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There are several combinations of nuclear Hamiltonians

and many-body methods to solve the nuclear problem.

Ab initio approaches

Configuration interaction/Shell model

Mean-field and DFT

Ab initio: realistic H together with many-body methods having controlled

uncertainties – agreement with experiment depend on H

Shell model: Heff diagonalized in a large model space – difficulties with

heavy nuclei/high excitation energy

DFT: wide range of applicability – based on a phenomenological ansatz
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EX

Giant Resonances and highly excited states

Spectroscopy of heavy and superheavy nuclei

Reactions (transfer, fusion, fission)

Neutron stars

Blue: ab initio

is feasible

Shell model: precision spectroscopy



(Nuclear) Density Functional Theory
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Energy density = 

E is a functional called EDF

The exact functional has a minimum at the exact ground-

state density, where it assumes the exact E as a value.

• The theorem does not tell what the EDF looks like.

• Starting from current EDFs, the road for improvement is not fully clear.

• Existence is guaranteed by the Hohenberg-Kohn theorem.

• It gives access, in principle, to all properties of the system.
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The Kohn-Sham scheme
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We assume that the density can be expressed in terms of single-particle

orbitals, and that the kinetic energy has the simple form:

We have said that the energy must be minimized, but we add a constraint

associated with the fact that we want orbitals that form an orthonormal set

(Lagrange multiplier):

The variation of this quantity, (𝛿/𝛿ϕ*)... = 0 produces a Schrödinger-like equation:

“DFT is an exactification of Hartree-

Fock” (W. Kohn).



Random Phase Approximation
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In the time-dependent case, one can solve the

evolution equation for the density directly:

From: P. Stevenson (U. Surrey)

If the equation for the density is linearized and 

solved on a basis: Random Phase 

Approximation or RPA.

G.C. et al., Computer Physics Commun. 184, 142 (2013).

In RPA the excited states are     

1p-1h superpositions     



Status of nuclear DFT (short...)

• Error on masses of the order of 1 MeV.

• (Controlled) predictions of drip lines and super heavy
nuclei.

• Trends of charge radii and deformations fairly well
reproduced.

• Extrapolation to neutron matter and neutron stars.

• Techniques based on symmetry restoration are
available.

• Giant resonances, charge-exchange transitions are
studied.

• Interest in reactions, large amplitude phenomena like
fission.

ISOLDE workshop, 27-29 November 2024 
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Skyrme, Gogny, covariant EDFs exist



RPA and the nuclear Shell Model (SM)
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In addition, the shell model cannot provide response at high energy (cross sections

for high-E neutrinos, just to make an example, are doable within RPA and QRPA but

not SM).



Possible improvements

• Changing the form of the functional (more
parameters, more terms, different form...)

• Advanced statistical methods (Bayesian
inference, ML...)

• Adding specific many-body correlations

• Building the EDFs from ab initio
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Physics case #1:

the monopole resonance

and the nuclear incompressibility
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Nuclear incompressibility and the ISGMR
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Isoscalar Giant Monopole Resonance or “breathing

mode”: its energy should be correlated with the

incompressibility of nuclear matter.

SN1987a

Impact on astrophysics: supernova explosion, neutron star merging



Why is tin so fluffy?
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In even-even 112-124Sn, the ISGMR centroid

energy is overestimated by about 1 MeV by

the same models, which reproduce the

ISGMR energy well in 208Pb.

This happens using (Q)RPA calculations.

Only models that treat uniform matter

and the response of finite nuclei on

equal footing allow extracting K∞

J.P. Blaizot, Phys. Rep. 64, 171 (1980)

EGMR

K∞

There are different sources of model

dependence in this procedure.

QRPA → QPVC



(Q)RPA + (Q)PVC
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The state α is 1p-1h plus one phonon.

The scheme is very effective to produce

GR widths. It also produces a downward

shift of the GRs.

WE HAVE A SCHEME INCLUDING 

PAIRING for all GRs
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In our work, we have been able, for

the first time, to analyse in a

systematic manner the consistency

between ISGMR energies in different

nuclei.

We have used many Skyrme EDFs.

With the inclusion of QPVC effects, a

big improvement is achieved.

