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https://journals.aps.org/prl/pdf/10.1103/PhysRevLett.132.261901
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.074513

The Cabibbo anomaly

FLAG2024

FLAG Review 2024, [arXiv:2411.04268]
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Inclusive hadronic 7 decays

Provide an alternative precise determinations of | V|
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Inclusive hadronic r decays

Isosymmetric QCD
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Result confirmsa ~ 3o tension
between 7-inclusive and purely

hadronic determinations of | V|

... underestimated exp. uncertainties?

... missing isospin-breaking effects?


https://journals.aps.org/prl/pdf/10.1103/PhysRevLett.132.261901
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Had rOniC T decays and the mUOn g'2 R.Alemany, M.Davier & A.Hocker, EPJC 2 (1998)

In the absence of isospin-breaking corrections, 7 decays can be connected to the hadronic
contributions to the muon g-2 by an isospin rotation:
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Inclusion of isospin breaking effects in the 7z channel is addressed in different ways:

> chiral perturbation theory V.Cirigliano, G.Ecker & H.Neufeld, PLB 513 (2001) + JHEP 08 (2002)

> dispersive methods see talks by S.Holz & M.Cottini at IJCLab Orsay (2025)

> lattice QCD see talk by M.Bruno (RBC/UKQCD) at IJCLab Orsay (2025)



https://indico.ijclab.in2p3.fr/event/11652/contributions/39057/
https://indico.ijclab.in2p3.fr/event/11652/contributions/39057/
https://indico.ijclab.in2p3.fr/event/11652/contributions/39056/attachments/26152/38675/simon_holz_tauIB_bernupdate.pdf
https://indico.ijclab.in2p3.fr/event/11652/contributions/39059/attachments/26158/38682/pipi_MCottini.pdf

Inclusive decay rate in QCD+QED

We are interested in determining the inclusive decay rate I'(7 — X,sv-[7]) including
Isospin-breaking corrections
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Inclusive decay rate in QCD+QED

Given the weak effective Hamiltonian

V
_Gr ) = Gr 7YYL — 5| () Jo (z t
Hw (z) = 7 Ow (z) = 7 7Ty (1 = vs5)vr]| (%) ja(z) + h.c. T><
o o GF >
Then the inclusive decay rate is obtained as I" = yv LA(m,)
A2 = 5 3 (r(r,0)|Ow (0) (27)* 6 (P — p) Ow (0) 7(r, )}
= 2 1Ep)owOX ()P

Our goal: extract |A(m)|* from Euclidean lattice correlators



Defining the Euclidean correlator

Let us consider full QCD+QED theory and define the following two correlation functions:

- Y
_—t 0 t t+ty | ot ty

With any infrared regulator (think e.g. to a photon masmy) the ratio of such traced

correlators for large time separations gives

Tr[ C(tl ,t,t+)]
Tr[C (6 + t4)]

R(t)! 4m
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Computing the Euclidean correlator

We plan to follow two parallel approaches:
Full QCD+QED simulation

2. Perturbative expansion at first orderin a,

we plan to employ QCD+QED gauge ensembles by the RC* Collaboration
and evaluate directly the correlator ratio R (t)

2. we use the perturbative "RM123" approach and take derivatives of the correlator,
| 2

€8 TeTe R(t)!e:O , computed using ETMC (QCD) gauge ensembles
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Expansion of the correlators at O(a)
RM123 approach

Taking derivatives with respect to the (lepton & quarks) electric charges gives:

R(t) = R(t) ep * R() ..+ R

(t) non-fact

Note that the 3 contributions are separately infrared finite
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Expansion of the correlators at O(a)
Electro-unquenching

Clearly, a full QCD+QED calculation requires evaluating also e.m. effects involving sea quarks

R(t) = -R(t) lep T -R(t) fact T -R(t) non-fact

OO TR O

R
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Expansion of the squared amplitude at O(a)

‘A(m! )‘2 = ‘A(m! )‘Izep + ‘A(m! )‘fZact T ‘A(m! )‘ﬁon-fact

~( é)-* —»Q }‘* AM)E, = = ds "Kr()#r(S) + "KL (S)#L(S)
89)° o

2 _ mp  ful Full oy’

AM)lfaet = 512 dS KT(S) (s) + KL(s)"[" (s)

0

%—)‘ % ‘A(m! )‘ﬁon-fact = O. d! " (! | m ) ‘A(! )lﬁon-fact
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Spectral reconstruction

= CF

= H\A(m!)\2 <—> R(t)

Start from the relation |A(m)|* =

0

0

g_' AP
%[2"#(! L mO)A()I?

J.Barata, K.Fredenhagen, CMP 138 (1991)

M.T.Hansen, H.Meyer, D.Robaina, PRD 96 (2017)
S.Hashimoto, PTEP 2017 (2017)

M.Hansen, A.Lupo, N.Tantalo, PRD 99 (2019)
J.Bulava, M.T.Hansen, PRD 100 (2019)
P.Gambino, S.Hashimoto PRL 125 (2020)

J.Bulava et al., JHEP 07 (2022)
R.Frezzotti et al., PRD 108 (2023)
A.Patella, N.Tantalo, JHEP 01 (2025)

Define a smeared kernel such that  lim I, (!, m-) =2"#(! | m-)

» Approximate kernel as sum of exponentials ! (! ,m-) !

t

gt(" | m")e! #1

o Use an optimisation strategy, e.g. HLT, to obtain the coefficients (!, m:)

