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LATTICE QCD

m Formulate the theory
T | 7‘ » on a finite grid — regulator Ayy.
» in finite volume — Arg.

L - » in Euclidean space-time

» as a Boltzmann distribution

=a m Solve the QCD path integral with
Markov Chain Monte Carlo methods.

. \Jgf m Ab initio, systematically improvable
= predictions after lifting the cutoffs:
Z—V » A — 0: Infinite-volume limit.

*
gluon quark

» Ayy — oo: Continuum limit.

’based on http://www.jicfus.jp/en/promotion/pr/mj/guido-cossu/
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LATTICE QCD - APPROACHING THE PHYSICAL POINT

EFTs for reliable QCD predictions

m Finite lattice spacing — continuum extrapolation (Symanzik EFT)

m Finite volumes — infinite-volume extrapolation (xPT)

m Heavy light quark masses — chiral interpolation (xPT)

mq—my
Aqcp

m Mass-degenerate light quarks — simulate m, # mq or expand in

m Missing QED — simulate QCD+QED or expand in aey,..

->» This is where systematic effects need to be controlled
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HEAVY QUARK PHYSICS ON THE LATTICE

10 . /L < m;, < m < 1fa
T
N 1/a (UV cutoff) m The heavy quark adds a relevant scale.
Il m Cutoff effects of O(am.)? in addition to
Bt % O(aAqep)*.
o = . - .
= 3 m Control of the continuum limit requires
g g > fi [ h th
E o.ad 1 Aqep ne lattices such that
- AminMe K GmaxMe K 1
e mﬂ' . .
0.14 » several resolutions to pick up
potential higher-order effects
O(a) =0Og + a2(’)2 + a4(’)4 + ...
0.034 1/L (IR cutoff)
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LEPTONIC DECAYS




CKM MATRIX ELEMENTS FROM LEPTONIC DECAYS

£+
B(D — T VT) - 8—7_‘_GFmT <1 - m2D

2
-

2
) VealPS3 (1 + 6Rp)

v

m Determine CKM matrix elements from experimentally determined branching
ratios and decay constants from lattice QCD (+ radiative corrections), where

(0\151%75%!17(1?» = ipufD and <0‘1Es’7u75wc‘Ds(p)> = ZAp,ust
m Extract fp,, from the normalization of a Euclidean two-point function.

m Decay constants can be computed to few permil precision on the lattice.
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COMPUTING D MESON DECAY CONSTANTS

B Recent determination of fpe,
[Kuberski et al., 2405.04506].

0.076 m Extract fp at large Euclidean
0.075 times t/a (expect plateau).
=}
cA
50.074
0.073
0.072
10 20 30 10 50
t/a
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https://inspirehep.net/literature/2783979
https://inspirehep.net/literature/2702494

COMPUTING D MESON DECAY CONSTANTS

Continuum extrapolation m Recent determination of fp,
[Kuberski et al., 2405.04506].

m Extract fp at large Euclidean
times t/a (expect plateau).

m Quark mass dependence can
be related to HMYPT.

'-I-‘ TrM = const.
g ~ const. I
HH

my = My

00 01 02 03 04 05 06 07 08
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https://inspirehep.net/literature/2783979
https://inspirehep.net/literature/2702494

COMPUTING D MESON DECAY CONSTANTS

Quark mass dependence m Recent determination of fp
0.52 1 250 [Kuberski et al., 2405.04506].
0»50-\H\“\‘*\,“_‘\\-24o m Extract fp at large Euclidean
s o times t/a (expect plateau).

é '-I-‘ TrM = const. ﬁ
@ 0461 ﬁ iy const. | g0 & m Quark mass dependence can
my = Mg =
044 _m& be related to HMYPT.
[3 . .
0‘42-\‘—\‘—\#\5\#"\&'200 m Continuum extrapolation
010 prefers some curvature.