Within QPVC, the ISGMR energy in
208Pb is consistent with 120Sn.

Z.Z. Li, Y.F. Niu, GC, Phys. 

Rev. Lett. 131, 082501 (2023)



ISGMR in Sn isotopes
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• Exp. data from D. Patel et al., Phys. Lett. B726, 178 (2013)

• QPVC reproduces the experimental data quite well.

• The best description is obtained with the Skyrme EDF SV-K226.

Klüpfel, Reinhard, et al., PRC 79, 034310 (2009)



Physics case #2:

evolution of single-particle states
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I. Hamamoto and H. Sagawa, Phys. Rev. C48, R960 (1993)

Single-particle spectroscopy: neutron-rich 

and neutron-deficient nuclei

ISOLDE workshop, 27-29 November 2024 17

drip-line nuclei very different N/Z ratio, compared to stable nuclei with a given A 

r r r r r r 

V(r) V(r) V(r) 

β stable nuclei proton-drip-line nuclei neutron-drip-line nuclei 

protons protons protons neutrons neutrons neutrons 

Since the Fermi levels for protons and neutrons are very different in drip line nuclei, 

 this binding energy difference of least-bound protons and neutrons will produce  

 interesting phenomena especially in charge-exchange reactions or β decays.  

Weakly-bound one-proton motion in medium-heavy nuclei may not be so different  

 from the well-bound one, due to the high Coulomb barrier. 

3.1.  Spherical case 

If the neutron number increases,

neutrons occupies higher levels

– protons become more bound

due to the dominance of the p-n

interaction.
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Figure 9 Experimental energy levels of N = 9 isotones, some of

which are regarded as neut ron 2s1/ 2 and 1d5/ 2 single-part icle
energies. See the text . Based on Talmi and Unna (1960).

is reversed due to protons in the 1p1/ 2 orbit , following

eq. (36) with j ′ = 1p1/ 2, and j = 2s1/ 2 or 1d5/ 2. The

ESPEs are treated here as c-numbers because the wave

funct ion of the other nucleons is fixed, as ment ioned in

Sec. I I I .D. The difference of ESPEs can be writ ten as

ϵn
2s1/ 2

(17O) − ϵn
1d5/ 2

(17O)

= ϵn
2s1 / 2

(15C) − ϵn
1d5 / 2

(15C)

+ V m
pn (1p1/ 2, 2s1/ 2) − V m

pn (1p1/ 2, 1d5/ 2) × 2 .

(44)

The proton sector of the Hamiltonian produces the

common effect between the J π= 1/ 2+ and 5/ 2+ states.

Thus, the above difference of ESPEs corresponds to the

difference of experimental levels in the assumpt ion that

these states are of single-part icle nature (which will be

re-examined in Sec. IV.F with Fig. 34), and the monopole

matrix elements sat isfying

V m
pn (1p1/ 2, 2s1/ 2) − V m

pn (1p1/ 2, 1d5/ 2)

= (0.87 + 0.74)/ 2 = 0.805(MeV) (45)

explain the change in Fig. 10. This result indicates that

V m
pn (1p1/ 2, 1d5/ 2) is more at t ract ive by ∼0.8 MeV than

V m
pn (1p1/ 2, 2s1/ 2). Thus, what actually occurs is more

rapid lowering of the neutron 1d5/ 2 orbit than that of the

neut ron 2s1/ 2 orbit , as protons fill the 1p1/ 2 orbit . This

can be explained as a consequence of very important and

general features of the monopole interact ions of nuclear

forces as discussed in Sec. IV extensively.

If the energy is measured relat ive to the neutron 1d5/ 2

orbit , the monopole-matrix-element difference in eq. (45)

pushes up the neutron 2s1/ 2 orbit from 15C to 17O. We

shall describe the approach by Talmi and Unna (1960)

with this convent ion such that the energy is measured

from the neutron 1d5/ 2 ESPE with the filling scheme.