> JA(mM)|7! i

m
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https://link.springer.com/article/10.1007/BF02102039
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.96.094513
https://academic.oup.com/ptep/article/2017/5/053B03/3798720?login=true
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.99.094508
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.100.034521
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.125.032001
https://link.springer.com/article/10.1007/JHEP07(2022)034
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.074510
https://link.springer.com/article/10.1007/JHEP01(2025)091

Spectral reconstruction

When leptonic and hadronic parts can be factorised, the correlator R(t) can be manipulated
integrating out the neutrino and obtaining analytical kernels which are combined with
simpler hadronic correlators:

! .
A(M) |G = = Jlim g (", m ) HY (t,0) + il’_J;gt(L) (",m)  H{"(t0)

t i

HY (t,0)=  d®x T!10j; (t, x)j- (0)]0"ocp+0ED

x KD (x)=(@1+2 x5! x3)21(1Q! x)

x KO (x)=(@ 1 x5)?1(1! x)

D
>
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Spectral reconstruction

When leptonic and hadronic parts can be factorised, the correlator R(t) can be manipulated
integrating out the neutrino and obtaining analytical kernels which are combined with

simpler hadronic correlators:

I 1

3 ! .
A(M) g, = M i, "ot (#,m, ) Hoo(t, 0) + %"gf” (#,m;)  Hj(t 0)

16! 3 "1 0
t i

He (£0)= A T10fj1 (4 X)j- (0)0"gco

x 1 KM (x) = | ! 9+ log ﬁ”(l! X“)2(L+2x°) + QT(XZ)Y (11 x) %
4 Myy
x KM (x) = | | i—i+log rI]ﬂnm—vlvn(ll X“)? + QL(XZ)Y (11 x) @

[explicit form ofgr (S)  @pdS) in backup slides
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Renormalization of the correlator at O(a)

When including QED corrections, additional UV divergences appear and the weak effective
Hamiltonian requires a non-perturbative renormalization.

Electroweak matching with the SM usually done perturbatively in the "W-reqularization"
scheme introduced by Sirlin (i.e. using a Pauli-Villars regulated photon):

(W reg(Mm)
Gr M

Heff:ﬁvqt@(l“i'aemln(M—;)) V(I —75)q1] [Dey" (1 —5) €]

A.Sirlin, NPB 196 (1982)
E.Braaten & C.S.Li, PRD 42 (1990)

lllllllllllllllllllllllllllll

perturbative @ 2 loops in QCD+QED

non-perturbative in lattice QCD+QED
MDC et al., PRD 100 (2019)

More recent works provide electroweak matching of lattice momentum schemes to MS
M.Gorbahn et al., JHEP 01 (2023)
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Chiral symmetry & operator mixing

Chiral symmetry breaking on the lattice induces mixing A o 93
among operators of different chirality > <
v, Y
v | .[ | o
v 2| mixing Op= IH@L! 1g)" 1 (1! 1)
_ V| o Op= M@l Ig)" 1 (1+!5)
O — 1 =) " |
- x 01, 02 03 (1 + 5) (1 - 5)
O l ’ Oy = 1+15)" (1+15)
s | XX | 0,0,0;0,0s Os= "M (1+15)" " (L+!s)
%

| x | x | x T 06’“"10 06,...,10 — 01,...,5 (Vs < — 75)
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Operator mixing with a twisted-mass 7

We plan to use Twisted Mass fermions, whose action contains a Wilson term that breaks
chiral symmetry at finite lattice spacing

_ _hig+irlsM(p)+ 1 _ | |
AT =S e AP B0 B(p)! O

However, using spurious symmetries of the Twisted-Mass action, one can show that

averaging over the values of the Wilson parameter r_ of the 7, reduces the mixing at O(«)

from 5 to 2 operators!
15
O7 = L1k Ok = 21101+ £12 05+ £1303+ £14 04 + £15 Os

<=1 even functions of 7, odd functions of 7,
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A sneak peek of the data
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Outlooks and conclusions

've shown the roadmap to a first-principle determination of |V | from inclusive hadronic
T decays, including isospin breaking corrections.

The project started recently and we are making progress in setting up the calculation.

There are still a number of important steps...

implementation of the "non-factorizable" diagram

computation of sea-sea and sea-valence effects (electrounquenching)

WORK

non-perturbative renormalisation in QCD+QED of the weak Hamiltonian IN PROGRESS

S e o e
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Kernels

KO G)= 1 D rlog T (@1 )2+ g 03) (Al X >

Myy

KD ()= 1 Jaiog T (11 x22A42x7) + gr(x?) "(L1 X) —‘@‘*
4 Myy

g (S) = 1&2!(1! s)(61! 65s! 2s%)! 6s%log(s)! 24(1! s)?log(l! s)"

Or (S) = 132!(1! s)(61 +37s! 20s?) +6s%(3+10s)log(s)! 24(1+2s)(1! s)?log(1! s)'

[these kernels assume a tau renormalisation constédntlefined in the W-mass scheme
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Operator mixing with a twisted-mass 7

Using spurious symmetries of the TM action, one can show that averaging over the values of

the Wilson parameter r_ of the 7, reduces the mixing at O(a) from 5 to 2 operators!

> We can understand this intuitively by looking at the 7 propagator (in the twisted basis)

B i+ ir'sM(p)+ u . |
AT =S e = AP irtsB) B(p) ! O(a)

and the electromagnetic vertex (local, for simplicity)

! o1 o0 o, 0 1

e

> And hence the average gives: % | VH (p,d) = A(p) ! * A(g) + O(a%)

I

-

", TA(Q)
? B(q)
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