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Nuclear many-body problem
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A "phase transition" can occur ,

Nuclear Cluster Physics



Ikeda diagram for light nculei
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Cluster states of 12C

V.Somà,P.Navrátil, et al. PRC,101,014318 (2020)
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Phys. Rev. Lett. 110, 152502 (2013)

12C spectrum

The 3𝛼 gas-like state & Bose-Einstein Condensate.

Rev. Mod. Phys. 89, 011002 (2017)

Two broad resonance states with large decay width 

Phys. Rev. C 84, 054308 (2011)

Long puzzle and it now has been confirmed for its existence.
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Hoyle State

12C (𝟎𝟏
+)

Recent No-Core-Shell-Model calculations



M. Chernykh, et al., PRL 98, 032501 (2007)

Structure of the 12C

E.Epelbaum,et al,,PRL 109,252501 (2012)

obtuse triangular configuration 

S.Shen, et al., Nat Commun 14, 2777 (2023)

nuclear lattice EFT

D J Marín-Lámbarri,et al., PRL 113, 012502 (2014)

Otsuka, et al., Nat Commun 13, 2234 (2022)

M.Kimura
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THSR wave function



Clusters make the localized motion confined by 
the inter-cluster distance parameter R. 

Container picture

Clusters make the nonlocalized motion 
in a container whose size is described 
by  parameter 𝜷 (𝑩2 = 𝒃2 + 2𝜷2)

𝜷

Single THSR wave function
 ≈  Superposed Brink wave functions
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Inversion doublet rotational bands in 20Ne 

20Ne=𝛼+16O

H.Horiuchi and K.Ikeda,PTP40,277(1968)

Nonlocalized clustering 

Brink cluster model

𝑹

from M.Kimura



Container picture for various cluster systems

B. Zhou, Y. Funaki, H. Horiuchi, Z. Ren,et al.,PRL. 110, 262501 (2013) PRC89, 034319 (2014).

two-body linear-chain

Front. Phys. 15, 14401 (2020)



Nonlocalized cluster motion of 3𝜶 clusters in 12C  

We really obtained the single high-accuracy THSR-type wave 

functions for 3- and 4- states,

B. Zhou, et al., Phys. Rev. C 99, 051303(R) (2019).

Size parameters 𝛽 obtained by variational calculations. 



Ground state and Hoyle state

ground state Hoyle state

De-ye Tao et al.

preliminary result

𝑎1

𝑎2



Clustering structure of 3𝛼+𝑝 in 13N



M. Milin and W. von Oertzen, Eur Phys J A 14, 295 (2002).

12C(states)  +
single particle states

13C 
(states) 

S. Shin, et al., Phys. Rev. C 103, 054313 (2021).

Search for the Hoyle-analog state in 13C

arXiv:2404.09712



Search for the Hoyle-analog state in 13C

M. Dufour and P. Descouvemont,Phys. Rev. C 56, 1831 (1997)





Nuclear cluster model for 3𝜶+𝒑 in 13N  

𝑹𝟏

𝑹𝟐 𝑹𝟑

𝑹𝟒

The four-cluster （ 3𝛼+𝑝 ）wave function, 

The Hamiltonian of the system , 

intrinsic wave function



Energy spectra of 13N

exp.
exp.



Search for the 5α condensate state

3α condensate

2001 (THSR)

4α condensate

2008~ (OCM,THSR)

5α condensate

2019~ 

(Hoyle state) (06
+ state) ( ? )

study of alpha condensate in finite nuclei

𝑁𝛼 𝑛𝑢𝑐𝑙𝑒𝑖

no-geometry shape

gas-like cluster state

excited states



3𝛼 Bose-Einstein state

12C (02
+) 

Hoyle states of 12C

THSR, PRL 87, 192501 (2001)



12C(0+)+𝛼(S)

12C(2+)+𝛼(D)

12C(2+)+𝛼(S)

12C(1-)+𝛼(P)

4𝛼 cond.

Y. Funaki, PRC97,
021304(R) (2018) 

Alpha condensate in 16O



T. Yamada and P. Schuck, Phys. Rev. C 69, 024309 (2004).

An experimental way of testing Bose-Einstein condensation of 

clusters in the atomic nucleus is reported. The enhancement of 

cluster emission and the multiplicity partition of possible emitted 

clusters could be direct signatures for the condensed states.

Some candidates for 𝛼 condensate were 

found from experiments for 12C and 16O.

PRL 96, 192502 (2006)
No experimental signatures 

for α condensation were observed

Phys. Rev. C 100, 034320 (2019)

Dilute multi-𝛼 cluster condensed states with spherical and 

axially deformed shapes are studied with the Gross-Pitaevskii 

equation and Hill-Wheeler equation where the 𝛼 cluster is treated 

as a structureless boson, it is predicted to exist in heavier self-

conjugate 4𝑁 nuclei up to 𝑁=10.

