem+sxsshiUAnzCvfP1GL8U="></latexit> !

<latexit sha1_base64="XQG+7dqwiKhi56xPBUvcY1y14Q8="></latexit>x

<latexit sha1_base64="RCIqGSieefcbkn6ZyvuRGbzBje8="></latexit>y

<latexit sha1_base64="BnxVh15KxtqJx/3vg9CkypO0gCE="></latexit>

(1, N)

<latexit sha1_base64="sz86tQm4oUmfTA7cl2zFbRKqYSk="></latexit>

(0, N)

Figure 7: Two-leg ladder model of SU(2) Yang-Mills theory

We review the Hamiltonian formulation of the lattice SU(2) Yang-Mills (YM) theory, which is the so-called
Kogut-Susskind Hamiltonian formulation [29]. Although we will consider a two-leg ladder geometry shown
in Fig. 7, we here formulate a general two-dimensional cartesian lattice system. The link variable Uµ(x), a
2 ⇥ 2 matrix-valued operator, is defined on the link from a site x to x+ eµ, where eµ is the unit vector along
the µ = x, y direction. We introduce the generators of left and right transformation, Ea

L
(x, µ), and Ea

R
(x, µ)

[a = x, y, z], which satisfy

[Ea

L
(x, µ), U⌫(y)] = �T aUµ(x)�µ⌫�x,y, (D.1)

[Ea

R
(x, µ), U⌫(y)] = Uµ(x)T a�µ⌫�x,y, (D.2)

[Ea

L
(x, µ), Eb

L
(x, ⌫)] = i✏abcEc

L
(x, µ)�µ⌫�x,y, (D.3)

[Ea

R
(x, µ), Eb

R
(x, ⌫)] = i✏abcEc

R
(x, µ)�µ⌫�x,y, (D.4)

where T a is the generator of SU(2) that satisfies [T a, T b] = i✏abcT c with the Levi-Civita symbol ✏abc. The gen-
erators Ea

R
(x, µ) and Eb

L
(x, ⌫) are not independent, but related to the parallel transport as �U†

⌫
(x)EL(x, ⌫)U⌫(x) =

ER(x, ⌫), where ER/L(x, ⌫) = T aEa

R/L
(x, ⌫). This leads to the constraint,

E2(x, µ) =
X

a

Ea

L
(x, µ)Ea

L
(x, µ) =

X

a

Ea

R
(x, µ)Ea

R
(x, µ). (D.5)

The Hamiltonian is given as the sum of electric and magnetic parts, H = HE + HB , with

HE =
X

x,µ

1

2
E2(x, µ), (D.6)

HB = �K

2

X

x

(trU⇤(x) + trU †
⇤(x)), (D.7)

where U⇤(x) = tr[Ux(x)Uy(x + ex)U†
x
(x + ey)U†

y
(x)]. K is the coupling constant, which is inversely pro-

portional to the square of the gauge coupling g. HE is the electric part of the Hamiltonian, while HB is
the plaquette Hamiltonian; it involves the Wilson loop operator. In addition, the theory is restricted to the
physical Hilbert space | i by the Gauss law constraints:

X

µ

(Ea

L
(x, µ) + Ea

R
(x � eµ, µ)) | i = 0. (D.8)
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Yang-Mills on a ladder

jmax = 1/2

Suzuki-Trotter decomposition formula:

UYM =
⇣
e�i t

M (� 3
16

PN
i=0(2Zi+Zi�1Zi))

⇥
N�1Y

i=0

e�i t
M (� K

16Xi)e�i t
M (� 3K

16 XiZi�1)e�i t
M (� 3K

16 XiZi+1)e�i t
M (� 9K

16 XiZi�1Zi+1)
⌘M

= e�iHYMt + O(t2/M).

(4.2)

The 10N � 14 CNOT operations are required in each Suzuki-Trotter step. Since it is five times as large as
that in the Ising spin chain, the YM-Ising model suffers from stronger decoherence effects when computing
the Trotter evolution on a noisy quantum simulator.

Figure 5 shows the t-dependence of PEPR and FEPR in the absence of noise effects. We see that PEPR

decays to the value computed with Haar random evolutions for K > 1. On the other hand, the decay becomes
weak for K < 1, and PEPR ceases to decay for K ⌧ 1, as is evident from the K = 0 limit where our model
is reduced to the classical Ising model with the longitudinal field. In view of the original link variables,
the K = 0 limit becomes the free theory of rigid rotators that should show no signal of the information
scrambling. Although more quantitative analyses with larger system sizes and larger cutoff of representations
are demanded, the high teleportation quality observed in the YM-Ising model implies that the scrambling
also occurs in the original lattice YM theory since the number of qubits participating in the local interaction
increases and the spreading of information becomes more prominent as cutoff increases.