The energy levels in Fig. 10 can be viewed in this con-

vent ion, including 16N (Z = 7 and N = 9) with one proton

in the 1p1/ 2 orbit . This proton is coupled with a neu-

t ron either in 2s1/ 2 or 1d5/ 2. The former coupling yields

1p1/2

protons neutrons

14C core

1d5/2

2s1/2

0.0 MeV

-0.74 MeV

protons neutrons

0.0 MeV

0.87 MeV

(a)     C15

14C core

2s1/2

1d5/21p1/2

(b)     O17S   = 1.22 MeVn S   = 4.14 MeVn

Figure 10 (a) Schemat ic picture of shell st ructure (a) on top

of the 14C core. (b) Two more protons (red solid circles) are

added into the 1p1/ 2 orbit . Experimental levels are ident i-
fied as single-part icle states: green level for 1d5/ 2 , and pink
level for 2s1/ 2 . Numbers near the levels are energies rela-
t ive to 1d5/ 2 . The wavy lines imply proton-neut ron inter-
act ions. Solid arrows indicate the changes of SPE’s. The

dashed-dot ted line denotes neut ron threshold, and downward
dashed arrows mean one neut ron separat ion energy (Sn ).

J π= 0− and 1− states, while the lat ter J π= 2− and 3−

states. In this simple configurat ion, the proton-neutron

interact ion, v̂pn , shifts the energies of these states by

1

2
ΣT = 0,1 ⟨j , j ′ ; J, T |v̂pn |j , j ′ ; J, T ⟩. (46)

The(2J + 1)-weighted averageof thequant it ies in eq. (46)

is nothing but the corresponding monopole matrix ele-

ment , because of eqs. (19, 31, S2). Thus, those averages

can be discussed as the ESPEs driven by the monopole

interact ion, and the aforement ioned convent ion can be

adopted. As the change from 15C to 17O is then twice

the monopole-matrix-element difference due to two ad-

dit ional protons, the middle point of the line connect ing

the states of the same spin/ parity of 15C and 17O rep-

resents the corresponding monopole quant ity. Thus, if

the present scheme works ideally, the 1/ 2+ levels and the

relevant average quant ity of 16N should be on a st raight

line. Talmi and Unna did, in (Talmi and Unna, 1960),

this analysis in a slight ly different way: they took the ob-

served energy levels of 17O and the weighted averages for

the observed levels of 16N, and ext rapolated to 15C. The

extrapolated value appeared rather close to the observed

one, implying the validity of this picture, which will be

re-visited in Sec. IV.F.

Talmi and Unna discussed another case with 11Be -
12B - 13C (N = 7 isotones with Z = 4, 5 and 6) (Talmi and

Unna, 1960). Although the1/ 2+ levelschangealmost lin-

early as a funct ion of N , the mechanism is different from

the N = 9 isotone case discussed above. Since protons oc-

I. Talmi and I. Unna, Phys. 

Rev. Lett. 4, 469 (1960)
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-3454 9/2
+

-3866 9/2
+

-4275 9/2
+

-2818 11/2
+

-3424 11/2
+

-4024 11/2
+

-1962 15/2
-

-2525 15/2
-

-3083 15/2
-

-1186 5/2
+

-1508 5/2
+

-1837 5/2
+

-646 1/2
+

-885 1/2
+

-1141 1/2
+

-1002 7/2
+

-1427 7/2
+

-1853 7/2
+

-399 3/2
+

-695 3/2
+

-1002 3/2
+

209Pb82
211Po84

213Rn86
Changes of orbitals (either upward or

downward) are LARGER for HIGHER

angular momenta.

In fact, orbitals with smaller values of

angular momenta are less constrained

by the centrifugal barrier and overlap

less with the other states.

In particular, the trend of s- and p-

orbitals becomes almost flat when

their energies approach zero.

(MeV) 
Potential strength 

When potential gets weaker, or when one-particle  

 energy approaches zero,  

 (a)  halo-phenomena are observed associated with  

    s1/2, p1/2 and p3/2 neutrons;   

 (b)  the shell-structure changes so that  s1/2 , p1/2 

    and p3/2 levels become energetically lower  

    relative to levels with larger ℓ .    

