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Outline –  milli-lensing and TNG50 sub-
haloes

• Introduction: quasar micro and milli-lensing - TNG50 sub-haloes 

• Methods: analytical and numerical solutions of the lens 
equation - sub-images 

• Results: detection limits - optical depth 

• Discussion: sub-halo mass fraction 

• Summary



Quasar lensing scenario



• Granulation in MACHOs of stellar mass -> 
microlensing 

• Microlensing main effect -> split image in 
microimages that can not be resolved with a 
telescope 

• (In a similar way) presence of DM sub-
haloes -> sub-images -> milli-lensing 

• Milli-lensing -> may split image in sub-
images that may be (or may be not) 
resolved with a telescope 

• Observables -> flux ratio anomalies, 
astrometric anomalies and, even, image 
splitting (in the case of milli-lensing).

Quasar micro- and milli-lensing - phenomenology



Results for compact objects (stars, BHs, …) - 
from flux-ratio anomalies
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• Flux-ratio anomalies 

• Astrometric anomalies 

• Image-splitting

• Extended arcs 
Despali et al. 2024, ArXiv

Mass-size  
degeneracy
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Sub-haloes from TNG50 simulation - 
compactness

M = 3.5 × 10^8 solar mass

Heinze, Despali & Klessen 2024

Softening length



Objective - probing DM sub-haloes with 
quasar image splitting

• Can quasar sub-images generated by TNG50 sub-haloes be 
detected with HST/JWST? - separation between sub-images 

• What is the probability of detection? - optical depth



Lens equation - axi-symmetrical sub-halo - 
source aligned with the OA

Flux ratio anomalies 3

3. RESULTS140

3.1. Dependence of sub-image separation on the141

macro-magnification induced by the lens galaxy.142

Let us write the lens equation relating the position of143

the source, ωε, with the position of the images, ωϑ, as (see144

SEF),145

ωε =

(
1→ ϖ→ ϱ 0

0 1→ ϖ+ ϱ

)
Ds

Dd

ωϑ →Ddsω̂ς(ϑ), (1)146

where the lens galaxy field at the position of the image147

is represented by the convergence, ϖ, and the shear ϱ,148

and ω̂ς(ϑ) is the deflection angle induced by the subhalo,149

which for an axisymmetric mass distribution, M(ϑ), can150

be written as,151

ω̂ς(ωϑ) =
4GM(ϑ)

c2ϑ

ωϑ

ϑ
. (2)152

Inserting Equation 2 in Equation 1 it is obtained,153

ωε =

(
1→ ϖ→ ϱ 0

0 1→ ϖ+ ϱ

)
Ds

Dd

ωϑ→Dds
4GM(ϑ)

c2ϑ

ωϑ

ϑ
. (3)154

If,155

ϑ0 =

√
4GMsh

c2
DdsDd

Ds
, (4)156

is the Einstein radius of a point lens of mass, Msh, and157

ε0 = (Ds/Dd)ϑ0 its projection on the source plane, we158

can write Equation 3 in normalized coordinates (x =159

ϑ/ϑ0, y = ε/ε0),160

ωy =

(
1→ ϖ→ ϱ 0

0 1→ ϖ+ ϱ

)
ωx→ ωx

x2
msh(x), (5)161

where msh(x) = M(x)/Msh is the enclosed fraction of162

mass at radius x. For a lens (subhalo) aligned with163

the source (ωy = 0), this equation has two pairs of on-164

axis solutions: (±x1, 0), (0,±x2). Let us re-write the165

equation for the case x2 = 0 as,166

0 = (1→ ϖ→ ϱ)(x1)
2 →msh(|x1|). (6)167

Thus, pairs of images, (±x1, 0), will be formed at the168

intersections between (1→ ϖ→ ϱ)(x1)2 and the enclosed169

fraction of mass. With this criterion, we can study the170

impact of the galaxy magnification in the separation be-171

tween the images using, either, an analytical function or172

a numerical simulation for the enclosed mass fraction173

profile.174

Let us, firstly, suppose that the subhalo mass density175

profile follows a cuspy NFW model (Keeton et al.),176

φ(ϑ) =
φs

(
ω
ωs

)ε̂ (
1 + ω

ωs

)3→ε̂
, (7)177

where →ϱ̂ would be the inner log-slope. It can be shown178

that for small values of ϑ the resulting enclosed mass179

fraction adopts a power law form, m(x) ↑ x3→ε̂ . If we180

suppose that this power-law rules the innermost region181

enclosing in a radius xinner a massMinner, then the sub-182

halo mass fraction at the inner region will be described183

by,184

msh(x ↓ xinner) =
Minner

Msh

x3→ε̂

x3→ε̂
inner

, (8)185

and, for ϱ̂ ↔= 1, the solution of Eq. 6 is,186

x1 =

[
1

1→ ϖ→ ϱ

Minner
Msh

(x1
inner)