Figure 6 shows the computation of P decoh

EPR
and F decoh

EPR
in the presence of decoherence effects. Here, we

introduce the decoherence by the same procedure as the case of Ising spin chain (3.3). In the left panel, the
decay of P decoh

EPR
is observed even in K = 0, that is, the classical spin chain. On the other hand, the effects

of decoherence and scrambling are distinguishable in the case of F decoh

EPR
as shown in the right panel. These

features are the same as those observed in the Ising spin chain.

0 20 40 60 80 100
t

0.0

0.2

0.4

0.6

0.8

1.0

P
E

P
R

N = 8, NA = 1, ND = 2, dt = 0.5

Haar

K = 0

K = 0.5

K = 2
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Figure 5: The ideal Hayden-Preskill recovery protocol with U = UYM. (a) The projection probabil-
ity (2.9). (b) The recovery fidelity (2.10). The parameters on each panel are N := log d, NA := log dA,
ND := log dD, and dt := t/M . The green, red, and blue points correspond to K = 0, K = 0.5, and
K = 2, respectively. The black line represents the PEPR (2.13) and FEPR (2.14) computed with U
given by a Haar random unitary operator.

5 Summary and discussion

We demonstrated how the Hayden-Preskill protocol can be applied to diagnose the information scrambling of
a given Hamiltonian dynamics under decoherence. To this end, we performed the numerical simulations with
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(a) P decoh
EPR (b) F decoh

EPR

Figure 3: The Hayden-Preskill recovery protocol with U = UIsing in the presence of decoherence (3.3).
(a) The projection probability (2.18). (b) The fidelity (2.15). The parameters on each panel are
N := log d, NA := log dA, ND := log dD, dt := t/M , and p is the error probability (3.3). The green,
red, and blue points correspond to (h, m) = (0, 0) [classica], (1.0, 0) [critical], and (�1.05, 0.5) [chaotic],
respectively. The black line represents the PEPR (2.13) and FEPR (2.14) computed with U given by a
Haar random unitary operator without decoherence effects.

Gauss law constraints. However, the dimension of the representation of SU(2) (equivalent to the dimension
of the Hilbert space) is significantly reduced; we use only the spin 0 and 1/2 representations i.e., up to the
first nontrivial representation. Although an extrapolation to the infinite-dimensional representation is needed
to discuss the original lattice YM theory, we anticipate that the essential features of the nonabelian gauge
symmetry and Gauss law constraints are incorporated into the truncated theory.

4.2 Numerical simulation

We study information scrambling on the YM-Ising model on the basis of the Hayden-Preskill protocol with
the configuration shown in Fig. 4 (d = 28, dA = 2, and dD = 22).

Figure 4: The configuration of input and output Hilbert spaces of evolution operator UYM. The states
on HA and HD are respectively represented by red and blue wires. The rest of wires in input and
output wires are the states on HB and HC , respectively. A and D are kept away from the boundaries
to reduce possible boundary effects.

The unitary evolution operator UYM with the aforementioned Hamiltonian is implemented using the
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2 Hayden-Preskill protocol

Given a quantum evolution UAB : HA ⌦ HB ! HC ⌦ HD, we consider a state representation of UAB by
augmenting reference states on HR and HB0 [1]:

| i = (IR ⌦ UAB ⌦ IB0)(|EPRiRA ⌦ |EPRiBB0) = , (2.1)

where the time flows from bottom to top in the quantum circuit diagram. Dimensions of Hilbert spaces satisfy
dAdB = dCdD =: d, dB = dB0 and dA = dR, with dA := dim HA and so on. The EPR states |EPRiRA and
|EPRiBB0 have been introduced:

|EPRiRA =
1p
dA

dAX

i=1

|iiR ⌦ |iiA = ,

|EPRiBB0 =
1p
dB

dBX

i=1

|iiB ⌦ |iiB0 = ,

(2.2)

where the black blobs stand for the normalization factors 1/
p

dA and 1/
p

dB , respectively. The Hayden-
Preskill thought experiment asks whether an input quantum state on HA can be retrieved from the quantum
information available on HB0 and HD. It was argued that, provided the quantum evolution UAB is a Haar
random unitary operator, the retrieval is possible if ND � NA + ✏ for NA := log dA, ND := log dD, and some
small positive number ✏ [1]. In this section, we review the recovery protocol and its relation to the information
scrambling. In this work, we do not set UAB to be a Haar random unitary operator but let it be a general
unitary operator unless otherwise stated.