  

Unique behavior of weakly-bound neutrons with small  ℓ 

(sd-shell) 

(pf-shell) 

Halo phenomena and shell-structure change of one-particle spectra in spherical potential  

We expect changes in the shell structure

when going far from the stability valley



Particle-vibration coupling
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So far, Kohn-Sham eigenstates correspond to single-particle states.

We have seen that RPA eigenvalues correspond to vibrational states.

As already discussed, we can take into account the coupling between them

(Particle-Vibration Coupling or PVC, on top of DFT).

Odd nuclei: core + 1 particle + 1 particle plus

phonon …

Applied to:
49Ca - D. Montanari et al., Phys. Lett. B697, 288 (2011);
133Sb - G. Bocchi et al., Phys. Lett. B760, 273 (2016);
41,47,49Ca - S. Bottoni et al., Phys. Rev. C103, 014320 (2021).
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IS689: Single-particle structure along

N=127: 212Rn(d,p)213Rn

VERY PRELIMINARY RESULTS

courtesy of D. Clarke, D.K. Sharp

(University of Manchester)
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Conclusions
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• Not only DFT is the only theory for heavy nuclei, but also the only theory for

highly excited states

• The dynamical correlations associated with the quasiparticle-vibration

coupling (QPVC) approach have been introduced on top of DFT and

shown to be essential for solving the problem of the nuclear

incompressibility

• Our method also allows studying the fragmentation of the single-particle

strength and its evolution

• We are currently working on new EDFs, either based on ab initio or on

Bayesian inference from experimental data
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https://ns4exp.mi.infn.it

https://ns4exp.mi.infn.it/


Backup slides
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Skyrme EDFs (even-even nuclei)
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They are local functionals depending on various densities.

Here, proton/neutron labels are omitted for the sake of simplicity.

Parameters are determined by a

fit to data (or pseudo-data).



Simple interpretation
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• RPA or QRPA based on EDFs includes only 1p-1h

excitations.

(GC et al., Comp. Phys. Comm. 184, 142, 2013; N. Paar

et al., Rep. Prog. Phys. 70, 691, 2007)

• One would like to aim at calculations in which many

nucleons are excited. But SM calculations can be

performed only in light nuclei.

(S.E. Koonin et al., Phys. Rep. 278, 1, 1997; E. Caurier et

al., Rev. Mod. Phys. 77, 427, 2005)

• QPVC stays somehow in between. 2p-2h excitations

are included, and the ring diagrams are summed in

the intermediate states.



ISGMR in 48Ca and 208Pb
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• Exp. data from T. Li et al., Phys. Rev. Lett. 99, 162503 (2007) and S.D.

Olorunfunmi, Phys. Rev. C 105, 054319 (2022).

• In these two cases there is no pairing.



Some detail + the subtraction scheme  
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All QRPA calculations are performed in a

model space which is large enough so

that the EWSR is satisfied.

We calculate natural-parity phonons with

0+, 1-, 2+ ... 5- and select those having

energy less than 30 MeV and strength

larger than 2% of the total strength.

The convergence of the results with

respect to the choice of the model

space has been carefully assessed.

Subtraction:



The energy shift from QRPA to QPVC
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In general, the coupling with the

vibrations shifts the mean energies

downward.

For monopole, the shift is not large

(less than 1 MeV).

Still, the shift in 208Pb is smaller

than for Sn and Ca isotopes.



The mechanism behind the energy shift
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The real part of the self-energy produces

the energy shift

E = QPVC energy of the GMR

E’ = energy of the doorway states

Doorway state energy Doorway state energy

The QPVC energy is not very different in
the two nuclei, but doorway state energies
are higher in Sn than in Pb
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120Sn 208Pb

The pairing gap Δ makes the relative energy position of the ISGMR and of
the doorway states different!



• Calculations performed by E. Litvinova, based on covariant DFT,

confirm the importance of PVC correlations [cf. PRC 107, L041302

(2023)].

• However: only one specific EDF.
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More applications of QPVC: β-decay
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Y. F. Niu et al., Phys. Rev. Lett. 114, 142501

While QRPA collects the simple two-

quasiparticle excitation in a main peak, it does

not account for spread and fragmentation of the

strength. QPVC remedies to this shortcoming.

In the case of β-decay, this is particularly

important because of the phase-space factor.


