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Why inclusive decays?

• Set up OPE and heavy quark expansion

• Well established framework

• Extract important CKM parameters |Vcb|, |Vub| (and |Vcs?)

• Extract power corrections from data

• Cross check of exclusive decays
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The Heavy Quark Expansion
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Inclusive Decays = Heavy Quark Expansion

• b quark mass is large compared to ΛQCD

• Setting up the HQE: momentum of b quark: pb = mbv + k, expand in k ∼ iD

• Optical Theorem → (local) Operator Product Expansion (OPE)

dΓ = dΓ0 +
dΓ1

mb
+

dΓ2

m2
b

+ . . . dΓi =
∑
k

C
(k)
i

〈
B|O(k)

i |B
〉

- C
(k)
i perturbative Wilson coefficients

- 〈B| . . . |B〉 non-perturbative matrix elements → string of iD
- operators contain chains of covariant derivatives

• Standard tool for inclusive B → Xc`ν decays
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i perturbative Wilson coefficients

- 〈B| . . . |B〉 non-perturbative matrix elements → string of iD
- operators contain chains of covariant derivatives

• Standard tool for inclusive B → Xc`ν decays

HQE elements: 〈B|O(n)
i |B〉 = 〈B|b̄v (iDµ) . . . (iDµn)bv |B〉

• Extracted from kinematic moments of the data

• Could be obtained from lattice QCD? Juetner et al. [202305.14092]

• Γ2 :µ2
π and µ2

G at 1/m2
b

• Γ3 :ρ3
D and ρ3

LS at 1/m3
b
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Powercounting in the HQE

I: mQ ∼ mq � ΛQCD OPE for b → c`ν̄

• q is treated as a heavy degree of freedom
• two-quarks operators: Q̄v (iDα · · · iDβ)Qv

• IR sensitivity to mass mq

Γ
∣∣∣

1/m3
Q

=

[
34

3
+ 8 log ρ+ . . .

]
ρ3
D

m3
Q

, with ρ = (mq/mQ)2

II: mQ � mq � ΛQCD

III: mQ � mq ∼ ΛQCD OPE for c → s`ν̄ Fael, Mannel, KKV [1910.05234]

IV: mQ � ΛQCD � mq for b → u and c → d transitions

• q dynamical degree of freedom
• four-quark operators remain in OPE: weak annihilation effects
• no explicit log(mq/mQ): hidden inside new non-perturbative HQE

parameters
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Weak Annihiliation
Uraltsev, Bigi, Voloshin, Mannel, Turczyk; Ligeti, Luke, Manohar, Phys. Rev.D82 (2010) 033003

Gambino, Kamenik, Nucl.Phys.B840 (2010) 424

• IR sensitivity to light quark gives additional four-quark non-pert. parameters:

〈B|(b̄vγνPLq)(q̄γµPLbv )|B〉 = 2MB [T1(µ)gµν + T2(µ)vµvν ]

• Starting at O(1/m3
b) and mix with ρ3

D under renormalization

• Challenging to study non-perturbatively

• Very important to achieve precise B → Xd,s`` predictions
Hurth, Huber, Lunghi, Jenkins, Qin, KKV [2007.04191,2404.03517]

• Studied directly in Belle II [paper in preparation]

• Compare with HQET sumrules Lenz, Rauh, Kirk
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D under renormalization

• Challenging to study non-perturbatively

• Very important to achieve precise B → Xd,s`` predictions
Hurth, Huber, Lunghi, Jenkins, Qin, KKV [2007.04191,2404.03517]

• Studied directly in Belle II [paper in preparation]

• Compare with HQET sumrules Lenz, Rauh, Kirk

• Can be obtained from D and Ds semileptonics using HQE?