2.1 Mutual information as an indicator of information scrambling

Informally speaking, the information scrambling caused by UAB refers to the spread of input information on
HA over the output Hilbert space HC ⌦HD. It is characterized by the information about A nonlocally shared
by the outputs C and D which cannot be extracted from either C or D exclusively. Given the state | i (2.1),
such a quantity may be represented by the negativity of the tripartite information I(R, C, D) [4],
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p
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p
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in turn reduces the entanglement within the principle system, and hence, the information shared between A
and BD, I(R, B0D), decreases.

In what follows, we employ the Rényi-2 mutual information

I(2)(R, B0D) := S(2)(R) + S(2)(B0D) � S(2)(RB0D), (2.5)

with S(2)(R) := � log Tr[⇢2
R
]. Although it is different from the mutual information I(R, B0D), by noting

S(⇢) � S(2)(⇢) for an arbitrary density operator ⇢,2 we find that I(2)(R, B0D) gives a lower bound on
I(R, B0D):

I(2)(R, B0D) = log dA + S(2)(B0D) � log dC  log dA + S(B0D) � log dC = I(R, B0D). (2.6)

Therefore, the large I(2)(R, B0D) guarantees the large I(R, B0D), and thus the small I(R, C, D). The Hayden-
Peskill protocol measures I(2)(R, B0D) via the quality of teleportation.

2.2 Ideal protocol

The Hayden-Peskill thought experiment implies that there exists a quantum channel VDB0 such that the
input state on A can be transferred to R0 if the quantum channel UAB is given by a scrambling dynamics and
ND � NA + ✏ for a small number ✏ [1],

VDB0 | i = . (2.7)

An analogous protocol to transmit an arbitrary state on A to R0 is explained in Appendix B. Yoshida and
Kitaev found such a quantum channel VDB0 [13] that consists of the following three operations (Hayden-
Preskill protocol):

1. Extend the Hilbert space by attaching HA0 ⌦ HR0 and prepare an EPR state, |EPRiA0R0 .
2. Apply a backward evolution U⇤

A0B0 on HA0 ⌦ HB0 to find a state |�̃i.
3. Project the state |�̃i onto |EPRiDD0 .

Then, the resultant quantum state |�i is given by

|�̃i = (UAB ⌦ U⇤
A0B0)(|EPRiRA ⌦ |EPRiBB0) ⌦ |EPRiA0R0),

|�i =
⇧DD0 |�̃ip

PEPR

=
1p

PEPR

,
(2.8)

2More generally, S(n)(⇢) � S(n+1)(⇢) holds for S(n)(⇢) := 1
1�n log Tr[⇢n] and n � 1. Note that S(1)(⇢) := limn!1 S

(n)(⇢) = S(⇢).
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where ⇧DD0 := |EPRihEPR|DD0 is the projection operator onto |EPRiDD0 . The circuit shown in the red
region corresponds to V in Eq. (2.7). The normalization factor PEPR is given by

PEPR = Tr[⇧DD0 |�̃ih�̃|] =
1

d2
A
dBdD

, (2.9)

which is the probability of the state |�̃i being successfully projected onto |EPRiDD0 . Then, the fidelity, FEPR,
between |�i and |EPRiRR0 quantifies the teleportation quality:

FEPR = Tr[⇧RR0 |�ih�|] =
1

d3
A
dBdDPEPR

=
1

d2
A
PEPR

. (2.10)

As discussed in Ref. [13], the quantity PEPR is identified with an averaged OTOC,

hOTOCi :=

Z

Haar

dOAdODTr[OAOD(t)O†
A
O†

D
(t)]. (2.11)

Hence, the teleportation quality FEPR carries the information of the OTOC in the absence of noise effects:

FEPR =
1

d2
A
hOTOCi

. (2.12)

The strong decay of averaged OTOC results in the high quality of teleportation in the absence of decoherence.
For the later purpose, we briefly discuss the results of PEPR and FEPR when the evolution operator U

is given by a Haar random evolution. In this case, the corresponding dynamics efficiently scrambles the
information of input states. The projection probability PEPR (2.9) is reduced to (see Appendix A):

PHaar

EPR
=

1

d2 � 1


d2

B
+ d2

C
� d2

C

d2
A

� 1

�
⇡ 1

d2
A

+
1

d2
D

� 1

d2
A
d2

D

. (2.13)

The associated fidelity (2.10) takes the form,

FHaar

EPR
=

1

d2
A
PHaar

EPR

⇡ 1

1 + (dA/dD)2
. (2.14)

Therefore, the teleportation works almost perfectly when dD � dA is satisfied, as implied by ND � NA + ✏.