0.00 0.01 0.02 0.03 0.04 0.05 0.06
a*/(8ty)
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https://inspirehep.net/literature/2783979
https://inspirehep.net/literature/2702494

COMPUTING D MESON DECAY CONSTANTS

Dp,

,\“b\v\g‘,\l'ﬁ\‘\ 240
] 3
- 200

H TrM = const.
i, ~ const. 220

oy =m,

0.00 0.01 0.02 0.03 0.04 0.05 0.06

a*/(8to)

| I a=~0.065 fm
@ ~0.087 fm B a=005fm
T a=0077 fm

o o
/8ty

Recent determination of fD(S)
[Kuberski et al., 2405.04506].

Extract fp at large Euclidean
times t/a (expect plateau).

Quark mass dependence can
be related to HMyPT.

Continuum extrapolation
prefers some curvature.

However, cutoff effects differ
between lattice actions
[Bussone et al, 2309.14154].
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https://inspirehep.net/literature/2783979
https://inspirehep.net/literature/2702494

D AND Dy DECAY CONSTANTS

[FLAG, 2411.04268]

our average for Ni=2+1+1 our average for Ne=2+1+1
e ETM 21 T ETM 21
T FNAL/MILC 17 & FNAL/MILC 17
i FNAL/MILC 14A L FNAL/MILC 14A
z ETM 14E = ETM 14E
ETM 13F ETM 13F
FNAL/MILC 13 FNAL/MILC 13
FNAL/MILC 12B FNAL/MILC 12B
our average for N=2+1 our average for Nj=2+1
RQCD/ALPHA 24
ALPHA 23 §8§HD’,_<A2L3PHA 24
- QCD 20A _ — QCD 20A
& RBC/UKQCD 17 T B {{BC/UK <D 18A
3 QCD 14 u Q
z HPQCD 124 = RBC/UKQCD 17
FNAL/MILC 11 HPQCD 12A
H-{}-HPACS-CS 11 FNAL/MILC 11
HPQCD 10A PACS-CS 11
HOH] HPQCD/UKQCD 07 [w]} HPQCD/UKQCD 07
i FNAL/MILC 05 ft—+H— FNAL/MILC 05
180 200 220 240 230 250 270 ey 1.10 1.15 1.20 1.25

m Decay constants and their ratio determined to better than 0.5% precision.
m Great tool for cross-checks of systematics connected to heavy quarks.

m Improvement for |V 4| and |V.s| requires to include isospin-breaking effects.
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https://inspirehep.net/literature/2846474

LEPTONIC DECAY RATES INCLUDING ISOSPIN-BREAKING EFFECTS

m PDG assigns a 50% uncertainty to the radiative

5 (o corrections — 0.7% on |Vq|fp and |Ves| /..
Pt
q2 " m Can be computed on the lattice (but is non-trivial).
ey | ] m Method of choice to include isospin-breaking
eiigiono | corrections: Expansion in ”j\d(;cfg“ and oem.
RM123S (2019) ——
MOC et al.,
e _ m Full results for fr and fx [Giusti et al., 1711.06537] [Di Carlo
ooy el et al., 1904.08731] [Boyle et al., 221112865] [Tuo @ KAON 2025].
X. Tuo et al. (2025) - .
0016 0012 008 0004 0 m Ongoing work on Dy, decays, can expect results in the
. future [Desiderio et al., 2006.05358] [Frezzotti et al., 2306.05904]
[M. Di Carlo @ KAON 2025] [Giusti et al., 2302.01298] [Portelli, Wed 9:24].
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https://indico.cern.ch/event/1485702/contributions/6586124/
https://inspirehep.net/literature/1636976
https://inspirehep.net/literature/1730333
https://inspirehep.net/literature/1730333
https://inspirehep.net/literature/2514082
https://indico.cern.ch/event/1485702/contributions/6588090/
https://inspirehep.net/literature/1800483
https://inspirehep.net/literature/2667557
https://inspirehep.net/literature/2628972
https://indico.cern.ch/event/1440982/contributions/6591714/

UNCERTAINTY ON CKM MATRIX ELEMENTS

(A|‘/Cd|>2 Il ]attice <A|‘/CS|>2

B cexperiment

B radiative corr. ‘

N

m Results from leptonic decays dominated by experimental uncertainties based
on PDG 2024 — will decrease when including recent BESIII results [Wu, Wed 10:12].

