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QCD Factorization [BBNS ’99-’01]

⟨M1M2|Qi|B̄⟩ ∼ FB→M1 (q2 = 0)

∫ 1

0
duTI

i(u)ϕM2
(u)

+

∫ ∞

0
dω

∫ 1

0
dudv TII

i (u,v,ω)ϕM1
(v)ϕM2

(u)ϕ+
B(ω) + O(Λ/mb)

Scale separation for mb → ∞

→ perturbative hard-scattering kernels T I,II
i

→ non-perturbative (but universal) Light-cone distribution amplitudes (LCDAs)

Field theoretic basis in Soft-Collinear Effective Theory

→ holds to all orders in αs

→ power-corrections ∼ O(Λ/mb)

Second term absent for heavy-light final states
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QCD Factorization [BBNS ’99-’01]

⟨M1M2|Qi|B̄⟩ ∼ FB→M1 (q2 = 0)

∫ 1

0
duTI

i(u)ϕM2
(u)

+

∫ ∞

0
dω

∫ 1

0
dudv TII

i (u,v,ω)ϕM1
(v)ϕM2

(u)ϕ+
B(ω) + O(Λ/mb)

Perturbative corrections:

→ scattering kernels partially known to NNLO e.g. [Bell, Beneke, Huber, Li]

→ 3-loop (2-loop) anomalous dimension for ϕM (ϕ+
B) [Braun et al.]

Non-perturbative input:

→ Decay constants and first Gegenbauer moments from lattice e.g. [FLAG, Braun et al.]

→ parameters of ϕ+
B(ω) poorly constraint

(Sum rule estimate of λ−1
B

e.g. in [Braun et al. ’04]. Use B → ℓνγ, e.g. [Beneke, Rohrwild ’11] or B → ℓνℓℓ̄

decays e.g. [Beneke, PB, Rigatos, Vos ’21] to extract model parameters.)
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QCD Factorization [BBNS ’99-’01]

⟨M1M2|Qi|B̄⟩ ∼ FB→M1 (q2 = 0)

∫ 1

0
duTI

i(u)ϕM2
(u)

+

∫ ∞

0
dω

∫ 1

0
du dv TII

i (u,v,ω)ϕM1
(v)ϕM2

(u)ϕ+
B(ω) + O(Λ/mb, αem)

Recent conceptual progress

1. QEDF

2. The B-meson LCDA ϕ+
B(ω) from the lattice

3. Factorization beyond the heavy-quark limit (Λ/mb ∼ 0.1) and weak-annihilation amplitudes
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1. QED Factorization of non-leptonic B-meson decays
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QED effects in B decays

→ Precision: QED effects can cause large logarithms lnmℓ, lnmπ , . . . and ln∆E

→ Qualitatively new effects: isospin violation, power-enhancement in Bs → µ+µ− [Beneke et al.

’17+’18], . . .
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QED effects in B decays

→ Precision: QED effects can cause large logarithms lnmℓ, lnmπ , . . . and ln∆E

→ Qualitatively new effects: isospin violation, power-enhancement in Bs → µ+µ− [Beneke et al.

’17+’18], . . .

IR finite observable must include ultrasoft photon radiation

→ soft-photon inclusive width

Γ(∆E) ≡ Γ[B̄ → M1M2 +Xs]
∣∣
EXs≤∆E

factorizes in non-radiative amplitude and u-soft function for ∆E ≪ ΛQCD

Γ(∆E) = |A(B̄ → M1M2)|
2 ×

∑
Xs

|⟨Xs|(S̄(QB)
v S

†(Q1)
v1

S
†(Q2)
v2

)|0⟩|2 θ(∆E − EXs )
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QED effects in B decays

→ Precision: QED effects can cause large logarithms lnmℓ, lnmπ , . . . and ln∆E

→ Qualitatively new effects: isospin violation, power-enhancement in Bs → µ+µ− [Beneke et al.

’17+’18], . . .