2.3 Noisy protocol

OTOCs serve as proxies of scrambling or quantum chaos of a given quantum system. In particular, their
decays imply that the corresponding quantum dynamics is scrambling. It is, however, very challenging to
measure the decay of OTOC stemming from the scrambling on a quantum computer when the noise effects
of the quantum device are not negligible because such effects also induce the decay of OTOC.
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Ising model
with I(2)(R, B0D) = S(2)

R
+ S(2)

B0D � S(2)
RB0D.

Interestingly, the decay of P decoh

EPR
does not lead to the increase in F decoh

EPR
. Instead, the decoherence induces

the decay of F decoh

EPR
due to the decrease of I(2)(R, B0D), which is attributed to the leakage of mutual informa-

tion to environment. Therefore, the effects of scrambling and decoherence induce the distinct consequences in
the behavior of F decoh

EPR
. This is the reason why we favor F decoh

EPR
to diagnose the information scrambling over

P decoh

EPR
or OTOCs. In the following section, we demonstrate these observations by carrying out numerical

simulations of the protocol in the Ising spin chain and the YM-Ising model.

3 Diagnosis of scrambling in Ising spin chain

We demonstrate the ideas discussed in the previous section by applying the protocol to the Ising spin chain,

HIsing = �
N�1X

i=1

ZiZi+1 � h
NX

i=1

Xi � m
NX

i=1

Zi, (3.1)

where (Xi, Yi, Zi) are the Pauli matrices (�x, �y, �z) defined on the i-th site, and N denotes the number of
sites. We consider the three sets of parameters: (i) h = m = 0, (ii) h = 1, m = 0, (iii) h = �1.05, m = 0.5.
The first system is the classical Ising model, and the second one is the transverse-field Ising model at the
critical point. Both of them are integrable systems. The third one is known to be a chaotic system [31]. We
numerically simulate the Hayden-Preskill protocol with U given by the Hamiltonian evolution UIsing (3.2) to
compute PEPR (P decoh

EPR
) and FEPR (F decoh

EPR
) as functions of t. The configuration of input and output Hilbert

spaces are shown in Fig. 1 (d = 28, dA = 2, and dD = 22).

Figure 1: The configuration of input and output Hilbert spaces of evolution operator UIsing. The states
on HA and HD are respectively represented by red and blue wires. The rest of wires in input and
output wires are the states on HB and HC , respectively.

The Hamiltonian evolution operator is implemented by using the Suzuki-Trotter product formula [32, 33],

UIsing =
⇣
e�i t

M (�
PN�1

i=1 ZiZi+1�m
PN

i=1 Zi)e�i t
M (�h

PN
i=1 Xi)

⌘M

= e�iHIsingt + O(t2/M). (3.2)

Their explicit implementations in terms of elementary quantum gates are delegated to Appendix C. For the
noisy simulation, we replace all the CNOT gates appearing in the protocol with the depolarizing channels as
follows,

CNOT⇢CNOT ! (1 � p)CNOT⇢CNOT + p
I

d
⌦ Tr[⇢]. (3.3)

This is not identical to the depolarizing channel introduced in the previous section. Nevertheless, it still
reflects the essential feature that the Hamiltonian evolution is subject to the decoherence effect.3 We remark
that 2(N �1) CNOT operations are used in each Suzuki-Trotter step of Eq. (3.2) (4(N �1) CNOT operations
with UAB and U⇤

A0B0 combined), and the noise effects accumulate as the Hamiltonian evolution proceeds.

3CNOT operations also appear in the preparation of initial EPR pairs and EPR measurements. However, the number of CNOTs
in the Hamiltonian evolution scales linearly in t, and hence, the associated noise effects eventually dominate those caused by CNOTs
for creating and measuring EPR pairs.
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i=1 ZiZi+1�m
PN

i=1 Zi)e�i t
M (�h

PN
i=1 Xi)

⌘M

= e�iHIsingt + O(t2/M). (3.2)

Their explicit implementations in terms of elementary quantum gates are delegated to Appendix C. For the
noisy simulation, we replace all the CNOT gates appearing in the protocol with the depolarizing channels as
follows,

CNOT⇢CNOT ! (1 � p)CNOT⇢CNOT + p
I

d
⌦ Tr[⇢]. (3.3)

This is not identical to the depolarizing channel introduced in the previous section. Nevertheless, it still
reflects the essential feature that the Hamiltonian evolution is subject to the decoherence effect.3 We remark
that 2(N �1) CNOT operations are used in each Suzuki-Trotter step of Eq. (3.2) (4(N �1) CNOT operations
with UAB and U⇤

A0B0 combined), and the noise effects accumulate as the Hamiltonian evolution proceeds.

