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Lattice QCD

Formulate the theory
▶ on a finite grid → regulator ΛUV.
▶ in finite volume → ΛIR.
▶ in Euclidean space-time
▶ as a Boltzmann distribution

Solve the QCD path integral with
Markov Chain Monte Carlo methods.
Ab initio, systematically improvable
predictions after lifting the cutoffs:
▶ ΛIR → 0: Infinite-volume limit.
▶ ΛUV → ∞: Continuum limit.

2based on http://www.jicfus.jp/en/promotion/pr/mj/guido-cossu/
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Lattice QCD - approaching the physical point

EFTs for reliable QCD predictions

Finite lattice spacing → continuum extrapolation (Symanzik EFT)

Finite volumes → infinite-volume extrapolation (χPT)

Heavy light quark masses → chiral interpolation (χPT)

Mass-degenerate light quarks → simulate mu ̸= md or expand in md−mu

ΛQCD
.

Missing QED → simulate QCD+QED or expand in αem..

$ This is where systematic effects need to be controlled
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Heavy quark physics on the lattice
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1/L ≪ mπ ≪ mc ≪ 1/a

The heavy quark adds a relevant scale.

Cutoff effects of O(amc)
2 in addition to

O(aΛQCD)
2.

Control of the continuum limit requires
▶ fine lattices such that

aminmc ≪ amaxmc ≪ 1

▶ several resolutions to pick up
potential higher-order effects
O(a) = O0 + a2O2 + a4O4 + . . .
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Leptonic decays



CKM matrix elements from leptonic decays

B(D+ → τ+ντ ) =
mD

8π
G2

Fm
2
τ

(
1− m2

τ

m2
D

)2

|Vcd|2f2D(1 + δRD)

Determine CKM matrix elements from experimentally determined branching
ratios and decay constants from lattice QCD (+ radiative corrections), where

⟨0|ψ̄lγµγ5ψc|D(p)⟩ = ipµfD and ⟨0|ψ̄sγµγ5ψc|Ds(p)⟩ = ipµfDs

Extract fD(s)
from the normalization of a Euclidean two-point function.

Decay constants can be computed to few permil precision on the lattice.
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Computing D meson decay constants
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Recent determination of fD(s)

[Kuberski et al., 2405.04506].

Extract fD at large Euclidean
times t/a (expect plateau).

Quark mass dependence can
be related to HMχPT.

Continuum extrapolation
prefers some curvature.

However, cutoff effects differ
between lattice actions
[Bussone et al, 2309.14154].
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Computing D meson decay constants

Continuum extrapolation
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Computing D meson decay constants

Quark mass dependence
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Computing D meson decay constants
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D and Ds decay constants
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Decay constants and their ratio determined to better than 0.5% precision.
Great tool for cross-checks of systematics connected to heavy quarks.
Improvement for |Vcd| and |Vcs| requires to include isospin-breaking effects.
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Leptonic decay rates including isospin-breaking effects

[M. Di Carlo @ KAON 2025]

PDG assigns a 50% uncertainty to the radiative
corrections → 0.7% on |Vcd|fD and |Vcs|fDs .

Can be computed on the lattice (but is non-trivial).

Method of choice to include isospin-breaking
corrections: Expansion in md−mu

ΛQCD
and αem.

Full results for fπ and fK [Giusti et al., 1711.06537] [Di Carlo
et al., 1904.08731] [Boyle et al., 2211.12865] [Tuo @ KAON 2025].

Ongoing work on D(s) decays, can expect results in the
future [Desiderio et al., 2006.05358] [Frezzotti et al., 2306.05904]
[Giusti et al., 2302.01298] [Portelli, Wed 9:24].
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Uncertainty on CKM matrix elements

(∆|Vcd|)2 (∆|Vcs|)2
lattice

experiment

radiative corr.

Results from leptonic decays dominated by experimental uncertainties based
on PDG 2024 → will decrease when including recent BESIII results [Wu, Wed 10:12].