m At this point, estimates for radiative corrections will have to improve. -
;


https://indico.cern.ch/event/1440982/contributions/6591719/

SEMI-LEPTONIC DECAYS




CKM MATRIX ELEMENTS FROM SEMI-LEPTONIC DECAYS

, c=" <1
dP(Dd; = J%ZVSE Ve "1 = )*(1 + dmm)
V x [IoP (14 5) I+ ()
s (1= ) Sl

m Determine CKM matrix elements from measured decay rate of semi-leptonic
decays and form factors from lattice QCD.

m Requires to compute momentum-dependent three-point functions.

m To extract ground-state physics:
Large separation of source, sink and current insertion needed.
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CHALLENGES IN SEMI-LEPTONIC DECAYS

m Need to consider large separations ¢t and 7.

L@)‘H m HMyPT predicts a large excited state
contribution in f [Bir et al., 2306.02703].

bsre b tore T+ tore m Further source of systematic uncertainty.
2.0 =
o I + 4+
o, |
ERMIPAAS SIS <]
& 104 - -t+ £
£107 mm 1/0=12  mEm T/a=16 L] . rja—12 w7016
.3405_ W Tja=13 WM T/a=17 E | mm Ta=13 mm T/a=17
SR _ - =
|-| T/al_ 14' T T e th E |- T/a 14 T T T T T
0 2 4 6 8 10 12 14 16 O A O » D Vv
t/a NY NN

a/T
[Bazavov et al., 2212.12648]: Example for a = 0.12 fm 10/18


https://inspirehep.net/literature/2665702
https://inspirehep.net/literature/2618219

FORM-FACTOR PARAMETRIZATIONS

L —— -
[ ] FNAL-MILC
14 r fjj:,) 3225: ¥ 3.0 (Present work)
4+ f+ FNAL/MILC 22 +—a— =
t A HPé}CD 21A 8 B = ETMC 17
f+ ETM 17D +o— | 2.5 f+
fo FNAL/MILC 22 —a— = I
. 8 Jfo HPQCD 21A +—0— R S 0
& 12 fo ETM 17D 0 - °
= r 1 &
>
< 20 ]
10 - g
[ « - ]
L o 4
0.8 ; “ B
v b b b b b b b b 1009
000 020 040 060 080 100 120 140 1.60 1.80 ¢* [GeV?]
2 2
¢° [GeV?]

m Lattice covers the full physical kinematic range, z-expansion to parametrize
m Reasonable agreement for D — K, discrepancies for D — 7 at ¢% # 0.

m Underestimated systematics? Compare shape to experiment [Li, Wed 10:36]?

[FLAG, 2411.04268] [Bazavov et al., 2212.12648] 11/ 18


https://indico.cern.ch/event/1440982/contributions/6595771/
https://inspirehep.net/literature/2846474
https://inspirehep.net/literature/2618219

CKM MATRIX ELEMENTS

FIAG2024 f'?,__’"(O) f2=K(0)
) FLAG average for w2 151 m Currently only few published results
: FNALMILC 22 . for semi-leptonic decays.
: HPQCD 21A .

R ETM17D e m Several calculations under way
FLAG average for N2+ 1 [Kaneko et al., 171111235]
JLaCD 178 [Marshall et al., 2201.02680]
z HPQCD 11/ 108 [Frison et al., PoS(LATTICE2022)408].
H FNAL/MILC 04 i

ZI“ +—+——+— ETM 11B {0

0.55 0.65 0.75 0.65 075 085
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https://inspirehep.net/literature/1639859
https://inspirehep.net/literature/2006854
https://inspirehep.net/literature/2634524

CKM MATRIX ELEMENTS

2024 |Vg| Vel

our estimate for Ni=2+1+1 m Currently only few published results
|
—k—

24141

Dty for semi-leptonic decays.

D—n/Kév
Di—~Ktv

Ne=

e m Several calculations under way
Dty [Kaneko et al., 1711.11235]
oo (620 [Marshall et al., 2201.02680]

(=241

1

e4Y H—A—H
[Frison et al., PoS(LATTICE2022)408].
k- —e— neutrino scattering
L] CKM unitarity Y
0.20 0.24 0.28 0.92 1.00 1.08

m Precision of CKM matrix elements from semi-leptonic decays limited by lack of
knowledge on long-distance structure-dependent QED corrections.

m Assumed to be of O(1%) in FLAG, based on K — 7/v.