Bbq
WA =

mB f
2
B

mD f 2
D

Bcq
WA

• Effect is (mb/mc)3 enhanced compared to B decays
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Extracting weak annihilation from data

CLEO data, Gambino, Kamenik [1004.0114]

• Lepton energy moments extracted from spectrum

• Kinetic mass for charm at µ = 0.5 GeV threshold, HQE parameters as input

• Max 2% weak annihilation (WA) contribution to B → Xu`ν

• Feasibility study to measure q2 moments at BESIII Bernlochner, Gilman, Prim, KKV, et al

[2408.10063]

• Study of inclusive D decays [Talk by Qin Qin]
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Inclusive B → Xu semileptonic decays
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Modified Heavy Quark Expansion

• Cuts needed to suppress large charm background*

• Pushes towards specific corner of the phase space
- Local OPE as in b → c cannot work
- Sensitivity to b-quark wave function properties (Fermi motion)
- Deal with energetic light degrees of freedom
- More than two scales involved! (ideally multiscale OPE)

• Use light-cone OPE with light-cone directions n and n̄

P±EX ∓ |~PX |
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Factorization of scales

• Factorize the different scales of the problem

dΓ = H ⊗ J ⊗ S

→ H: Hard scattering kernel at O(mb)
→ J: universal Jet function at O(

√
mbΛQCD)

→ S: Shape function at O(ΛQCD)

• Framework to include radiative corrections (+ NNLL resummation)
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Shape functions
Bigi, Shifman, Uraltsev, Luke, Neubert, Mannel, · · ·

• Leading order shape functions

2mB f (ω) = 〈B(v)|b̄vδ(ω + i(n · D))bv |B(v)〉

• Shape function is non-perturbative and cannot be computed

• Moments of the shapefunction are related to HQE (b → c) parameters:

f (ω) = δ(ω) +
µ2
π

6m2
b

δ′′(ω)− ρ3
D

m3
b

δ′′′(ω) + · · ·
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Shapefunction parametrization

Different frameworks for inclusive B → Xu:

• BLNP: Bosch, Lange, Neubert, Paz uses Soft Collinear Effective Theory (SCET)

- Not updated since 2005
- Links SF to that of B → Xsγ
- only αs corrections
- 3 subleading shapefunctions

• GGOU Gambino, Giordano, Ossola, Uraltsev

- Use OPE with Wilsonian (hard) cutoff
- no subleading shapefunctions

Approaches to calculate the SF perturbatively:

• DGE: Dressed Gluon Exponentiation Andersen, Gardi

• ADFR Aglietti, Di Lodovico, Ferrerar, Ricciardi
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Modeling the background

See talk Lu Cao [Challenges in Semileptonic Decays 2024]

• Update important because BNLP is used for modeling (uncertainty)
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Modeling the background

See talk Marcel Hohmann [CKM2025]

• Difference between DFN and BLNP used as systematic uncertainty
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GGOU in a nutshell

Gambino, Giordano, Ossola, Uraltsev [0707.2493] Thanks to Bernat for input on the slides!

Wi (q0, q
2) = mni

b (µ)

∫
dk+Fi (k+, q

2;µ)W pert
i

[
q0 −

k+

2

(
1− q2

mbMB

)
, q2;µ

]

∫
dk+k

n
+Fi (k+, q

2) =

(
2

∆

)n
[
δn0 +

J
(n,0)
i

I
(0,0)
i

]

• I
(n,0)
i and J

(n,0)
i the nth central q0-moments of W tree

i and W pow
i (up to O(1/m3

b))

• Different parametric families for Fi (k+, q
2) used to estimate the theoretical errors
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Improving GGOU

Capdevila, Gambino, Nandi [2102.3343]; Gambino, Healey, Mondino [1604.0759]

• αs/m
2
b corrections to extend theoretical constraints on SF moments:∫

dk+k
n
+Fi (k+, q

2) =

(
2

∆

)n
[
δn0 +

J
(n,0)
i

I
(0,0)
i

+ O(αs)

]

• Use Neural Networks (NNVub) for Fi

• In progress: Full NNLO for the perturbative kernels Broggio, Capdevila, Ferroglia, Gambino
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BLNP update - in progress -

Bosch, Lange, Neubert, Paz [2005]

Greub, Neubert, Pecjak [0909.1609]; Beneke, Huber, Li [0810.1230]; Becher, Neubert [2005]

Update of BLNP approach

• Systematic framework: Soft Collinear Effective Theory (SCET)

• In progress: include known α2
s corrections
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Shape function parametrization

Preliminary! Olschewsky, Lange, Mannel, KKV [240x.xxxx]

• α2
s corrections give large corrections [see also Pezcjak 2019]