At this point, estimates for radiative corrections will have to improve.
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Semi-leptonic decays



CKM matrix elements from semi-leptonic decays

dΓ(D → Pℓν)

dq2
=
η2EWG

2
F

24π3
|Vcx|2(1− ϵ)2(1 + δEM)

×
[
|p|3

(
1 +

ϵ

2

) ∣∣f+(q2)
∣∣2

+ |p|m2
D

(
1− m2

P

m2
D

)
3ϵ

8

∣∣f0(q2)
∣∣2
]

Determine CKM matrix elements from measured decay rate of semi-leptonic
decays and form factors from lattice QCD.

Requires to compute momentum-dependent three-point functions.

To extract ground-state physics:
Large separation of source, sink and current insertion needed.
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Challenges in semi-leptonic decays
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HMχPT predicts a large excited state
contribution in f⊥ [Bär et al., 2306.02703].

Further source of systematic uncertainty.
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Form-factor parametrizations
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Lattice covers the full physical kinematic range, z-expansion to parametrize
Reasonable agreement for D → K , discrepancies for D → π at q2 ̸= 0.
Underestimated systematics? Compare shape to experiment [Li, Wed 10:36]?
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CKM matrix elements
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Currently only few published results
for semi-leptonic decays.

Several calculations under way
[Kaneko et al., 1711.11235]
[Marshall et al., 2201.02680]
[Frison et al., PoS(LATTICE2022)408].

Precision of CKM matrix elements from semi-leptonic decays limited by lack of
knowledge on long-distance structure-dependent QED corrections.
Assumed to be of O(1%) in FLAG, based on K → πℓν.
→ Roadblock for precision?
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CKM matrix elements
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Inclusive decays



Inclusive decays from lattice QCD
Inclusive processes were deemed to be impossible to be handled on the lattice.
→ Would provide a window on exclusive vs. inclusive |Vub| and |Vcb|.

Consider inclusive semi-leptonic decays of the Ds meson:

Compute the fully-inclusive decay rate Γ = |Vcs|2Γc̄s + |Vcd|2Γc̄d + |Vus|2Γūs from

Γf̄g = G2
FSEW

∫
d3pν
(2π)3

d3pℓ
(2π)3

Lµν(pℓ, pν)H
µν

f̄g
(p, p− pℓ − pν)

4m2
Ds
eℓeν

.

Problem: The hadronic tensor Hf̄g is a spectral density

Cµν(t, ω) =

∫ ∞

0
dω0 e

−mHw0tHµν(ω0, ω) .

Extracting spectral densities from the Euclidean correlation function is a
numerically ill-posed inverse Laplace transform:
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Solving the inverse problem
The issue can be solved along the following lines:

1. Introduce a phase-space smearing kernel.
2. Extract the smeared spectral density.
3. Extrapolate to the infinite-volume limit.
4. Extrapolate to zero-width smearing.

Based on methodological advancements (incomplete list): [Barata, Fredenhagen]
[Hansen et al., 1704.08993] [Gambino, Hashimoto, 2005.13730] [Backus, Gilbert, 1968] [Hashimoto,
1703.01881] [HLT, 1903.06476] [Bulava, Hansen, 1903.11735] [Patella, Tantalo, 2407.02069] . . .

Opens the door to many new processes on the lattice (incomplete list):
▶ Computing the R-ratio [Alexandrou et al., 2212.08467]
▶ τ decays [Evangelista et al., 2308.03125] [Alexandrou et al., 2403.05404] [Di Carlo, Wed 9:48]
▶ D-mixing [Di Carlo et al, 2504.16189][Erben, Tue 2:45]

Systematics still need to be investigated, process by process.
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Smeared spectral densities in finite volume
smearing width σ → 0

vo
lu

m
e
L
→
∞
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Results for Ds → Xℓν

Continuum extrapolation
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Complete calculation of inclusive
semi-leptonic Ds decays
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Conclusions

Leptonic D(s) decays
▶ Excellent benchmark to test the control of heavy-quark cutoff effects.
▶ Radiative corrections needed and under way for better theory precision.

Semi-leptonic D(s) decays
▶ Only a few modern lattice QCD calculations.
▶ Unknown long-distance QED corrections limit precision.

Inclusive Ds decays
▶ Inclusive decays can now be approached on the lattice.
▶ Cross-checks of methods and systematic uncertainties foreseeable.
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