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Motivation:
the context of precision predictions at colliders

Applications of QCD to collider physics involve solution of 
               renormalization group equations (RGEs),  
                        e.g.: alpha-strong, PDFs, TMDs, . . .    

With the dramatic increase in accuracy of perturbative calculations 
for hard-scattering cross sections, theoretical systematic uncertainties 
from RGE solutions become potentially important.   

In many current applications these are not taken into account. 

We propose a method to deal with RGE systematics using the 
notion of “resummation scale” (borrowed from soft-gluon resummation
literature).   
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Outline

1.   Basic concepts of the methodology  

2.   Implications for precision observables:  
            electroweak boson production 
                 at the LHC and FCC-hh    
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Perturbative solution of RGEs: basic framework

For any truncation order k: diference between solutions which are
formally equivalent at the nominal logarithmic accuracy but difer by
subleading terms, and source RGE theory uncertainties. 

Practical applications: 

The goal is to devise strategies 
to evaluate truncation uncertainties in either case. 

where

Numerical RGE solutions

Analytic RGE solutions
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Physical picture (1)  

M_ref M_phys

RGE evolution

Cf. variation of factorization and renormalization scales in perturbative QCD calculations:

● Varying muR and muF about Q takes into account 
 missing higher orders to hard scattering function h

● RGE systematic uncertainties correspond to missing 
 higher orders in RGE kernels for evolution from M_ref 
 to M_phys in alpha-strong and f's. 
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Physical picture (2) 

Example: x-dependence 
of QCD splitting functions 
(inverse Mellin transforms  
of the RGE kernels gamma  
for PDF evolution) 

4-loop approximations to 
gluon splitting functions

[McGowan, Cridge, 
Harland-Lang, Thorne, 
Eur. Phys. J. C83 (2023) 185 
[arXiv:2207.04739]]

[Moch et al; Falcioni et al; Gehrmann et al. 
2022-2025]  

RGE evolution kernels, besides accomplishing the summation of large 
logarithms in the ratio of mass scales, in turn acquire dependence on kinematical 
variables, which may possibly be enhanced by QCD dynamics effects 
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Evaluating RGE systematics (1) 

The “resummation scale” approach (analytic RGE solutions)
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Evaluating RGE systematics (2) 

The “shifted kernel” approach (numerical RGE solutions)

Make RG transformation: 

Variations of xi provide an estimate of the perturbative uncertainty associated 
with the numerical solution of the RGE.    
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RGE systematics of the strong coupling
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RGE systematics of the strong coupling

● small (per mille) effect at 1 TeV 
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RGE systematics of up-quark density function

● non-negligible effect – more pronounced 
     for decreasing x  (increasing energy) 
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RGE systematics of Sudakov form factor

● kappa and xi bands 
 tend to align from 
 NNLL onwards

● largest at small mu_b 
 (i.e., at large 
 transverse distances)   
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Impact on physical observables:
F2 structure function

● xi band dominates 
 at high Q

● mu bands dominate 
 at low Q

● kinematic regions   
 relevant for PDF extraction
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Impact on physical observables:
Z-boson transverse momentum at the LHC

● xi bands dominate 
 at low qT

● muR and muF bands 
 dominate at high qT
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Z-boson transverse momentum at the FCC-hh

RGE systematics growing with energy scale 
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 Z-boson transverse momentum at the FCC-hh
for large rapidity

Signifcant production 
rates at large rapidities

RGE theory uncertainties 
dominant at low qT 
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Concluding remarks
The diference between exact and perturbative solutions to  RGE, in many
common single-logarithmic problems (such as the evolution of QCD coupling
and PDFs) as well as in double-logarithmic problems (such as Sudakov
processes), can be accounted for by variations of resummation scales. 

Such variations should be performed to assess theory uncertainties associated
with RGE subleading-order terms.   

In many applications relevant for collider physics, notably the extraction of
PDFs from global fts, these variations are commonly not performed. Theory
uncertainties are thus not included, or underestimated.  This points to the 
need for PDF extractions which include RGE theory uncertainties, e.g. by 
the use of the resummation scale technique described here. 

RGE systematic efects become more pronounced with growing mass scale
and decreasing x. They are already signifcant at the LHC in particular phase
space regions, and their importance will grow at the FCC-hh. 

The methodology presented could be applied to fragmentation and fnal-state 
QCD evolution, relevant also for FCC-ee.  
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Back-up slides 
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Z-boson transverse momentum at the LHC:
theory uncertainty envelope
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Z-boson transverse momentum

at large qT
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RGE systematics of valence quark density
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QCD coupling: hysteresis and emergent resummation scales 

● Loop from mu_0 = M_Z to mu = 1 GeV 
back to mu_0 = M_Z: alpha_s, given by 
the NLL solution in Eq.(5), does not 
return to the original value. 
This is the known hysteresis effect in 
RGE perturbative solutions.   

● Hysteresis is here traced back to RGE
theory uncertainties due to uncalculated
subleading orders in the evolution
kernels. 
This can be evaluated by using 
the “emergent resummation scale”
technique.     

Bertone, Bozzi & H, PRD105 (2022) 096003  
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Implications for the structure function F2
Relative variation Delta-F2 / F2 as a function of Q, from   
resummation scales and renormalization/factorization scales

● The xi_PDF contribution starts from 0 and grows rapidly with Q, remaining sizeable out to 
  large Q, while the mu_F contribution is largest at low Q and decreases with increasing Q. 
 

● Analogously, the mu_R contribution is important at low Q and decreases with Q, 
 while the xi_alpha is subdominant at low Q but becomes relevant at high Q. 
   

● The xi_PDF contribution stays comparatively significant for large Q and small x, 
 corresponding to higher-order perturbative corrections to PDF anomalous dimensions 
 dominating the small-x region for sufficiently large Q.    
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