• Required to make precision predictions
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BLNP update - in progress -

Bosch, Lange, Neubert, Paz [2005]

Greub, Neubert, Pecjak [0909.1609]; Beneke, Huber, Li [0810.1230]; Becher, Neubert [2005]

Update of BLNP approach

• Systematic framework: Soft Collinear Effective Theory (SCET)

• In progress: include known α2
s corrections [See backup for all refs]

• Moments of shape functions can be linked to HQE parameters in b → c

- In progress: include higher-moments
- kinetic mass scheme as in b → c

• Shape function is non-perturbative and cannot be computed

- In progress: new flexible parametrization

• But not only integrated rates in SF-region necessary!

• Want to extrapolate to the full phase space
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Old approach: Shape function parametrization

BLNP [2005]

• Exponential tale (perturbative part) glued on

• Uses shapefunction mass and shapefunction HQE parameters

• Old idea: link leading SF to B → Xsγ

• This link does not hold to all orders!
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Shape function parametrization [in progress]

Olschewsky, Lange, Mannel, KKV [26xx.xxxx]

• All moments of shape functions are linked to HQE parameters

• Allow for a wide range → systematic uncertainty

F̂ (k̂) =
θ(k̂)

k0

w

(
k̂

k0

)
p

(
k̂

k0

)

• p adjusted to fit moments, w weight function that falls of with k̂

wfin(x) = xα(1− x)βθ(1− x) , wgauss(x) = xαe−βx2
, wexp(x) = xαe−βx

, wlog(x) = e−β ln2 x
.
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Shape function parametrization [in progress]

Olschewsky, Lange, Mannel, KKV [26xx.xxxx]

• Challenges:

- which shapes to pick?
- renormalon issues require involved treatment of αs corrections
- want to keep a strict factorization of scales
- modeling of subleading shapefunctions
- matching onto OPE not known
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Matching onto OPE [in progress]

• Additional hadronic effect to match local OPE added by “hand”

• Set up in terms of hadronic parameters (not partonic parameters)
PB = Mbv = PX + q and PX = px + Λ̄v − k

• local OPE known to 1/m5
b Finauri; Milutin, Mannel, KKV

• full comparison requires:

MH = mQ + Λ̄ +
µ2
π − µ2

G

m2
b

+O(1/m3
b)

• Higher orders not know [In progress!]
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Help from data?

Differential spectra from BelleII [2107.13855]

• Updated experimental measurements could constrain SFs further
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Outlook: Ratio of inclusive Vub/Vcb

See Gambino , Giordano [0805.0271]

• Ratio measured by Belle(II) [2311.00458]

• α3
s corrections for b → u available Fael, Usovitsch [2310.03685]

• In progress: Direct calculation of the ratio

C ≡
∣∣∣∣Vcb

Vub

∣∣∣∣2 B(B → Xu`ν)

B(B → Xc`ν)

• Either in shapefunction region or in local OPE (see also Mannel, Rahimi, KKV [2105.02163])

- Remember, theoretical expressions share HQE parameters (and masses)

• Predict the total B → X `ν rate in local OPE (include Weak annihilation estimate)

• Experimental measurements of moments of the B → X or B → Xu spectrum
would be interesting!
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B → Xu theory

Updates are mandatory!

• Work in progress!

• Need to revise previous assumptions and ensure reliable systematic uncertainties

• Exciting opportunities for LHCb using Bs and Λ decays

• Inclusive D decays are also gaining attention [2408.10063]
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B → Xu theory

Updates are mandatory!

• Work in progress!

• Need to revise previous assumptions and ensure reliable systematic uncertainties

• Exciting opportunities for LHCb using Bs and Λ decays

• Inclusive D decays are also gaining attention [2408.10063]

Close collaboration between theory and experiment necessary!
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Backup
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Inclusive Bs decays?
De Cian, Feliks, Rotondo, KKV [2312.05147]. Pic from M. Fael

First study of the possiblities using sum-over-exclusive technique

• Bs spectrum well-separated

• Only M2
X moments available

• Study SU(3) breaking of HQE
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Inclusive Bs decays?
De Cian, Feliks, Rotondo, KKV [2312.05147]. Pic from M. Fael