3CNOT operations also appear in the preparation of initial EPR pairs and EPR measurements. However, the number of CNOTs
in the Hamiltonian evolution scales linearly in t, and hence, the associated noise effects eventually dominate those caused by CNOTs
for creating and measuring EPR pairs.
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Figure 2 shows the t-dependence of PEPR and FEPR in the absence of noise effects. Remember that the
former is equivalent to the averaged OTOC (2.11). In the chaotic spin chain, PEPR decays to almost saturate
and remains at the value of Haar random unitary case. This is in contrast to the other integrable spin chains.
The consistent behaviors are observed in the computation of FEPR. We emphasize that the relation (2.10) in
the ideal case implies that PEPR and FEPR carry exactly the same information. Namely, the decay of PEPR

indicates the growth of FEPR and vice versa.
Figure 3 shows the computations of P decoh

EPR
and F decoh

EPR
in the presence of decoherence effects. Here, we

introduce the decoherence by replacing all the CNOT gates with the depolarizing channels (3.3). In the
left panel, the decay of P decoh

EPR
is observed even in the integrable spin chains. This computation manifestly

demonstrates that it is hard to discriminate the scrambling effects from the noise effects because both of
them induce the decrease of P decoh

EPR
, or equivalently averaged OTOC (2.20). On the other hand, the effects

of decoherence and scrambling are distinguishable when F decoh

EPR
is used as shown in the right panel. The

scrambling raises F decoh

EPR
while the decoherence suppresses it. This is because the decoherence is caused by

the entanglement between the principle system and environment, which reduces the entanglement, and hence
the mutual information, between R and B0D.
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Figure 2: The ideal Hayden-Preskill recovery protocol with U = UIsing. (a) The projection proba-
bility (2.9). (b) The fidelity (2.10). The parameters on each panel are N := log d, NA := log dA,
ND := log dD, and dt := t/M . The green, red, and blue points correspond to (h, m) = (0, 0) [classical],
(1.0, 0) [critical], and (�1.05, 0.5) [chaotic], respectively. The black line represents the PEPR (2.13) and
FEPR (2.14) computed with U given by a Haar random unitary operator.

4 Diagnosis of scrambling in Yang-Mills-Ising model

4.1 Yang-Mills-Ising model

With the suitable truncation scheme detailed in Appendix D, the SU(2) lattice YM theory in a two-leg
ladder geometry can be mapped to the spin chain, which we call Yang-Mills-Ising (YM-Ising) model, and the
resultant Hamiltonian of the spin chain has the form,

H =
NX

i=0

3

16
(3 � 2Zi � Zi�1Zi) � K

N�1X

i=0

1

16
Xi(1 + 3Zi�1)(1 + 3Zi+1), (4.1)

with Z�1 = ZN = 1 representing open boundary conditions. This serves as an effective model of the SU(2)
lattice gauge theory in the sense that the model has the SU(2) gauge symmetry, and satisfies the nonabelian
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Yang-Mills

Suzuki-Trotter decomposition formula:

UYM =
⇣
e�i t

M (� 3
16

PN
i=0(2Zi+Zi�1Zi))

⇥
N�1Y

i=0

e�i t
M (� K

16Xi)e�i t
M (� 3K

16 XiZi�1)e�i t
M (� 3K

16 XiZi+1)e�i t
M (� 9K

16 XiZi�1Zi+1)
⌘M

= e�iHYMt + O(t2/M).

(4.2)

The 10N � 14 CNOT operations are required in each Suzuki-Trotter step. Since it is five times as large as
that in the Ising spin chain, the YM-Ising model suffers from stronger decoherence effects when computing
the Trotter evolution on a noisy quantum simulator.

Figure 5 shows the t-dependence of PEPR and FEPR in the absence of noise effects. We see that PEPR

decays to the value computed with Haar random evolutions for K > 1. On the other hand, the decay becomes
weak for K < 1, and PEPR ceases to decay for K ⌧ 1, as is evident from the K = 0 limit where our model
is reduced to the classical Ising model with the longitudinal field. In view of the original link variables,
the K = 0 limit becomes the free theory of rigid rotators that should show no signal of the information
scrambling. Although more quantitative analyses with larger system sizes and larger cutoff of representations
are demanded, the high teleportation quality observed in the YM-Ising model implies that the scrambling
also occurs in the original lattice YM theory since the number of qubits participating in the local interaction
increases and the spreading of information becomes more prominent as cutoff increases.