— Roadblock for precision? /
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https://inspirehep.net/literature/1639859
https://inspirehep.net/literature/2006854
https://inspirehep.net/literature/2634524

INCLUSIVE DECAYS




INCLUSIVE DECAYS FROM LATTICE QCD

m Inclusive processes were deemed to be impossible to be handled on the lattice.
— Would provide a window on exclusive vs. inclusive |V| and [Vep|.

m Consider inclusive semi-leptonic decays of the D, meson:

m Compute the fully-inclusive decay rate I' = |Vis|*Tes + |Vea|?Teq + |Vius|*Tas from

d3py dgpg Ly (pe, po)H, (0, p = pe — pv)
GFSEW 4 2 .
mp_ecey
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INCLUSIVE DECAYS FROM LATTICE QCD

m Inclusive processes were deemed to be impossible to be handled on the lattice.
— Would provide a window on exclusive vs. inclusive |V| and [Vep|.

m Consider inclusive semi-leptonic decays of the D, meson:

m Compute the fully-inclusive decay rate I' = |Vis|*Tes + |Vea|?Teq + |Vius|*Tas from

d3py dgpg Ly (pe, po)H, (0, p = pe — pv)
GFSEW 4 2 .
mp_ecey

m Problem: The hadronic tensor Hy, is a spectral density

[e.9]
CH (t,w) = / dwg e ™HWOL [THY (4o, w) |
0

m Extracting spectral densities from the Euclidean correlation function is a

numerically ill-posed inverse Laplace transform:
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SOLVING THE INVERSE PROBLEM

m The issue can be solved along the following lines:
1. Introduce a phase-space smearing kernel.

2. Extract the smeared spectral density.
3. Extrapolate to the infinite-volume limit.
4. Extrapolate to zero-width smearing.

14 [ 18


https://inspirehep.net/literature/302471
https://inspirehep.net/literature/1597313
https://inspirehep.net/literature/1798396
https://doi.org/10.1111/j.1365-246X.1968.tb00216.x
https://inspirehep.net/literature/1516199
https://inspirehep.net/literature/1516199
https://inspirehep.net/literature/1725157
https://inspirehep.net/literature/1727182
https://inspirehep.net/literature/2803925
https://inspirehep.net/literature/2615431
https://inspirehep.net/literature/2685965
https://inspirehep.net/literature/2766984
https://indico.cern.ch/event/1440982/contributions/6591717/
https://inspirehep.net/literature/2914891
https://indico.cern.ch/event/1440982/contributions/6579164/
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SOLVING THE INVERSE PROBLEM

m The issue can be solved along the following lines:
1. Introduce a phase-space smearing kernel.
2. Extract the smeared spectral density.
3. Extrapolate to the infinite-volume limit.
4. Extrapolate to zero-width smearing.

m Based on methodological advancements (incomplete list): [Barata, Fredenhagen]
[Hansen et al., 1704.08993] [Gambino, Hashimoto, 2005.13730] [Backus, Gilbert, 1968] [Hashimoto,
1703.01881] [HLT, 1903.06476] [Bulava, Hansen, 1903.11735] [Patella, Tantalo, 2407.02069] ...

m Opens the door to many new processes on the lattice (incomplete list):
» Computing the R-ratio [Alexandrou et al., 2212.08467]
» 7 decays [Fvangelista et al., 2308.03125] [Alexandrou et al., 2403.05404] [Di Carlo, Wed 9:48]
» D-mixing [Di Carlo et al, 2504.16189][Erben, Tue 2:45]

m Systematics still need to be investigated, process by process.
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https://inspirehep.net/literature/302471
https://inspirehep.net/literature/1597313
https://inspirehep.net/literature/1798396
https://doi.org/10.1111/j.1365-246X.1968.tb00216.x
https://inspirehep.net/literature/1516199
https://inspirehep.net/literature/1516199
https://inspirehep.net/literature/1725157
https://inspirehep.net/literature/1727182
https://inspirehep.net/literature/2803925
https://inspirehep.net/literature/2615431
https://inspirehep.net/literature/2685965
https://inspirehep.net/literature/2766984
https://indico.cern.ch/event/1440982/contributions/6591717/
https://inspirehep.net/literature/2914891
https://indico.cern.ch/event/1440982/contributions/6579164/