First study of the possiblities using sum-over-exclusive technique

• Bs spectrum well-separated

• Only M2
X moments available

• Study SU(3) breaking of HQE

• Improve knowledge D∗∗s states

• Understand non-resonant contribution

• |Vcb| extraction requires Branching ratio from Belle II!
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Details on the SF
Mannel, KKV, Lange, in progress

Ŝ(ω̂, µ0) =

ω̂∫
0

dk̂ S (part)(ω̂ − k̂ , µ0)F̂pole(k̂)

S (part)(`, µ0) = s̃(∂τ , µ0)
e−γE τ

Γ(τ)

1

`

(
`

µ0

)τ ∣∣∣∣
τ=0

,

where s̃(L, µ0) = S̃ (part)(t, µ0), L = −γE − ln(µ0t) and S̃ (part) is the
Laplace transform of S (part).

• Convert to kinetic scheme to ensure factorization

• Fpole = Fkin +
∑

c(αs)g
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Inclusive versus Exclusive

BelleII [2303.17309]

• First simultaneous measurement

• Experimental advantages due to common backgrounds and modeling
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Progress in B → Xu

Perturbative side

• 2-loop ingredients at Leading-Power

- hard functions [Bonciani, Ferroglia, 2008; Asatrian, Greub, Pecjak, 2008;
Beneke, Huber, Li, 2009; Bell, 2009]

- jet functions [T.Becher, M.Neubert, PLB637, 2006] partonic shape function
[T.Becher, M.Neubert, PLB633, 2006]

• 3-loop anomalous dimensions [C.Greub, M.Neubert, B.D.Pecjak, EPJC65, 2010,
and references therein]

• 4-loop cusp anomalous dimension [J.M.Henn, G.P.Korchemsky, B.Mistlberger,
JHEP04, 2020]

• 3-loop hard function [M.Fael, T.Huber, F.Lange, J.Müeller, K.Schönwald,
M.Steinhauser, PRD110, 2024]

• 1-loop at subleading power [T.Ewerth, P.Gambino, S.Nandi, NPB830, 2010]

• Beyond tree-level there are many more independent subleading shape functions.
[R.J.Hill, T.Becher, S.J.Lee, M.Neubert, JHEP 0407, 2004]
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What mass to use?
Bigi, Shifman, Uraltsev, Vainshtein, hep-ph/9704245, hep-ph/9405410; Czarnecki, Melnikov, Uraltsev, hep-ph/9708372.

• Renormalon issues require short-distance mass

• Kinetic mass: relating hadron versus quark mass
QCD corrections using hard cut off µ

mQ(µ)kin = mPole
Q −

[
Λ
]
pert

+

[
µ2
π

2mQ

]
pert

+ . . .

[Λ]pert =
4

3
CF
αs(mc)

π
µ [µ2

π]pert = CF
αs(mc)

π
µ2

• Higher-order terms in the HQE generate corrections (αs/π)µn/mn
Q .

• ΛQCD < µ < mQ : expansion parameters µ/mQ

- Well established for mB : µ/mB ' 0.2
- Charm??

→ µ = 1 GeV → µ/mc ' 1
→ µ = 0.5 GeV → µ/mc ' 0.4
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π]pert = CF
αs(mc)

π
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• Higher-order terms in the HQE generate corrections (αs/π)µn/mn
Q .

• ΛQCD < µ < mQ : expansion parameters µ/mQ

- Well established for mB : µ/mB ' 0.2
- Charm??

→ µ = 1 GeV → µ/mc ' 1
→ µ = 0.5 GeV → µ/mc ' 0.4

Challenge: µ = 0.5 GeV touches upon the non-perturbative regime?
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Heavy quark expansion for charm?

• Expansion parameters αs(mc) and ΛQCD/mc less than unity, but not so small . . .

• Turn vice into virtue: more sensitive to higher 1/mQ corrections

• Exploit the full physics potential of BES III, LHCb . . .

• Constrain Weak Annihilation (WA) contributions

→ Bd → s`` [Huber, Hurth, Lunghi, Jenkins, KKV, Qin ]

→ Vub

• Extraction of |Vcs | and |Vcd |?
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Heavy quark expansion for charm?