IR finite observable must include ultrasoft photon radiation

→ soft-photon inclusive width

Γ(∆E) ≡ Γ[B̄ → M1M2 +Xs]
∣∣
EXs≤∆E

factorizes in non-radiative amplitude and u-soft function for ∆E ≪ ΛQCD

Γ(∆E) = |A(B̄ → M1M2)|
2 ×

∑
Xs

|⟨Xs|(S̄(QB)
v S

†(Q1)
v1

S
†(Q2)
v2

)|0⟩|2 θ(∆E − EXs )

Simple classification:
→ ultrasoft photons with energy ≪ ΛQCD see pointlike mesons (“universal”)

→ (virtual) photons with energy ≳ ΛQCD probe partonic sub-structure (structure dependent)

→ traditional treatment: pointlike coupling up to the scale mB  
(Pointlike coupling requires wavelenght ≫ typical size of the meson ∼ 1/ΛQCD)

→ Comparing theory & experiment requires precise statements on QED treatment (PHOTOS)
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QED Factorization [Beneke, PB, Toelstede, Vos ’20-’22]

⊗ = (Q1, Q2)

⟨M1M2|Qi|B̄⟩
∣∣
non-rad. = FB→M1

Q2
(q2 = 0)

∫ 1

0
duTI

i,Q2
(u)ΦM2

(u)

+

∫
dω

∫ 1

0
du dv TII

i,⊗(u,v,ω)ΦM1
(v)ΦM2

(u)ΦB,⊗(ω)

→ looks like the QCDF formula, but new (non-perturbative) hadronic matrix elements
(photons couple weakly to strongly interacting quarks)

→ form factor FB→π → semi-leptonic amplitude AB→πℓν̄ℓ for charged M2

→ Soft physics qualitatively different from standard hard-scattering picture.
Process-dependence & rescattering phases due to soft Wilson lines from charged mesons

S
(q)
n+

(x) = exp

{
−iQqe

∫ ∞

0
ds n+ · As(x + sn+)

}
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Numerical Estimates for πK Final States

Universal contributions:

→ from ultra-soft radiation and universal part of virtual corrections

→ resums large soft ∼ ln∆E/mB and collinear ∼ lnmi/mB logarithms

U(M1M2) =

(
2∆E

mB

)−αem
π

(
Q2

B+Q2
1

[
1+ln

m2
1

m2
B

]
+Q2

2

[
1+ln

m2
2

m2
B

])

For ∆E = 60 MeV: (∆E = πK invariant mass window around mB)

U(π+K−) = 0.914 U(π0K−) = 0.976

U(π−K̄0) = 0.954 U(K̄0π0) = 1

Structure-dependent (virtual) corrections in non-rad. amplitude partly included

✓ Electroweak scale to mB : QED corrections to Wilson coefficients

✓ mB to ΛQCD: O(αem) corrections to short-distance kernels

 QED effects in LCDAs/form factors, but log-enhanced effects ∼ ln Λ/mB under control.
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Ratios and Isospin Sum Rules

1. Consider ratios where QCD uncertainties drop out:

RL =
2Br(π0K0) + 2Br(π0K−)

Br(π−K0) + Br(π+K−)
= RQCD

L + cos γRe δE + δU

[Beneke, Neubert ’03]

RQCD
L − 1 ≈ (1± 2)% δE ≈ 0.1% δU ≈ 5.8%

→ QED corrections larger than QCD and QCD uncertainty, but short-distance QED negligible

2. Isospin sumrule

∆(πK) ≡ ACP(π
+
K

−
) +

Γ(π−K̄0)

Γ(π+K−)
ACP(π

−
K̄

0
) −

2Γ(π0K−)

Γ(π+K−)
ACP(π

0
K

−
) −

2Γ(π0K̄0)

Γ(π+K−)
ACP(π

0
K̄

0
)

≡ ∆(πK)
QCD

+ δ∆(πK)

[Gronau, Rosner ’06]

∆(πK)QCD = (0.5± 1.1)% δ∆(πK) ≈ −0.4%

→ Isospin sumrule robust against QED effects (QED of similar size but small)
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2. Lattice determination of ϕ+
B(ω)
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The B-meson light-cone distribution amplitude

⟨0|q̄(tn)[tn,0] /nγ5 hv(0)|B̄v⟩ = if̃B(µ)

∫ ∞

0
dω e−iωt ϕ+

B(ω;µ)

→ Hadronic matrix element of non-local HQET operator with light-like separation (n2 = 0)

→ parametrizes soft QCD interactions with momenta of O(Λhad)

→ non-perturbative, but field-theoretic operator definition

→ Poorly constraint! (Sum rule estimate of λ−1
B

e.g. in [Braun et al. ’04]. Use B → ℓνγ, e.g. [Beneke, Rohrwild ’11]

or B → ℓνℓℓ̄ decays e.g. [Beneke, PB, Rigatos, Vos ’21] to extract model parameters.)
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The B-meson light-cone distribution amplitude

⟨0|q̄(tn)[tn,0] /nγ5 hv(0)|B̄v⟩ = if̃B(µ)

∫ ∞

0
dω e−iωt ϕ+

B(ω;µ)

First-principles lattice determination desirable, but lattice intrinsically Euclidean (no light-cone)!