Figure 6 shows the computation of P decoh

EPR
and F decoh

EPR
in the presence of decoherence effects. Here, we

introduce the decoherence by the same procedure as the case of Ising spin chain (3.3). In the left panel, the
decay of P decoh

EPR
is observed even in K = 0, that is, the classical spin chain. On the other hand, the effects

of decoherence and scrambling are distinguishable in the case of F decoh

EPR
as shown in the right panel. These

features are the same as those observed in the Ising spin chain.
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Figure 5: The ideal Hayden-Preskill recovery protocol with U = UYM. (a) The projection probabil-
ity (2.9). (b) The recovery fidelity (2.10). The parameters on each panel are N := log d, NA := log dA,
ND := log dD, and dt := t/M . The green, red, and blue points correspond to K = 0, K = 0.5, and
K = 2, respectively. The black line represents the PEPR (2.13) and FEPR (2.14) computed with U
given by a Haar random unitary operator.

5 Summary and discussion

We demonstrated how the Hayden-Preskill protocol can be applied to diagnose the information scrambling of
a given Hamiltonian dynamics under decoherence. To this end, we performed the numerical simulations with
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(1.0, 0) [critical], and (�1.05, 0.5) [chaotic], respectively. The black line represents the PEPR (2.13) and
FEPR (2.14) computed with U given by a Haar random unitary operator.

4 Diagnosis of scrambling in Yang-Mills-Ising model

4.1 Yang-Mills-Ising model

With the suitable truncation scheme detailed in Appendix D, the SU(2) lattice YM theory in a two-leg
ladder geometry can be mapped to the spin chain, which we call Yang-Mills-Ising (YM-Ising) model, and the
resultant Hamiltonian of the spin chain has the form,

H =
NX

i=0

3

16
(3 � 2Zi � Zi�1Zi) � K

N�1X

i=0

1

16
Xi(1 + 3Zi�1)(1 + 3Zi+1), (4.1)

with Z�1 = ZN = 1 representing open boundary conditions. This serves as an effective model of the SU(2)
lattice gauge theory in the sense that the model has the SU(2) gauge symmetry, and satisfies the nonabelian
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(a) P decoh
EPR (b) F decoh

EPR

Figure 3: The Hayden-Preskill recovery protocol with U = UIsing in the presence of decoherence (3.3).
(a) The projection probability (2.18). (b) The fidelity (2.15). The parameters on each panel are
N := log d, NA := log dA, ND := log dD, dt := t/M , and p is the error probability (3.3). The green,
red, and blue points correspond to (h, m) = (0, 0) [classica], (1.0, 0) [critical], and (�1.05, 0.5) [chaotic],
respectively. The black line represents the PEPR (2.13) and FEPR (2.14) computed with U given by a
Haar random unitary operator without decoherence effects.

Gauss law constraints. However, the dimension of the representation of SU(2) (equivalent to the dimension
of the Hilbert space) is significantly reduced; we use only the spin 0 and 1/2 representations i.e., up to the
first nontrivial representation. Although an extrapolation to the infinite-dimensional representation is needed
to discuss the original lattice YM theory, we anticipate that the essential features of the nonabelian gauge
symmetry and Gauss law constraints are incorporated into the truncated theory.

4.2 Numerical simulation

We study information scrambling on the YM-Ising model on the basis of the Hayden-Preskill protocol with
the configuration shown in Fig. 4 (d = 28, dA = 2, and dD = 22).

Figure 4: The configuration of input and output Hilbert spaces of evolution operator UYM. The states
on HA and HD are respectively represented by red and blue wires. The rest of wires in input and
output wires are the states on HB and HC , respectively. A and D are kept away from the boundaries
to reduce possible boundary effects.

The unitary evolution operator UYM with the aforementioned Hamiltonian is implemented using the

10
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A Hayden-Preskill protocol with Haar random unitary evolution

We present the computations of Tr[⇢2
RD

] used for Eq. (2.4) and PEPR (2.9) provided the evolution operator
U is a Haar random unitary operator, which is obtained by integrating U over rank-d unitary operators with
the Haar measure. d is the dimension of the Hilbert space that U acts on. For an arbitrary function f and a
unitary operator V , the integral over the Haar measure satisfies the following properties:

Z
dU = 1,

Z
df(U) =

Z
df(UV ) =

Z
df(V U). (A.1)

In this Appendix, we will repeatedly use the following Haar integral formulas:
Z

dU Ui1j1U
⇤
i2j2

=
�i1i2�j2j1

d
, (A.2)