• Expansion parameters αs(mc) and ΛQCD/mc less than unity, but not so small . . .

• Turn vice into virtue: more sensitive to higher 1/mQ corrections

• Exploit the full physics potential of BES III, LHCb . . .

• Constrain Weak Annihilation (WA) contributions

→ Bd → s`` [Huber, Hurth, Lunghi, Jenkins, KKV, Qin ]

→ Vub

• Extraction of |Vcs | and |Vcd |?

Challenges:

• Valence and non-valence WA operators at higher orders

• Scale for radiative corrections

• Charm mass definition
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Contamination of the B → Xc`ν signal
Rahimi, Mannel, KKV [arXiv: 2105.02163]

Avoid background subtraction by calculating the full inclusive width:

dΓ(B → X `) = dΓ(B → Xc`ν̄) + dΓ(B → Xu`ν̄) + dΓ(B → Xc(τ → `ν̄ν)ν̄)

• b → u`ν contribution: suppressed by Vub/Vcb

• b → c(τ → µνν̄)ν̄ contribution: phase space suppressed

• QED effects

• Quark-hadron duality violation?

Goal:
provide theoretical description and compare with Monte-Carlo data used by Belle (II)

Challenge:
estimate how much this description would improve Vcb determination
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b → u`ν contribution: Local OPE
Neubert (1994); Bosch, Paz, Lange, Neubert (2004,2005)

• Can be analyzed in local OPE as B → Xc`ν by taking mc → 0 limit

• For Vub determination

- large charm background requires experimental cuts
- reduces the inclusivity and local OPE no longer converges
- spectrum described by non-local OPE
- convolution of pert. coefficients with shape function

Goal:
provide theoretical description and compare with Monte-Carlo data used by Belle (II)

• NLO + 1/m2
b+1/m3

b

• In agreement with partonic calc of DFN De Fazio, Neubert (1999); Gambino, Ossola, Uraltsev (2005)

• First study: no αs for 1/m2
b, no additional uncert. due to missing higher orders

• Inputs HQE parameters from B → Xc`ν study Gambino, Schwanda [2014]; Gambino, Healey,

Turczy [2016]
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Monte Carlo versus HQE

Rahimi, Mannel, KKV [arXiv: 2105.02163]; De Fazio, Neubert 1999; Bosch, Lange, Neubert, Paz 2005

Compare local OPE with generator level Monte-Carlo data provided by Cao, Bernlochner

Monte Carlo:

• BLNP: specific shape function input parameters shape function parameters b = 3.95 and Λ = 0.72

• DFN: αs corrections convoluted with the exponential shape function model

- Inputs from B → Xc`ν and B → Xsγ data using KN-scheme Kagan, Neubert 1998

- (λ+
1 , λ

+
2 , λ

−
1 , λ

−
2 ) are obtained by varying Λ̄ and µ2

π within 1σ Buchmuller, Flacher,

2006

Hadronic contributions: “hybrid Monte Carlo” Belle Collabroation [arXiv:2102.00020.]

• convolution with hadronization simulation based on Pythia

• plus explicit resonances: B̄ → π`ν̄ and B̄ → ρ`ν̄

Keri Vos (Maastricht) #beautifulpuzzles! 2024 35 / 25



Monte Carlo versus HQE
Rahimi, Mannel, KKV [arXiv: 2105.02163]; MC data by Lu Cao and Florian Bernlochner

MC-results are in good agreement with the HQE results
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Monte Carlo versus HQE
Rahimi, Mannel, KKV[arXiv: 2105.02163]; MC data by Lu Cao and Florian Bernlochner

Wide spread between MC for higher moments
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Monte Carlo versus HQE
Rahimi, Mannel, KKV[arXiv: 2105.02163]; MC data by Lu Cao and Florian Bernlochner
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Monte Carlo versus local OPE: remarks

Rahimi, Mannel, KKV[arXiv: 2105.02163];

Remarks:

• DFN: Smearing corresponding to a shape function, mimicking some
non-perturbative effects; may not capture all

• BLNP: should reproduce the HQE, with parameters adjusted to local HQE

prediction

- should include higher moments of the shape-function model?
- include subleading shape functions?

• our HQE: interesting to include αs to HQE parameters, α2
s?
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