Ji’s proposal [Ji ’13+’14]:

→ Euclidean equal-time correlators (“Quasi-DAs” with small z2 < 0) (Quasi-/Pseudo-PDFs etc.)

ϕ̃(x,P z) ∼
∫

dz

2π
e−ixPzz ⟨0| q̄(z)Γ[z,0]Q(0) |H(P z)⟩

→ . . . are related to light-like correlators in the large-momentum limit P z ≫ mH ,ΛQCD via a
factorization formula in large momentum effective theory (“LaMET”)

8 / 16



Two-step matching [Han et al. ’24+’25]

Quasi DA

QCD
LCDA

HQET
LCDA

HQET 
Quasi DA

(𝑃! , 𝑚" , Λ#$%)

(𝑣, Λ#$%)

(𝑚" , Λ#$%)

(Λ#$%)
LaMET bHQET

Scale hierarchy: P z ≫ mH ≫ ΛQCD
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(𝑣, Λ#$%)

(𝑚" , Λ#$%)

(Λ#$%)
LaMET bHQET

Scale hierarchy: P z ≫ mH ≫ ΛQCD

1.) P z ≫ mH : match quasi-DA → QCD-LCDA in LaMET

ϕ̃(x,P z) =

∫ 1

0
dy C

(
x,y;

µ

P z

)
ϕ(y;µ) +O

(
m2

H

(P z)2
,

Λ2
QCD

(xP z ,x̄P z)2

)
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1.) P z ≫ mH : match quasi-DA → QCD-LCDA in LaMET

ϕ̃(x,P z) =

∫ 1

0
dy C

(
x,y;

µ

P z

)
ϕ(y;µ) +O

(
m2

H

(P z)2
,

Λ2
QCD

(xP z ,x̄P z)2

)

2.) mH ≫ ΛQCD: match QCD-LCDA → HQET-LCDA (boosted HQET) [Beneke et al. ’23]

ϕ(y;µ;mH) = mH
f̃H

fH

[
Jpeak ϕ+

B(ω;µ) + ϕ+
B(ω;µ)|tail

]
+O

(
ΛQCD

mH

)
(ω = ymH)

→ two perturbative matching steps: C(x,y) = δ(x− y) +O(αs), Jpeak = 1 +O(αs)
→ perturbative tail for ω ≫ ΛQCD
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2.) mH ≫ ΛQCD: match QCD-LCDA → HQET-LCDA (boosted HQET) [Beneke et al. ’23]

ϕ(y;µ;mH) = mH
f̃H

fH

[
Jpeak ϕ+

B(ω;µ) + ϕ+
B(ω;µ)|tail

]
+O

(
ΛQCD

mH

)
(ω = ymH)

Alternative approach: use D → γ∗ℓν form factors from lattice [e.g. Giusti et al. ’25] to constrain
moments of ϕ+

B(ω) [Beneke, PB, Braun, Ji, Toelstede; to appear]
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Extracting ϕ+
B(ω)

Quasi-DA

1.0 0.5 0.0 0.5 1.0 1.5 2.0
           x

0.0

0.5

1.0

1.5

2.0

(x
,P

z ) 
   

   
   

  

P z = 2.99 GeV
P z = 3.49 GeV
P z = 3.98 GeV

→ Heavy-quark mass mQ = mc (mD ≈ 1.9GeV; study with different mQ in progress)

→ statistical and certain systematic uncertainties included (extrapolations, Fourier transf. . . . )
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Extracting ϕ+
B(ω)

QCD-LCDA

0.0 0.2 0.4 0.6 0.8 1.0
y

0

1

2
(y

,
)

P z = 2.99 GeV
P z = 3.49 GeV
P z = 3.98 GeV

→ First matching step at leading power and NLO perturbation theory

→ RG evolution from µ = P z → µ = mD

→ Most reliable result for P z = 3.98 GeV. P z-dependence gives estimate of power
corrections ∼ (mD/P z)2 (result untrustworthy for y → 0 and y → 1)
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Extracting ϕ+
B(ω)

Peak and tail region

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.5

1.0
+

(
,

)
+
peak( , )
+
tail( ; = 0.4GeV)
+
tail( ; = 0.6GeV)
+
tail( ; = 0.8GeV)