Z
dU Ui1j1Ui2j2U

⇤
i3j3

U⇤
i4j4

=
�i1i3�i2i4�j1j3�j2j4 + �i1i4�i2i3�j1j4�j2j3

d2 � 1

� �i1i3�i2i4�j1j4�j2j3 + �i1i4�i2i3�j1j3�j2j4

d(d2 � 1)
. (A.3)

We first calculate the purity Tr[⇢2
RD

] of the reduced density operator ⇢RD = TrB0C [| ih |],

⇢RD =
1

dAdB

, (A.4)

which is used to compute I(2)(R, D) (2.4). Then, the associated purity is

Tr[⇢2
RD

] =
1

d2
A
d2

B

=
1

d2
A
d2

B

Ua1b1c1d1Ua2b2c2d2U
⇤
a2b1c1d2

U⇤
a1b2c2d1

. (A.5)
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Finite density calculations for QCD

● What is the finite density equation of state for QCD?
●How does the distribution function of quarks change 
when baryonic matter changes to quark matter?

● What kind of phase is realized? inhomogeneous phase?

The phase diagram of dense QCD 5










































Figure 1. Conjectured QCD phase diagram with boundaries that define various
states of QCD matter based on S�B patterns.

The chiral transition is a notion independent of the deconfinement transition. In
section 3.2 we classify the chiral transition according to the S�B pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the phase structure of QCD
matter including conjectures which are not fully established. At present, relatively firm
statements can be made only in limited cases – phase structure at finite T with small
baryon density (µB ⌧ T ) and that at asymptotically high density (µB � ⇤QCD).
Below we will take a closer look at figure 1 from a smaller to larger value of µB in
order.

Hadron-quark phase transition at µB = 0: The QCD phase transition at finite
temperature with zero chemical potential has been studied extensively in the numerical
simulation on the lattice. Results depend on the number of colours and flavours as
expected from the analysis of e↵ective theories on the basis of the renormalization
group together with the universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the finite size scaling analysis
on the lattice [37], and the critical temperature is found to be Tc ' 270MeV. For
Nf > 0 light flavours it is appropriate to address more on the chiral phase transition.
Recent analyses on the basis of the staggered fermion and Wilson fermion indicate a
crossover from the hadronic phase to the quark-gluon plasma for realistic u, d and s

quark masses [38, 39]. The pseudo-critical temperature Tpc, which characterizes the
crossover location, is likely to be within the range 150MeV� 200MeV as summarized
in section 4.2.

Even for the temperature above Tpc the system may be strongly correlated and
show non-perturbative phenomena such as the existence of hadronic modes or pre-
formed hadrons in the quark-gluon plasma at µB = 0 [28, 40] as well as at µB 6= 0
[41, 42, 43]. Similar phenomena can be seen in other strong coupling systems such as

Fukushima, Hatsuda (’11)
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Finite density calculations for (1+1)-
dimensional QCD

●Gauge field is not dynamical.

● finite degrees of freedom on open boundary 
Conditions(OBC)

●Gauge field can be removed by unitary 
transformation

Properties of (1+1) dimension



 HamiltonianQCD2

H =
g2

2

N−1

∑
n=1

E2
i (n)

+ϵ
N−1

∑
n=1

(χ†(n + 1)U(n)χ(n) + χ†(n)U†(n)χ(n + 1))

+m
N

∑
n=1

(−1)nχ†(n)χ(n)

Electric term

Hopping term

Mass term 



 HamiltonianQCD2

H =
g2

2

N−1

∑
n=1

E2
i (n)

+ϵ
N−1

∑
n=1

(χ†(n + 1)U(n)χ(n) + χ†(n)U†(n)χ(n + 1))

+m
N

∑
n=1

(−1)nχ†(n)χ(n)

Electric term

Hopping term

Mass term 

Physical state 
j1 j1 j3 j3 j3 j6 j7 j7 j7SU(2)



Eliminate  with unitary transformationU
Sala, Shi, Kühn, Bañuls, Demler, Cirac, Phys. Rev. D 98, 034505 (2018)

Atas, Zhang, Lewis, Jahanpour, Haase , Muschik , Nature Commun. 12, 6499 (2021)

Θχ(n)Θ† := U(n − 1)U(n − 2)⋯U(1)χ(n)
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Θχ(n)Θ† := U(n − 1)U(n − 2)⋯U(1)χ(n)

ΘHΘ† =
g2

2

N−1

∑
n=1

(
n

∑
m=1

χ†(m)Ti χ(m))2

+ϵ
N−1

∑
n=1

(χ†(n + 1)χ(n) + χ†(n)χ(n + 1))