3→ε̂

] 1
ω̂→1

. (9)187

The main consequence of Eq. 9 is the dependence of188

the impact of the macro-magnification induced by the189

galaxy, µ→ = 1/(1→ϖ→ϱ), on the slope of the mass den-190

sity through a factor µ
1

ω̂→1

→ . For ϱ̂ = 2 (Singular Isother-191

mal Sphere), we have a linear dependence on the mag-192

nification. For ϱ̂ = 3/2 (some times considered a typical193

inner cusp slope, see, for instance, Diemand et al., Delos194

& White), the dependence is on the squared magnifica-195

tion. In the limiting case in which the images form at196

x ↗ xinner with msh(x ↗ xinner) = Minner = Msh (i.e.,197

all the subhalo follows a power law) formally equiva-198

lent to the point mass case, we will have a dependence199

on the square root of the magnification. According to200

Heinze, Despaly & Klessen (2024), the inner log-slope201

of most subhalo density profiles in TNG50 is close to202

-2, which would result in a linear dependence with the203

macro-magnification. This result implies that when the204

images are formed within the subhalo (the usual case),205

the role of the macro-magnification can be very impor-206

tant, increasing linearly the probabilities of detection207

respect to the case of an isolated subhalo.208

We have also studied the dependence of the separation209

with the macro-magnification using directly the TNG50210

numerical profiles obtaining similar results. In order to211

do that, it is needed to extrapolate the numerical pro-212

files below the softening length region (r ↓ 299 pc),213

where the density profile is not well determined. With214

this aim we explore two power-laws fitting one between215

419 and 1052 pc and other between 837 and 1324 pc216

obtaining average inner log-slopes for the TNG50 mass217
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that for small values of ϑ the resulting enclosed mass179

fraction adopts a power law form, m(x) ↑ x3→ε̂ . If we180

suppose that this power-law rules the innermost region181

enclosing in a radius xinner a massMinner, then the sub-182

halo mass fraction at the inner region will be described183

by,184

msh(x ↓ xinner) =
Minner

Msh

x3→ε̂

x3→ε̂
inner

, (8)185

and, for ϱ̂ ↔= 1, the solution of Eq. 6 is,186

x1 =

[
1

1→ ϖ→ ϱ

Minner
Msh

(x1
inner)

3→ε̂

] 1
ω̂→1

. (9)187

The main consequence of Eq. 9 is the dependence of188

the impact of the macro-magnification induced by the189

galaxy, µ→ = 1/(1→ϖ→ϱ), on the slope of the mass den-190

sity through a factor µ
1

ω̂→1

→ . For ϱ̂ = 2 (Singular Isother-191

mal Sphere), we have a linear dependence on the mag-192

nification. For ϱ̂ = 3/2 (some times considered a typical193

inner cusp slope, see, for instance, Diemand et al., Delos194

& White), the dependence is on the squared magnifica-195

tion. In the limiting case in which the images form at196

x ↗ xinner with msh(x ↗ xinner) = Minner = Msh (i.e.,197

all the subhalo follows a power law) formally equiva-198

lent to the point mass case, we will have a dependence199

on the square root of the magnification. According to200

Heinze, Despaly & Klessen (2024), the inner log-slope201

of most subhalo density profiles in TNG50 is close to202

-2, which would result in a linear dependence with the203

macro-magnification. This result implies that when the204

images are formed within the subhalo (the usual case),205

the role of the macro-magnification can be very impor-206

tant, increasing linearly the probabilities of detection207

respect to the case of an isolated subhalo.208

We have also studied the dependence of the separation209

with the macro-magnification using directly the TNG50210

numerical profiles obtaining similar results. In order to211

do that, it is needed to extrapolate the numerical pro-212

files below the softening length region (r ↓ 299 pc),213

where the density profile is not well determined. With214

this aim we explore two power-laws fitting one between215

419 and 1052 pc and other between 837 and 1324 pc216

obtaining average inner log-slopes for the TNG50 mass217

m=-1.8m=-1.5

m=0

Sub-images separation (2x) depends on: Msh, Cv, and m; (m -> -2)

Softening length



Sub-image separations - detection limits
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TNG50 simulation -> if sub-haloes were frequently aligned with lensed  
quasar images, splitting should have been observed! 



Then, the relatively compact and steep (m=-2) TNG50 density profiles may generate 
splitting but it is not observed -> constrain optical depth -> upper limit to the mass 
fraction in sub-haloes

Results from observations

- More than 220 lensed quasars (doubles and quads) 

- More than 700 images observed 

- A significant part of them with enough spatial resolution (>300) 

- To our knowledge, no clean image splitting has been reported



Optical depth - IRS - numerical solutions

-3 -2 -1 0 1 2 3
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y1

y2

Determine the area of the region of the source plane where a quasar is going to be  
split in sub-images that can be resolved (with separations > 0.1 arcsec and with 
similar flux, F2/F1 > 0.8)

Blue dots: quasar locations giving rise to sub-images that can be detected

Weird 4-cusps figure: caustic of the numerical density profile



Optical depth - upper limit of the mass 
fraction on subhaloes
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TNG50 subhalo mass fraction
For 10000 haloes we compute the projected sub-halo mass fraction along the LOS typical of lensed  
quasar images  (enclosed  by cylindrical shells with 2 kpc < r < 20 kpc)

Absence of split images



Summary -  
some results from lensed quasars

• Compact objets: mass fraction for masses larger than solar < 1% 

• Sub-images separation depends on sub-halo 
mass, concentration and innermost slope 

• Sub-images generated by TNG50 sub-haloes 
can potentially be detected with HST and JWST 

• Absence of sub-images detection is consistent 
with TNG50 optical depth estimates 

• Large survey results may challenge TNG50 
statistics 

• To explore I: flux-ratio anomalies, astrometric 
anomalies, gravitational arcs anomalies 

• To explore II: other DM simulations, other DM 
candidates

10000 images 300 images1000 images



Sub-image separations - detection limits
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