RESULTS FOR Dy — X/v

Continuum extrapolation m Complete calculation of inclusive

semi-leptonic Dy decays

040 kA 202 7 7 100 MeVimes [De Santis et al., 2504.06064, 2504.06063]
3 2 0.35F
Ss|3
] 11 7 1
~ =30}
0.25 k,

1 L L " . . .
0.000 0.001 0.002 0.003 0.004 0.005 0.006
a? [fm?
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https://inspirehep.net/literature/2909336
https://inspirehep.net/literature/2909342
https://inspirehep.net/literature/2661865
https://inspirehep.net/literature/2907961
https://inspirehep.net/literature/2907961

RESULTS FOR Dy — X/v

Finite-volume effects m Complete calculation of inclusive
. semi-leptonic Dy decays
Jol =035, @ = 100 MeV/mo. [De Santis et al., 2504.06064, 2504.06063]
., 036fF : ; . :
~
;:; j:;), 0.34F ~ ZE
S osef E ;
el
= 0s0F : {
0.28 : : . : : : : :
3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5

L [fm]
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https://inspirehep.net/literature/2909336
https://inspirehep.net/literature/2909342
https://inspirehep.net/literature/2661865
https://inspirehep.net/literature/2907961
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RESULTS FOR Dy — X/v

o — 0 extrapolation m Complete calculation of inclusive

semi-leptonic Dy decays
COH 5 mord e 0 e fnction ke [De Santis et al., 2504.06064, 2504.06063]
0.40
%03 T
=3
" 030 i % % é
0.25

0 25 50 75 100 125 150 175 200
omp, [MeV]
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https://inspirehep.net/literature/2909336
https://inspirehep.net/literature/2909342
https://inspirehep.net/literature/2661865
https://inspirehep.net/literature/2907961
https://inspirehep.net/literature/2907961

RESULTS FOR Dy — X/v

differential decay rate m Complete calculation of inclusive

semi-leptonic Dy decays

0.7

3 - ‘ } { ' [De Santis et al., 2504.06064, 2504.06063]

06 ca i i

05f i ! { m Using PDG averages for |V.q| and |Vig/,
o4 , the decay rate can be computed.
Fis [}
E 0.3 {

0.2 3

0.1F o

0.0 . . . . .

0.0 0.1 0.2 0.3 0.4

|e]
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https://inspirehep.net/literature/2909336
https://inspirehep.net/literature/2909342
https://inspirehep.net/literature/2661865
https://inspirehep.net/literature/2907961
https://inspirehep.net/literature/2907961

RESULTS FOR Dy — X/v

full decay rate m Complete calculation of inclusive

semi-leptonic Dy decays
CLEOA | ® i [De Santis et al., 2504.06064, 250£4.06063]

m Using PDG averages for [V q| and |V,
the decay rate can be computed.

BES-IT) - ——&— m Or extract |Vs| by combining with the

experimental decay rate and |V q|.

m Cross-checks welcome and under

(E;ftll\gg = ® = way [Barone et al., 2305.14092] [Kellermann
800 825 830 875 9.00 9.2 et al,, 2504.03358].
[ [1074GeV]
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https://inspirehep.net/literature/2909336
https://inspirehep.net/literature/2909342
https://inspirehep.net/literature/2661865
https://inspirehep.net/literature/2907961
https://inspirehep.net/literature/2907961

CONCLUSIONS

m Leptonic D) decays
» Excellent benchmark to test the control of heavy-quark cutoff effects.
» Radiative corrections needed and under way for better theory precision.

m Semi-leptonic D decays
» Only a few modern lattice QCD calculations.
» Unknown long-distance QED corrections limit precision.

m Inclusive D decays
» Inclusive decays can now be approached on the lattice.
» Cross-checks of methods and systematic uncertainties foreseeable.
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