+m
N

∑
n=1

(−1)nχ†(n)χ(n)
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Hopping

Mass



●Matrix product state

●Density matrix renormalization group

|ψ⟩ = ∑
{ni}

|n1⟩⋯ |nN⟩trMn1
1 ⋯MnN

N

[Mni
i ]ij :  matrixD × D

E = min
ψ

⟨ψ |H |ψ⟩
Use iTensor library



Numerical results
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Thermalization



Pvac := |⟨Ψ(0) |Ψ(t)⟩ |2

Vacuum persistency probability
(Loschmidt echo)

P v
ac

t/β
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early time behavior
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Intermediate time

Estimate slope from maxima

log Pvac ∼ − t/τLE

τLE =
 for 0.40 K = 25{  for 0.23 K = 10
 for 0.28 K = 15
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kmin
0 = max(pa + qa, pb + qb, pc + qc,A�min(pa, pb, qc),B �min(qa, qb, pc)),

kmax
0 = min(A,B),

A =
1

3
(2(pa + pb + qc) + qa + qb + pc),

B =
1

3
(pa + pb + qc + 2(qa + qb + pc)),

�cab =

(
1 if kmax

0 > kmin
0 and A,B 2 Z+

0 otherwise

Begin, Walton, Mod. Phys. Lett. A 7 (1992) 3255
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Casimir invariant
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Quantum dimension

e.g., Bonatsos, Daskaloyannis, Prog. Part. Nucl. Phys. 43 (1999) 537

e.g., Coquereaux, Hammaoui, Schieber, Tahri, J. Geom. Phys. 57 (2006) 269
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Quantum scar 
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Honeycomb Lattice 

Model (Nx, Ny, jmax) Total Gauss law Winding Scars

Yang-Mills
(4, 4,

1
2) 248 131072 32768 3

(4, 2, 1) 324 131328 33024 29

Levin-Wen
(4, 2,

3
2) 224 29375 - 0

(4, 2, 1) 324 131328 33024 3

Table 1. The number of states in the full Hilbert space, in the Hilbert space satisfying the Gauss-law
constraints (i.e., Q(v) = 1 sector) [see ref. [53] for a general expression of the Hilbert space dimension],
in the Hilbert space satisfying the Gauss-law constraints and with zero winding numbers, and in scars.
The upper two rows represent the results of the Yang-Mills theory, while the lower two rows are those
of the perturbed Levin-Wen model. In the Levin-Wen model with jmax = 3/2, j is restricted to
integers.

and that of edges is 3NxNy. Link variables living on edges are labeled by j(a, x), where a,
and x = (x, y) are internal indices in the unit cell, and two-dimensional positions of the unit
cells, respectively (see figure 2). In the periodic boundary conditions, the parity of 2j(a, x),
which intersect with the x or y axis, i.e.,

P
y 2j(1, 0, y) [mod 2] and

P
x 2j(2, x, 0) [mod 2]

are conserved (see figure 2). This corresponds to Z2 1-form symmetry [54], which divides the
Hilbert space into distinct topological sectors characterized by the binary winding numbers
(Wx, Wy)=(0, 0), (1, 0), (0, 1), and (1, 1). We focus on the largest sector with (Wx, Wy)=(0, 0).

First, we consider Nx = 4, Ny = 4, and jmax = 1/2, i.e., k = 1. From the total Hilbert
space, we pick up the subspace by imposing Q(v) = 1, Wx = 0, and Wy = 0, and we diagonalize
the Hamiltonian in the subspace. The dimension of the Hilbert space is summarized in table 1.
Before discussing quantum scars, let us see the properties of the groundstate |⌦i in this model.
In figure 3(a), we show the groundstate expectation value of the electric and magnetic parts
of the energy density, which are given explicitly as

hE =
1

2V

X

e2E
h⌦|E2

i (e) |⌦i , hM =
1

V

X

f2F
h⌦| tr U(f) |⌦i , (3.1)

respectively. We also show the bipartite entanglement entropy of the groundstate in figure 4.
By partitioning the lattice into two equal parts A and Ā along the y direction, and tracing
out Ā, we compute the reduced density matrix of the A subspace as

⇢A = trĀ | ih |, (3.2)

where | i is the energy eigenstate in our case. From the reduced density matrix, we compute
the bipartite entanglement entropy SNy/2 as

SNy/2 = � trA ⇢A log ⇢A. (3.3)

Note that ⇢A = ⇢
†
A as is evident from eq. (3.2) and thus SNy/2 can be easily computed from

the eigenvalues eA of ⇢A as SNy/2 = �
P

A eA log eA. Although the spatial size of the lattice is
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