E(12C)~ 0.0 MeV
E(16O )~ 2 MeV
E(20Ne )~ 3 MeV

Rev. Mod. Phys. 89, 011002 (2017).

Multi-alpha condensation



The state at Ex=22.5 MeV, which could not be interpreted by 
the shell-model calculations, is  a tentative candidate for the 
5α cluster state.

from Kawabata

Recent experiment for 5𝛂 condensation



❑  3.3 MeV above the 5𝛼 threshold

S. Adachi et al., Candidates for the 5𝛼 condensed state 

in 20Ne, PLB 819,136411 (2021).

23.6-MeV state enhances in the decay  

to the 16O (06
+) +𝛼 channel

❑  strongly coupled to 16O(06
+) state

Recent experiment for 5𝛂 condensation



𝟓𝜶 BEC state ?

Search for the 5alpha condensate state



To solve the configurations problem:

The 5alpha microscopic wave function



        The Hamiltonian for 20Ne in this work can be written as:

The effective nucleon-nucleon potential part is taken a Gaussian form, 
which is expressed as:

Tohsaki F1 three-body interaction was used. 
A. Tohsaki,Phys. Rev. C 49, 1814 (1994).

To solve the interaction problem:

Three-body effective interaction



Radius-Constraint Method,

To solve the resonance problem:

σ
𝛽1

’ ,𝛽2
’

෡Φ4𝛼+𝛼
0+

𝛽1, 𝛽2 σ𝑖=1
1

20
𝑟𝑖 − 𝑋𝐺

2 ෡Φ4𝛼+𝛼
0+

𝛽1
’ , 𝛽2

’ ×

𝑔(𝛾ሻ 𝛽1
’ , 𝛽2

’

= 𝑅(𝛾ሻ 𝑔(𝛾ሻ 𝛽1, 𝛽2
෡Φ4𝛼+𝛼

0+
𝛽1, 𝛽2

෡Φ4𝛼+𝛼
0+

𝛽1
’ , 𝛽2

’

Ψ𝐺𝐶𝑀
0+

= ෍

𝛽1,𝛽2

𝑔(𝛾ሻ 𝛽1, 𝛽2
෡Φ4𝛼+𝛼

0+
𝛽1

’ , 𝛽2
’

Here ,𝑅(𝛾ሻ ≤ 𝑅𝑐𝑢𝑡 and 𝑅𝑐𝑢𝑡 is the radius cut-off parameter.

Above the 5alpha threshold: 𝟎𝟏𝟓
+ ~ 𝟎𝟏𝟗

+  

Stabilization Method

Radius-Constraint Method + Stabilization Method



16O(ground state)+𝛼 channel 

To solve the resonance problem

Five 0+ states above the threshold

16O(02
+)+𝛼 channel 



Two 0+ states around 3 MeV are found.

Five 0+ states above the threshold

B. Zhou, Y. Funaki, H. Horiuchi, Y-G Ma, G. Röpke, P. Schuck, A. Tohsaki & T. Yamada, Nat. Commun. 14, 8206 (2023).



Reduced width amplitude Simple way to confirm condensate state
larger amplitude

The 5alpha condensate state

B. Zhou, Y. Funaki, H. Horiuchi, Y-G Ma, G. Röpke, P. Schuck, A. Tohsaki & T. Yamada, Nat. Commun. 14, 8206 (2023).



The decay scheme and connections

Exotic clustering structure ?

T. Yamada and P. Schuck, PRC 69, 024309 (2004).

B. Zhou, Y. Funaki, H. Horiuchi, Y-G Ma, G. Röpke, P. Schuck, A. Tohsaki & T. Yamada, Nat. Commun. 14, 8206 (2023).



KAWABATA Takahiro 

The 6𝜶 clustering structure probed by Inelastic Scattering 

PLB,848 (2024)



The 6𝜶 THSR calculations



Neutron Pairs Condense in Excited Helium-8

02
+ state 

(new trial wave function)

a tool for studying the cluster correlations

Yoshiko Kanada-En’yo  originally proposed the dineutron condensate of 8He 

(Phys. Rev. C 88, 034321（2013) )



𝜓 + + ⋯= +

light nuclei,  ground and excited states,  superposed many clustering configurations

Nuclear 

clustering 

structure

High-energy

nuclear

collisions

𝛃



Summary and Prospect

➢ There are rich clustering structure in light nuclei. The 5𝛼 condensate problem. 

➢ Search for the novel clustering states in  N𝛼+X system. （neutron correlations…） 

(Multi-cluster problem, Resonance problem, Reaction problem. )
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