→ Peak region from second matching step at leading power and NLO perturbation theory

→ Perturbative tail for ω ≳ 1 GeV at NLO ⇒ Interpolation!
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Extracting ϕ+
B(ω)

HQET-LCDA

0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0

+
(

,
)

→ Final result for ϕ+
B(ω;µ = mD)

→ Again, large power corrections at small ω
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Inverse logarithmic moments
Phenomenologically most important quantities:

λ−1
B (µ) =

∫ ∞

0

dω

ω
ϕ+
B(ω;µ)

σ
(n)
B (µ) = λB(µ)

∫ ∞

0

dω

ω
lnn

(µ
ω

)
ϕ+
B(ω;µ)

Results at µ = 1 GeV:

λB(µ = 1GeV) = 0.376(63)GeV , σ
(1)
B (µ = 1GeV) = 1.66(13)

→ compatible with bounds from B → γℓν as well as theor. estimates
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Inverse logarithmic moments
Phenomenologically most important quantities:

λ−1
B (µ) =

∫ ∞

0

dω

ω
ϕ+
B(ω;µ)

σ
(n)
B (µ) = λB(µ)

∫ ∞

0

dω

ω
lnn

(µ
ω

)
ϕ+
B(ω;µ)

Results at µ = 1 GeV:

λB(µ = 1GeV) = 0.376(63)GeV , σ
(1)
B (µ = 1GeV) = 1.66(13)

→ compatible with bounds from B → γℓν as well as theor. estimates

Perturbative and statistical uncertainties included, but not yet a complete assessment of
systematic uncertainties (lattice + analytic)

→ expect sizable power corrections ∼ ΛQCD/mc (not included!)

→ need ultra-relativistic heavy mesons, i.e. larger mQ require even larger P z ≫ mQ

Proof of concept!
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3. Weak-annihilation amplitudes
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Weak Annihilation
Topology where the constituents of the B are annihilated in weak vertex

→ e.g. annihilation dominated decay B̄d → K+K−

Why power-suppressed?
→ purely hard interactions (no 1/ω enhancement from hard-collinear spectator quark)
→ B-meson described by decay constant fB
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Weak Annihilation
Topology where the constituents of the B are annihilated in weak vertex

→ e.g. annihilation dominated decay B̄d → K+K−

Why power-suppressed?
→ purely hard interactions (no 1/ω enhancement from hard-collinear spectator quark)
→ B-meson described by decay constant fB

standard hard-scattering approach gives endpoint-singularities: (ϕ(x) ≃ 6xx̄) [BBNS ’01]

A ∼ fBf2
K

∫ 1

0
dx

∫ 1

0
dy ϕK+ (x)ϕK− (y)

[
1

y(1− xȳ)
+

1

x̄2y

]

consistent treatment would be a major step in controlling the underlying power-expansion
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Non-local B̄0 → K+ form factors

Divergences in the amplitude must cancel. ⇒ Above expression must be incomplete!
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Non-local B̄0 → K+ form factors

Divergences in the amplitude must cancel. ⇒ Above expression must be incomplete!

→ For x̄ → 0 the energetic s̄-quark becomes soft.
Described by non-local B̄0 → K+ form factor
[Lü et al. ’23; PB, Neubert, Stillger to appear]

〈
K+

∣∣[ū(0)Γ[0,rn]s(rn)] [d̄(tn)[tn,0]Γb(0)]∣∣B̄0
d

〉
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Non-local B̄0 → K+ form factors

Divergences in the amplitude must cancel. ⇒ Above expression must be incomplete!

→ For x̄ → 0 the energetic s̄-quark becomes soft.
Described by non-local B̄0 → K+ form factor
[Lü et al. ’23; PB, Neubert, Stillger to appear]

〈
K+

∣∣[ū(0)Γ[0,rn]s(rn)] [d̄(tn)[tn,0]Γb(0)]∣∣B̄0
d

〉

→ Endpoint singularities from x̄ → 0 can be eliminated using refactorization identities
[PB ’18; Liu, Neubert ’19]

→ Factorization formula well-defined, but novel unknown hadronic matrix elements

→ Complete factorization of heavy-to-light form factors currently unknown!
recent progress in [Bell, PB, Feldmann, Horstmann, Shtabovenko ’24]
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More hadronic matrix elements

So far:

→ standard hard-scattering contributions [BBNS ’01] subtracted at endpoint

→ Unknown non-local B̄0 → K+ form factors
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More hadronic matrix elements

So far:

→ standard hard-scattering contributions [BBNS ’01] subtracted at endpoint

→ Unknown non-local B̄0 → K+ form factors

We did a complete tree-level matching calculation onto Soft-collinear EFT

→ reveals another new class of “multi-light-cone” generalizations of B-meson LCDAs

⟨0|
[
d̄(sn)[sn,0]Γ1hv(0)

] [
s̄(tn̄)[tn̄,0][0,un]Γ2s(un)

]
|B̄0

d⟩

→ unknown, in general complex-valued matrix elements. Recently studied in different
contexts e.g. in [Beneke,PB,Toelstede,Vos ’22; Huang et al ’23; Bartocci,PB,Hurth ’24; . . . ]

→ hadronic uncertainties hard to quantify (naive factorization for form factor in [Lü et al. ’23])
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→ standard hard-scattering contributions [BBNS ’01] subtracted at endpoint

→ Unknown non-local B̄0 → K+ form factors

We did a complete tree-level matching calculation onto Soft-collinear EFT

→ reveals another new class of “multi-light-cone” generalizations of B-meson LCDAs

⟨0|
[
d̄(sn)[sn,0]Γ1hv(0)

] [
s̄(tn̄)[tn̄,0][0,un]Γ2s(un)

]
|B̄0

d⟩

→ unknown, in general complex-valued matrix elements. Recently studied in different
contexts e.g. in [Beneke,PB,Toelstede,Vos ’22; Huang et al ’23; Bartocci,PB,Hurth ’24; . . . ]

→ hadronic uncertainties hard to quantify (naive factorization for form factor in [Lü et al. ’23])

Work in progress!
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Conclusions

QCD factorization = EFT-based approach to achieve scale separation in the heavy-quark limit

I discussed some recent conceptual progress:

1.) Factorization of structure-dependent QED corrections: Describes QED corrections at
scales mB > µ > Λ. Luckily small in non-leptonics (but relevant in leptonic decays).
Universal QED corrections important.

2.) ϕ+
B(ω) from the lattice: Poorly known hadronic function, but enters every factorization

formula for exclusive B-decays. First lattice determination available (proof of concept).

3.) Power corrections/Weak-annihilation amplitudes: Progress in theoretical understanding
from perturbative setups. Still open conceptual problems (endpoint-divergences), and
unknown hadronic matrix elements make reliable numerical estimate difficult.

Conclusions from (1.) and (3.) also apply to theoretically clean color-allowed B̄ → D+L−

decays, for which discrepancies between QCDF predictions and experimental measurements
have been discussed recently. [Beneke, PB, Finauri, Vos ’21; PB, Finauri in progress].
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Scales and EFTs

Hierarchy of energy scales:

∆E ∼ 60MeV ≪ few timesΛQCD ≪ mb ∼ 4.2GeV ≪ MW ∼ 80GeV

µW

SM∆B = 1 EFTSCETI

QCD

dof

virtualities

energy0

ultrasoft soft/collinear hard−collinear hard electroweak

SCETII

µbµhcΛQCD

nonperturbative perturbative

hadronic partonic

HHχPT

∆E

✓ short-distance QED at µ ≳ mb → Wilson coefficients of weak eff. Lagrangian

✓ Far IR (ultrasoft) region µus ≪ ΛQCD described by point-like hadrons
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Scales and EFTs

Hierarchy of energy scales:

∆E ∼ 60MeV ≪ few timesΛQCD ≪ mb ∼ 4.2GeV ≪ MW ∼ 80GeV

✓ short-distance QED at µ ≳ mb → Wilson coefficients of weak eff. Lagrangian

✓ Far IR (ultrasoft) region µus ≪ ΛQCD described by point-like hadrons

QEDF: theory for QED between mb and ΛQCD (“structure dependent effects”)

→ systematic 1/mB expansion using Soft-collinear effective theory (SCET)
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Weak Annihilation: Matching onto SCETI

For B̄0
d → K+K− we need e.g. the matching relations (only some examples are shown!):

i) 4-quark operators:

ii) 4-quark+gluon operators:

iii) 6-quark operators (BBNS):

→ even more fields (or derivatives) in SCETI give power-suppressed contribution in SCETII
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Hard-collinear branchings up to O(λ5)

Splittings of SCETI into SCETII fields proceed via various sub-leading Lagrangian insertions.
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	Anhang

